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INTKODXJOTORT NOTE. 



In an engagement of nearly forty years' duration in teaching Math- 
ematics, first in the boarding-schools of Fair Hill, Maryland, and 
Westtown, Pennsylvania, and afterwards in a boarding-school of my 
own, for boys and young men, at Alexandria, Virginia, I became 
convinced that the analytic or algebraic method of Descartes, De- 
lambre, and Laplace, while it is a most efficient instrument in the 
hands of a mathematician, is not so well adapted as tbe geometric or 
Greek method, to impart to the student a knowledge of mathematical 
principles, or to inspire such student with au affection and taste for 
the science. 

The mind of the young is less capable than tiiat of an older per- 
son of abstract thought, and it needs assistance to tbe concentration 
of its ideas, aucii as is afforded by a mathematical diagi'am ; and 
with this aid continued for some time, the faculties of perception 
and conception become cultivated and strength ened, till the mind 
of tbe student can readily grasp, without a diagram, a problem of 
considerable intricacy, and be able to apply to it Descartes' method 
efficiently. 

So entirely has the analytic method taken the place of the geo- 
metric in our prominent schools and colleges, that no work on pure 
Geometvica! Analysis has, to my knowledge, ever been published in 
this country. 

Thomas Simpson, F.R.S., and Professor of Mathematics in the 
Royal Academy of Woolwich, England, in his " Select Exercises 
for Young Proficients in the Mathematics," which was published 
in London in 1752, gave a number of geometrical problems, with the 
method of constructing them. 

And, in a treatise on Geometry, by the same valued author, pub- 
lished in London in 1160, the fifth and sixth books are eatireiy de- 
voted to the Construction and Demonstration of Geometrical Prob- 
lems; and nearly fifty problems, of great variety, and sonje of them of 
much elegance and beauty, are constructed and demonstrated at the 
end of the volume. 

(9) 
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10 IIJTRODUCTORY NOTK. 

To his Algebra, also, which was piibiished in Euglaud aboiit tha 
same time, and reprinted in Philadelphia, by Mathew Carey, ia 1809, 
"from the Eif,'bth London Edition," Thomas Simpson added an 
"Appendix, eoutainiog the Construction of Geometrical Problems, 
with the Manner of resolving them numerically." This work was 
of very great value to the mathematical student, and of much ser- 
vice to my revered preceptor, John Gummere, in the preparation of 
his admirable treatise on Surveying, which was published a few 
years after Carey's edition of Simpson's Algebra was issued. 

But in all these works, including the problems in Gummere's 
Surveying, the mode of construction was arbitrarily given, without 
the least clue to the line of thought that had led to it; and the 
thoughtful student would naturally inquire, and even wonder, in a 
problem like the seventy-sixth or seventy-seventh of the Appendix 
to Simpson's Algebra (Problems six and eight in " Algebraic An- 
alysis" ia this book), how the author ever came to think of so com- 
plicated a method; and he would feel discouraged, in view of its 
complexity, from an apprehension that his own mind would never 
be endowed with a penetration sufficient to accomplish a result of 
such inti'icacy and depth. 

Whereas, bad the problems been analyzed, and the student shown 
that it was all done by taking one step at a time, and that an easy 
one, — gradually acquiring a knowledge of what we do not know 
by means of what we do know, which Doctor Johnson says is the 
only way it can be done, — he would have felt increased confidence 
in his own powers, and been prepared to make an effort himself — 
which is a great point — in a similar direction. 

In 1821, Professor John Leslie, of Edinburgh College, published, 
in Edinburgh, a very valuable treatise on "Geometrical Analysis, 
and Geometry of Curve Lines." The " Geometrical Analysis" had 
been previously published, annexed to his " Elements of Geometry," 
and it greatly " conspired to advance the study of Geometry, by 
reviving the Sne models bequeathed by the Greeks." As has been 
said with great truth of this work of Professor Leslie, " the study 
of such a digest, appears admirably Qtted to improve the intellect, 
by training it to habits of precision, arrangement, and close inves- 
tigation. The spirit of Geometrical Analysis may be carried, with 
the happiest effect, into the domains of Inductive Philosophy, which 
are to be explored by a similar procedure." 

But, about the time of the publication of this work of Professor 
Leslie, the algebraic method of Descartes and Leibnitz came rapidly 
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INTKODUCTORY NOTE. 11 

into vogDe in this country through the popularity of some eminent 
French writers upon Mathematics, and Pvofessor Leslie's work was 
never, as far as 1 know, pubhshed in the United States, or, to much 
extent, placed within the reach of the American student. 

The w ant that I experienced, in my engagement of teaching, of a 
suiialjle text-book upon Geometrical Analysis, induced me to make 
a collection of problems, for the benefit of my students, analyaing, 
constructing, demonatratmg, and giving a method of calculation ;— 
solving in this way all I could meet with or frame myself, and difl- 
cult ones forwarded to me for solution, through a number of years, 
by foi^mer students, and many other persons, known and unknown, 
so that the number of such probiems became considerable, fi'oni which 
those in the present volume have been selected, as best adapted to 
supply the want I had experienced. 

These problems were given to the more advanced mathematical 
students as "extras," or "trial question^;" and in their solution, 
much ingenuity was frequently manifested, and also gratifying evi- 
dence of progress, in the skill with which the student would proceed 
in the different steps of the analysis ; and it was from the solicitations 
of many of my foi'mer stadenls who had become teachers, to publish 
the problems from which they had derived, as they believed, great 
benefit, that the preparation of the present work was undertaken. 

The practical teaching of young persons consists of two parts: 
— instructing them how to do something; and giving the reason 
for doing it in that way. Now, it accords with reason and sound 
philosophy to do one thing at a time. Hence these two parts of 
teaching, as a general rule, should, with the young, be kept as 
separate as possible. Youth should first learn, well, the practical 
part, — how to do; then the reason In acquiring a knowledge of the 
primary rules of Arithmetic, for instance, to undertake to give a 
child the reason for every step he takes in the processes of subtrac- 
tion, multiplication, division, etc. would but confuse him. It would be 
too complicated. He needs that the idea.? he is to acquire shall be 
placed, with weil-defined outline, in the simplest possible h'ght, and 
one at a time, so that his mind can clearly and concentratedly com- 
prehend the truth to be impaired. And when this is effected, the 
sparkling eye and animated countenance will attest the pleasurable 
sensations of the soul, frem the conscious acquisition of a truth 
previously unknown to him, 

tho practical part — hcyw to do — first; then the why. We must 
know a fact, before wc care about the reason for it. And this is 
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12 IHTBODUOTORY NOTE. 

the natural mode of the mind's progress in knowledge. Children 
leavn to use words, before they Jearn the definitions of them. They 
form phrases, before they are able to " construe" or " parse" them. 
And the more nearly a teacher keeps to this natural process, the 
more successful will he be in developing the minds of his students, 
and in pleasurably educating them. 

Accordingly, whenever practicable, in teaching young persons, 
objects, models, maps, globes, diagrams, apparatus, specimens, and 
other means of illnsti'ation of the truths designed to be taught, 
should be employed, as an aid to assist in concentrating their 
thoughts, and imparting a clear idea of the subject. In children, 
the perceptive faculties are most prominent and active, and must 
principally be brought into requisition ; and thus the reflective 
powers will gradually develop and streng^then, when there will be 
less need of this educational machinery. 

Mathematics is an elevated study. Its constant aim is the dis- 
covery of truth. There is no new truth. Every fact in science, 
every mathematical principle, every property of the triangle or the 
circle, is eternal. No matter when or by whom it was discovered, 
it preexisted, and is the living embodiment of a divine thought. 
All the mathematician or scientist does in this way is to discover 
what was previ.ously unknown, although eternally existing;. When 
Dr. Herschel and Prof. Leverrier discovered each a " new planet," 
as it was termed, in Uranus and Neptune, they only saw for the first 
time what had existed from the period of Creation. The discovery 
was new, not the object discovered. So of every truth, principle, or 
property throughout the whole range of mathematics and all science. 

It seems remarkable, and, as I get older, the astonishment does 
not in the least abate, that the five plane figures formed by the cut- 
ting of a cone by a plane in different positions — the Triangle, the 
Circle, Parabola, Ellipse, and Hyperbola — should possess such a 
great number and diversity of singular and interesting properties, 
many of which are embodied in the following pages, and which, al- 
though eternally existing, have been gradually disclosing themselves 
tn the patient research of mathematicians for over two thousand 
years, and we are by no means at liberty to suppose that all of them 
are yet known. 

For instance, that in any triangle, of whatever size or shape, the 
three perpendiculars let fall from each angular pointaipon the oppo- 
site sides (the sides and the pei'pendiculars being produced if neces- 
sary) should all pass through the same point. Also, that the three 
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INTRODUCTORY NOTE. 13 

lines bisecting the angles respectively, and tiie three lines drawn from 
the angular points to the middle point of the opposite sides respect- 
ively, should in each case alt pass through the same point. (See 
Scholiums 1, 2, 3 to "Theorem" 6, in the following pages.) 

Of the same singular character are the properties of the circle and 
triangle combined, in "Theorems" 11, 12, and 13 of this work, which 
were origioal discoveries with the author, although they may have 
been made by some one before me, whose writings I have not met 
with. 

It is deemed proper, in this Introductory Note, to give some ex- 
planation of the arrangement of the work, and of the mode in which 
it is believed it may be used to the greatest advantage. 

Each problem is first analyzed, then constructed, demonstrated, 
and the method of calculation by Plane Trigonometry clearly in- 
dicated. In many cases the limits are shown within which the 
problem is restricted. 

The greatest number of problems are aaalyzed by pure Geometry. 
Where they are analyzed by Algebra, or the Differential Calculus, 
the constructions and demonstrations are by pure Geometry, and the 
method of calculation is given by Plane Trigonometry, showing the 
harmonious results by the different modes of investigation. 

The references in the test (as III. 8* in the first problem of the 
circle) are to Davies's edition of Legendre's Geometry, — the III. 8 
meaning the 8th Proposition of the Third Book of Legendre, and 
the * referring to a marginal note or foot-note where the Proposition 
is given in which the same property is demonstrated in Playfair'e 
Euclid. In this example, the note at the bottom of the page is III. 
14, meaning the 14th Proposition of the Third Book of Playfair's 
Euclid. So of other cases. 

The design of the work is principally as an aid to professors and 
teachers, to supply a want which the author had severely expe- 
rienced. The problems arc distributed through the volume without 
much reference to their intricacy or difficulty of solution, in order 
that the instructor may have a wide field ft'om which to select extra 
or trial problems, so as to give different problems to different classes 
in successive years. 

The importance of the student's constructing the different prob- 
lems given him for solution, by means of the Scale and Dividers, with 
the greatest possible precision, can scarcely be too much insisted npon, 
as a very improving engagement in training to accuracy, and one of 
the best preparations for draughting and other duties in the Coast 
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14 INTRODL'CTOftYNOTE. 

Survey or Civil Engineering; ov for the business of a machinist, or 
any mechanical Toeation requiring neatness and precisioa. If this 
constructing is done thoughtfully, the eye will soon become practiced 
in judging of distances and positions, so that drawing by hand can 
be more rapidly and accurately effected. 

The solutions of the problems in relation to surfaces and solids, 
in the brief article on the Dilfcrential and Integi-al Calcu!us, and 
Hiime other portions of that article, if read by a student or a 
uUiss before entering upon, or while pursuing, that study, it is 
liolieved will be of material assistance in mastering the subject 
satisfactorily. 

The same may be said of the artieie on Analytical Geometry. As 
an exercise or lesson preparatory to using a standard text-book 
upon the subject, it will be a great assistance, and all the problems 
there given should be carefully constructed, and the results measured 
with the Scale and Dividers. 

Or, the teacher or professor may make the explanations, and give 
these or similar problems, orally, to his class. This method pos- 
sesses great advantages. The students generally understand and 
I'etain what they bear ti'om their instructor, better than what they 
read in their text^books. Besides, their respect and regard for their 
instructor are increased when the students discover that the eon- 
tents of the text-book are not the limits of his knowledge of the 
subject they are studying, and see his willingness thus to render the 
knowledge he possesses advantageous to them. 

In like manner, before entering upon the study of the Properties 
of the Parabola, in a treatise on Conic Sections, let the three pages 
on that Curve, in this volume, be read, or equivalent ideas be im- 
parted by the instructor, the student constructing accurately the 
three problems given, or their equivalents proposed by the teacher 
or professor. 

The same course is recommended in regard to the Ellipse and 
Hyperbola, The student will thus acquire a practical acquaintance 
with the Axes, Ordinates, Abscissas, Asymptotes, Opposite Hyper- 
bolas, eta, which, as these will then be familiar to him, will prove 
of the greatest advantage in gaining a knowledge of the properties 
of the Curve, by leaving his mind more free to concentrate its powers 
upon the partieular idea or truth to be acquired. 

Also, in regard to the remaining Curves, — the Conchoid, Cissoid, 
Quadratrix, Spiral, etc,, — the student will find it to his decided ad- 
vantage to construct each Curve by the rnies herein given, accurately 
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INTRODUCXOEY NOTE. 15 

with the Scale and Dividers, previous to oiitefing upon the study of 
its properties in his test-hook. 

A Table of Square Roots, carried to two and tliree pliiues of 
decimals, of numbers from 1 to 200, is added at the close of the 
volume, to facilitate the construction of Curves from tiieir Equations, 
by means of points. 

Tlie author does not expect or desire Aoy pecuniary return from 
bis work. It is a labor of love for the youih of our country, and 
of interest and Hympathy for those to whom their education may he 
intrusted, in their most arduous and responsible engagement. 

If the work shall prove of some service to the student, and lighten 
the labor of the instructor, the highest aim of the author will be 
reached- The more good it does, and the more service it performs, 
the more fully will his object be attained. 

Should anything iu this Iiitroduetory Note appear like dictating or 
prescribing to teachers a particular mode of proceeding, the author 
trusts it will be excused, and understood as only a suggestion from 
one who has now completed two more than his " threescore years 
and t«n," and who, although he has not been practically engaged in 
that vocation for a number of years past, still feels a deep interest 
in the noble profession of Teachinj;-, and those actively concerned in 
it, and who regards the preparation of this work, in which he has 
spent this, his seventy -second birthday, as the closing and crowning 
labor of his life in that direction. 

BENJAMIN HALLOWELL, 

Sandy Spring, MARYLiND, Buio. 17, 1871. 

Postscript. — It seems only proper to add, that my son, Henry C. 
Hallowell, read the whole work carefully in manuaeript, corrected 
several clerical errors, and, in some instances, where there appeared 
to be abstruseuess, suggested one or two intermediate steps in the 
process, in order that the idea might be more readily comprehended 
by the student. 

2>[ote. — For the gratification of Lis former students, who are widely 
scattered over our couQlry, some of whom have mit seen him fur 
mauy years, a likeness of the author is prefixed to tiie volvimc, which 
is accompanied by his kindest remembrances. 
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EXPUSATION OF SOME SYMBOLS AND ABBREYIATIOSS 
EMPLOYED. 



Z, angle. 

Zs, angles. 

/X, triangle. 

As, triangles. 

X or perp., perpendicular to, or at riglit angles to. 

[], parallel to. 

.-. , therefore. 

Hyp., hypothenuse. 

■< placed between two quantities implie that tie oie whicii 
comes before the symbol is (ess than tl e one w bn,h follows it Thus, 
/ .4 < Z .S is to be uuderstood and lead the ingle A is less than 
the angle B." 

]> placed between two qnantities denotes that the one which 
•precedes \b, greater ih&n the one which foUoii* it Thus Z .5 > 
Z -A, is to be read, "the an^le B is jteatei than the anglt, A It 
may aasist tiie memory to observe that the greatet qu'tatity la 
always on the aide of the open part of the evmbol and the (ess 
quantity on the side of the closed part 

A', B', x'l y'l etc. are read, A piime, B prime, x prime, y prime, 
etc. 

A", B", x", y", etc. are read, A second, B second, x second, y 
second, etc. 

A'" is read, A third; J.'", A fourth; B', B fifth, etc. 
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CASES IN PLANE TRIGONOMETRY AS SEFEEEED TO IN 
THE FOLLOWING CALCDLATIONS. 



Case 1. When the angles and one side are givea. 

Case 3. When two sides and an angle opposite one of them are 
given.* 

Case 3. When two sides and the included angle are given.* 

Case 4. When all the sides are given. 

a. right OBe, tlie Bolutioa may ba effected bj 
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EEMABKS TO THE STUDENT. 



1. A triangle is said to be determined in an analysis or a 
construction when a sufficient number of parts are known to solve 
it by any one of the preceding eases of plane trigonometry. 

2. Eeferences are made to Davies's translation of Leg^endre's 
Geometiy, the Roman nnraerals being put for the book, and common 
figures for the proposition. With these is an asterisk (*) referring 
to a marginal or foot-note, where the proposition is designated in 
like manner in which the same property is demonstrated in Playfair'a 
edition of Euclid's Elements of Geometry, 

3. In performing the trigonometrical calculation of a constructed 
problem, the rule manifestly must be, to begin the calculation where 
was begun the construction; that is, in Ihe triangle first formed. 
For, if there was sufficient given to construct the triangle, there 
must be sufBcient to calculate it. Then, with what is found in this 
triangle, proceed to the next one that was formed, and so on till 
what is desired is obtained. 

4. When a circle, semicircle, or circular arc is used in cow- 
struction, its radius, as a general rule, must be used in the calculation. 
An exception to this rule exists when a circular segment is described 
on a line merely to include an angle of a given magnitude. 

5. In the analysis of geometrical problems the ingenuity and 
inventive powers of the student must be brought into close requisi- 
tion. No definite rules to meet ail cases can be given. We must, 
however, always draw a figure, supposing the problem, constructed 
as required, and then, when practicable, work on those lines which 
are given in ponition or length, or both, and continue on until a 
triangle is obtained which has a sufBcient number of pM'ts given to 
construct it. Then recall, and observe carefully, the process that 
Las been pursued, aad construct the figure accordingly. 

(19) 
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20 REMARKS TO THE STUDBHT, 

An attempt will be made in the following problems to render this 
general advice familiar, and to lead the student ou to the analysis 
of problems of considerable intricacy. 

6. It will prove of great benefit to the student, in constructing 
*hB problems, to assume definite, quantities for the parts given, and 
then work with the scaie and dividers with delicate precision, meas- 
uring the results accurately from the scale of equal parts, or, if 
angles, from the scale of chords, and compare these results with 
those obtained by trigonometrical calculations. This is an admirable 
preparation for "field work," architectural drafting, machinists, 
engineering;, etc. 

1. At the ends of the problems the limits are frequently specified 
within which the given quantities must be taken ; and certain varied 
conditions of the problem are occasionally referred to, which cannot 
generally be comprehended to full advantage by the figure that is 
given. In such cases the student will derive decided benefit, aud 
progress with much greater rapidity and satisfaction by drawing 
on paper, with pen or pencil, representations of these different con- 
ditions, so as clearly to comprehend the idea designed to be 
couvej'ed. In this way he will master all that is before him as he 
goes along, and acquire greater courage and power to ( 
future difficulties as they arise. 
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Peoblem I, — la a plaae triangle are given one angle, an adjacent 
eide, and the sum of the other two sides, to determine the triangle. 



the side AB. and 
^ the sum oi BC and ^ 



Analysis. — Let ABG represent the required triangle. The first 
thing to do is to get BO and AG into one line, and, if practicable, 
one whose position is given. Kow, the position of AC is not given, 
but that of BG is, because the angle B is given. Hence, produce 
BG until the produced part, GJ), is equal to GA; then BD becomes 
known, being equal to the given sum of BG and AG. Join AD, 
and then the triangle ABD is determined. (Remark 1.) Also, 
since GD=GA,the angle C^i> = angle GDA (I. 11*), Whence 
this 

Gonstruction. — Make .45 = the given aide, the angle 5 = the 
given angle, and the line BD^tho given sum of 50 and AG. Join 
AD, and make the angle DAC=<ADG, then will ABC be the 
triangle required. 

Demonstration. — All we have to prove is that BC + GA = BD, 
the given sum. Since, by construction, <zDAC^=<iADG, we 



(21) 
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! BC + 



3 (I, 12*) GA=GD. Add eaoh to SC. and 
GA^BO+GD = BD. Q. E. D. 

Ca/cw^oijow.— 1. In l\ ABD, by Case 3, fiud < 
^Z>iJ, which is enual to < Z>^C. Then (I. 25, cor. 
^XBGA = DAG + ADG = ^ADB. 

% In A -ABG, by Case 1, find the sides ^C aad 
B G, which together = BD. 

Limits— 1. The angle B can be any quantity 
between and 180°. 

2. Tiie sum oi BG and AG may be any quantity 
greater than AB. 

Problem II,— In a plane triangle are given one angle, an adjacent 
side, and the difference between the other two sides, to determine 
the triangle. 



r<«. 

the side AB, and 
, the difference between AG and EG. 



Analy-f- — Let ABC represent the required triangle. Now, we 
must liist obtain a line equal to AG — BG, and whose position is 
known fa mce the angle B is given, the line 5 C is given in position. 
Iherefore produce GB nntil CD=^GA; then BDisthe given differ- 
ence. Join AD, and the £\ ABD is determined. Also, since CD 
= GA, the angle GAD=GDA, whence the A ^OG, and con- 
sequently ABC, is determined. Whence this 

Construction. — Make J5 = the given side, and the angle ^BC^ 
the given angle. Produce GB, making .BD^the given difference. 
Join AD, and make the angle DAG:= <iADG, and ABC will be 
the required triangle. 

Demonstration. — We have to prove, only, that AG — BC^ BD, 
the given difference. Since the angles DAC and ADG are equal 
by construction, we faave (12 I.J) AG=GI>. Taking BG from 
each, we have AG — BC= CD — BG= BD, the given difference. 
Q. E. D. 

Calculation.— I. In A ABD, by Case 3, find < ADB = <,DA G; 
then <:AGD = l9,<i° — % ADC. 

2. In A -^SG, Case 1, find sides AG and BG; then AO—BG 



= BD. 



J I. 6. 
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Limits. — 1. The angle B may be any quantity from to 180°. 
2. The difference betweea AG and BG may be any quantity less 
than AB. 

Pboblem III. — The difference between the diagonal of a square 
and one of its sides being given, to determine the square. 



the difference hetwi 
C iind AB. 



Analysis. — Snppose ABGT) to be tie required square, having the 
difference between tlie diag'onal AG and the side AB equal to a 
given quantity; then prodnce the side AB until AE-=sAG, and BE 
wilt be equal to that given quantity. Join GE. Then in the isosceles 
triangle AEG, the angle GAE, being half a right angle, is 45°; 
hence, each of the equal angles ^i^Oand ^ (7^=K180— 45) = 67i'= ; 
and the triangles EBG and EAG are determined. Whence this 

ConslrucHon. — In aoy line, ruake EB = the given difference, the 
angle BEG= 61^°, and !et EG meet a perpendicntar erected at B, 
in G. On B(7 describe the square ABGD, which will be the one 
required. 

Demonstration. — Draw the diagonal AG. We have to prove that 
JC — AB = BE. In A ^^G' since <A = ib°, being half a 
right angle, and <B = 61^°, by construction, the angle ACE must 
be the supplement of their sum, which is 61^°. Hence <.AGE-^ 
•c^AEG, and the side AC^AE. From each take AB, and we 
have ^C — ^S = ^S — ^5 = 5S = the given quantity. Q. E. D. 

Calculation.— In /\ EBG, Case 1, fmd BC = AB; then AG = 
AE = AB + BE. 

Limits. — The difference BE may be any quantity whatever. 

Problem IV. — In a plane triangle are given one angle, the side 
opposite thereto, and the difference between the other two sides, to 
determine the triangle. 

r the angle B, 
Given ■< the side AG, and 

( the difference between AB and BC. 

Analysis. — Let ABG represent the required triangle. Produce 
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BA, making BD=:BC ; then AD is the given difference. Join 
I>C. Then, since BD=BG, we have the angles BDG and BCD 
equal, and each half the supplement of the given ang;le B, Hence 
the triangle DAO is determined, and we have this 

p Construction Draw an indefinite line, and on it 

lay DA = X\\e^ given difference between AB and BG. 
Make the angle ADF^r^asXUihalf the supplement of 
the given angle B ; and to DF apply AC^ the given 
side. Make the angle DGB^<ADC, and BAG 
BAD ^jji (jg jfjg triangle required. 

Demonstration.- — -We have to prove that the angle B is equal to 
the given angle, and ihaXAD^BC — BA. Since the angles S(7J3 
and BDG are equal by construction, and ea<;h half the supplement 
of the given angle, the angle B must be equal to the given angle, 
and the si(ie BC=BD. Take BA frora each; then BG~BA=z 
BD~BA = AD, the given difference. Q. E. D. 

Galculalion.—l. In A ^DC, Case 2, find <AGD; then < ^(?B 
= <5CB — <^C'Z) = <iJZ)C — <,'1CD. 
3. In A -i-BC^, Case 1, find AB and BG. 
Limits. — AG may be any quantity greater than AD. 



i given one angle, the s 
>er two sides, to dot«rm 



Problem V. — In a plane triangle 
opposite thereto, and the sum of the 
the triangle. 



the angli 
ABC, the 
A C, and the 
of AB and BG. 



Analysis. — Let ABC (Pig- 1) represent the required triangle. 
The line AB being fixed in position, produce it until the produced 
p&rtBD = BC; then JZ> will be equal to the given sum of AB and 
BG. Now, aince BD = BG, the angles BCD and BDG are equal, 
and each half the given exterior angle AB G (25 I. cor. 6*). Hence, 
in the A ADC we know AG, AD. and the angle D = ^ the given 
angle; whence this 
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Construction. — Draw AD=^the given sum of the sides AB and 
BC. Make the angle ADF=half X)iG given angle, and to DF 
apply ^C=the given side. Then make the angle />C5^the 
< ADC, and ABC wili be the requii'ed triangle. 

Demonstraiion.—'V^e have to prove that the angle ABG^ 2 ADF, 
and tbat AB + BG=AD. By 25 I. cor. 6*, < ^B(7=aagles 
BDG + BCD==2 BDC=2 ADF. 

Also (12 I.f) BG=BD. Add each to AB. and wc have AB + 
BG=AB + BD=AD. Q- E. D. 

Calculation. — In l\ ADC, the first formed, 3nd, Case 2, the angle 
ACD, whence we have angie CAD; then, in A ^^C, Case 1, find 
AB and BC. 

LiniUg, and the discussion of the general problem. 

1. la applying the given side AC to the line DF (see Pig. 3) in 
the above construction, if the arc were continued to the right, it 
would cut the line DF in another point G', and, by drawing C'B' 
pamlleJ to GB, or, which is the same thing, by making the angle 
DG'B'=^<iADG', we would have another triangle, AB'C, fulRll- 
ing all the required conditions of the problem; for AC'=AG, 
<AB'G' = <:ABG,mdAB'+ B'G'=AB'-i-B'D = AD. Hence 
the other parts in the triangles ABG and AB'G' are equal, — that is, 
AB=B'G', BC=AB', angle AGB==<C'AB', <iGAB = < 
AC'B'; also<^(7'i>=180'' — <^0'C=1SO'' — -4(70, and the 
angles AG'D and AGD are supplements of each other. 

In the preceding calculation, by Case 2, the angle directly obtained 
is the acute angle A GD, the supplement of which is the angle A G'D. 
When we use the angie ACD in the subsequent part of the calcula- 
tion, we obtain the sides AB and BG, of which AB is less than BG. 
When we use its supplement AG'D, wo obtain AB' and B'C, of 
which AB' is greater than B'C. 

2. On DF, let fall the perpendicular AC", and draw C" B" par- 
allel to BC; then AG" is the inferior limit of the length of the 
given side ; for, if the length of AG were given less than the per- 
pendicular AG", it could not be applied from A to the line DF, and 
the problem would be impossible. 

When the given side is just equal to the perpendicular AG", the 
A AB" C" hecorass isosceles, having AB" = B" C", and each equal 
to half the given line AD. Foi' the <:AG"B" = 90° — B" G"n 
^90° — ADC" = DAG" =B" AC". Hence AB"r^B"a" = 
B"D = ^AD. 

* I. 32. 1 1- 6- 
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3. AD is the superior limit of tbe length of the given side. Ap- 
ply to DF,AG"' = AD; tlien angle J (;'"£»= < Ji>(?= < BCD. 
Hence AC" is parallel to B<J; but the side AB then vanishes, or 
becomes equal to 0, and tbe triangle closes in the line AC". 
Fio, 2. 
Fjo. 1. 



5ivcn, the angle 
ABC, the side 
^Candthi 
of AB and BC 





4. If to DF we apply a line AC'", greater than ^i>, and draw 
C'-B'" parallel to CB, it will make the angle A'B"'0", with iJ^ pro- 
daced, equal the given an^le ABG; then S'-'iP = 5" C"', and ^i» 
becomes the difference of the sides of the triangle AB^G", in which 
an angle B'', equal to the supplement of ABO, is known, and the 
side -d(7'', which leads exactly to Problem IV., page 23, where the 
angle S", the side AC\ and the difference between AB" and B'^C" 
are given. 

Problem VI, — In a parallelogram are given the angles, one diago- 
nal, aitd the sum of all the sides, to determine the parallelogram. 



angle ^SC7, 

tlie diagonal AC, and 

the ium of all the sides. 



■ Avalyai^. — Let ABGD represent tbe required parallelogram. 
Produce the side AB until the produced part BE = BC; then the 
B\dc. AE^AB + BC = \m]f the given perimeter, and is known. 
Hence, in tbe triangle ABC we have the angle, B, the opposite side 
AC, and the mm of tbe sides AB and BC,to construct the triangle 
ABC ja&t as in the last problem. Then complete the parallelogram 
ABGD, and it will be the one required. 

The construction, demonntration, calculation, anS limits are pre- 
cisely as in the last problem. 

Note.— When the angle B is a. right angle, the parallelogram becomes a 
rectangle. 
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Problem VII. — In a plane triangle are given the base, the differ- 
ence of the angles at the base, and the sum of the other two sides, 
to determine the triangle. 




f the base A B. 
J the difference between ang 
I 5JCand4BC, and 
the MMni of .40 and GB. 



Analysis. — Snppose ABG to be tbe required triangle; and having; 
neither aide given in position, produce the longer of the unkoown 
Bidea AG until the produced part C£=CB. Then ^E=the 
given snm of J C and GB. Join EB,a.rtd on it, produced, let fall the 
perpendicular AD. Then <_ ABG — <_ CAB = {ABE~ GEE) 
~ GAB = ABE~AEB^-EAB=:ABE—(AEB + EAB) = {1. 
25 cor. 6*) ABE — ABD= 1 BO° — ABD—ABI) = 180° — 3 ABD 
= 2(90° — -4iii>) = 2S^D. Hence BAD is half the given differ- 
ence of the angles. Whence this 

Construction. — Draw .45^ the givea base, and make the angle 
BAD^^ the given difference of the angles at the baso. Through 
B draw a line ZJii" perpendicular to AD, to which apply ^£^^the 
given sum of the sides. Make the angle £!BG=:<_BEA, aud 
ABG wili be tiie required triangle. 

Demonstration. — Since the angles EBG and BEG are equal by- 
construction, the sides CB and CE are equal. To each add AG; 
then AC-\- GB = AC+ GE = AE, the given sum. Also, by the 
analysis ^BC — £40 = 3 5^D = the given difference by construc- 
tion. Q. E. D. 

Caicu.lation.~l. In triangle ABD, the first formed, Case 1, find 
<::^ABD; t\vea. ABE=l%(i°—ABD. 

% l!) triangle ABE, Caae 3, find angles AEB and BAE; then 
AGn = 2AEB. 

3. In triangle ACB, Case 1. find the aides AG and GB. 

Limits. — The given difference may be taken any quantity less than 
a riglit angle ; and the sum of the sides, any quautity greater than 
the base. 

• I. 82, 
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Problem VIII.— In a plane triangle, having the baso and perpen- 
dicular height given, it ia required to inscribe a square, of which one 
side shall be coincident with the base of the triangle. 



Analysis. — Suppose the square EFGH to be inscribed in the 
triangle ABC. Join BG, and produce it to meet GI, drawn par- 
allel to JB, in/. Then, by similar trianglos, BF: BC:: FE: GD. 
Also, BF: BCi-.FO: GI. Hence, FE: CD: : FG: GI. But FE 
= fff, being sides of the same square. Wherefore GI=GD; and 

Construction. — Draw ilJ5^the given Ijase, and from any point 
in it erect the perpendicular 2>0^the given perpendicular, and 
complete the triangle ABC. Through C, draw C'/ parallel lo AB, 
and equal to CD. Join BI, cutting _46' in G. Di'itw 6'J' parallel 
to AB, and GB and FE each parallel lo GD; then EFGHwiU be a 
sqnare inscribed in ABC. 

Demonstration. — Since GD is perpendicular, and GF parallel, to 
AB, G3 and FE are perpendicular to AB and GF, and hence 
EFGHm rectangular. It now remains to show that the sides are 
equal. Ej similar /\,s, S (7: GD::BF:FE; and.BC: GI::BF:FG. 
But the first three terms in these two proportions arc equal. Hence 
the fourth terms are equal, and FE = FG rz= GH= HE. Q. B, P. 

Gcdculation.—By similar l^s, GD :AB::GF: OF or I'D. By 

composition, GD + AB:AB::CF + PD or CD : <^ ^ ^^^TTaJj 
^the side of the square required. 

lAmils. — 1. With the same base AB, and the same perpendicular 
height GD, the point D may be taken anywhere in the line AB, and 
the side of the inscribed square will always he the same lougth = 
AB% CD 
AB^r CD 

2, Taking the general problem of inscribing a square in a given 
triangle, neither of the angles adjacent to the base AH can be greater 
than a right angle. 

3. In a scalene acKte-anglcd triangle, or a Wp/i.i-angled triangle, 
any one of the three sides may be made the base; and, as tbo side 
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of the inscribed square is always equal to the product of the base 
and perpendicular, divided by their sum, it is evident that there 
may be three different squares inscribed, of different sizes, by making 
each side successively the base, and the perpendicular let fall on it 
from the opposite angle, the height, 

4. When the triangle is isosceles, there can be but two squares of 
different sizen, those two squares being equal of which the equal 
sides are coincident with a side of the square. 

In an equilateral triangle, either side may be made the base, and 
the squares will all be equal. 

In an obtuse-angled triangle, the side opposite the obtuse angle 
must be the base, and there can be but one square inscribed. 

5. A rectangle whose sides are in any ratio to each other may be 
inscribed in a given triangle in like manner with the square, by 
taking GI to CD in the ratio of the required length to the breadth, 
and proceeding in all respects as directed for the square where the 
ratio of the sides is a ratio of equality. If it is desired to have OF 
= 2 GH, make C/= 2 CD. If OF is to be a half or a third of 
GH, make CI equal to a half or a third of GD. And, generally, 
representing the ratio of the length of the rectangle to the breadth 
by m to n, take CI a fourth proportional to m, n, and GD, so that 
we will have in -.n :: CD: CI. and draw BGL Then will QH or 
FE: GF::GD:GI::vi:n. 



PeOBLem IX.— In a giveu triangle, to i 
shall have given angles. 

Fio. 1. Fio. 2. 




the triangle ABO, 
and the angles E 
andfl"(Fig. I)ofthe 
inscribed rhombus. 



.^«aZ!/sis— Suppose EFGII(Pig. I) to be a rhombus inscribed 
in the triangle ABC, having the angles E and 7^ of tlie given mag- 
iiltiide. Draw GD parallel to FJi! or GH; then tiie angle D = the 
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given angle E. Hence GD is determined in the triangle AC'D. 
Joio BG, and produce it, to meet a line drawn ihvoagii 6', piivallel 




to^B, inZ. l^ow, AS mhstpToWem, we hiivoBF:BC:-FJS: CD; 
and BFiBC::FG: CI. Whence, since ^(; = -fi^, we have 01= 
CD, and tbe construction, demonstration, and calculation are pre- 
cisely as in the last problem. GF or FE= • 

Limits. — 1. When one of the given angles of the I'hombos (Fig. 3) 
is equal to the angle BAG of the given triangle, then GD will co- 
incide with GA, and we have BF:BG::FE:CA. nadBF-.BC:: 
FG: CI. Heuce 01= CA, and CI must be made equal to OA, 
and OA must be used instead of CD in the demonstration and cal- 

A n ~j f'A 

cuktion. Then GF or FE = -—-■■ „/ 

AB + CA 

3. When one of the given angles of the rhombus {Fig. 3) ia equal 
to the angle ABC of the triangle, then GD will coincide with CB, 
and CZmust be drawn equal to OB, and CB must be used instead 
of GD in the demonstration and calculation. GF or FE^= 
AB X OB 
AB+ CB 

3. A parallelogram whose angles are given, and its sides in any 
ratio to each other, may be inscribed in a given triangle, in like 
manner, by taking GI in the same ratio to GD (Fig. 1), to OA 
(Fig. 3), or to OB (Fig. 3) that the sides are to have to each other. 
See Limit 5 to last problem. 
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Problem X,— Having given the lengths of three perpeadiciilara 
drawn from a point within an equilateral triaogie to its three sides, 
to determine the trianglo. 



r the three perpeQdii;u]ars PF, PG, and I'H, 
\ and the triangle ABG 
( to be equilateral. 



-In the quadrilateral AFPE, the angles at F and II 
being right angles, the angles at A and P must, together, be equal 
to two right angles, or 180°. But the angle A, being an angle of 
an equilateral triangle, is 60°. Hence the angle FPU is 120°. In 
like manner it may be shown that in the quadrilateral BFPO the 
angle FF& is equal to 120° ; and in the quadrilateral GHPG the 
angle OPH= 120°. Whence this 

GonalrucHon. — Draw any line, as AB, on which erect the perpen- 
dicular FP equal to one of the given perpendiculars. At P draw 
lines making with PJ" angles equal to 120°, and on them lay PG and 
PE respectively equal to the other two given perpendiculars. 
Through the points G and H draw lines perpendicular to PG and 
PH^ respectively, meeting each otlier in G, and meeting the line to 
which FP is perpendicular, in A and B; then will ABG be the 
required triangle. 

Demonslralion. — We have to prove only that the angles A, B, 
and G are equal. In the quadrilateral AFPH, the angles F and H 
are right angles by construction, and < FPS= 130°, hence angle 
-i = 60°. Iq the same way, since <J!P(? = 120°, <5 = 60°; 
and since QPH= 120°, angle C= 60°; and hence the angles A, B, 
and G are ail equal. Q, E. D. 

Galculation. — Join AP, BP, and GP, and ou AB let fall the per- 
pendicular GD. Now, the triangle ABG is made up of the three 
triiingles ABB, BPG, and APG, whose bases A^, BG, and AG 
are all equal. Hence AB x (7Z) = (the double area of ABG) = 
AB X PF+ AB -A PG + AB X P^={the double areas of the 
three constituent triangles APB, BPG, and APG). That is, AB x 
CD = ABx (PF+PG + PH), or CD = PF+ PG ^i- PH=the 
aura of the three given perpendiculars. Wherefore, in the right- 
angled triangle AGS, having 01), lind. Case 1, AG^AB = BG, 
the side required. Then ^AB x (7i)^area AUG. 
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Problem XL— Having given the lengths of the three lines, 
drawn from the three angles of a plane triangle to the jiiiddle of the 
opposite sides, to determiue the triaagle. 



r the lines AD, BF, and CE, and the 
\ points D, F, and E to be the middles 
i of SC, GA, and AB respectively. 



Analyfiis. — Suppose ^i' (7 to be the triangle required. Produce 
the side 5C both ways, meeting lines drawn parallel to .By and CB 
in I and Q respectively. Then, in similar triangles GAI and OFB, 
since CA = 'iGF, we have AI='i.BF, and 0I=2BC. whence 
BI = BG. Also in similar triaugles BGF and BOA, since BA = 
2BE, we have A0 = 2GE,and BG = %BC, whence GC = BC. 
Complete the parallelogram AGHI; then GE=AI=.'2BF, and 
m=AQ = 'iGE; whence this 

Gonsiruciion. — With the doubles of the three given distances 
describe the triangle AGS, and complete the parallelogram AGHI. 
Draw the diagonal GDI, and trisect it in the points B and C. Join 
GA and AB, bisect them in Fand E, and join GE and BF; then 
will ABG be the required triangle. 

Demon^tra[ion.~~~W» have to prove only that GF-^^ AO, and 
that BF=^GH=iAL Since, by construction, BC=GG = 
BI, and BEr=EA, and GF=sFA, we have, by parallel lines, CE 
= ^AO,taiABF=^AI=^GH. Q. E. D. 

Calculation— By 14 IV. cor.,* AH' + GP = 2 AG^ + 2 GE\ 
Hence GI='>/2AG^ + 2 GH'—AH\md BG = ^GL Then— 

Method 1, — In triangle AGI, Case 4, find the angles. Then < 
S0S=5GJ, and < (7BF= CZA In triangle BGE, Case 3, 
find BE, then AB = 2 BE; also in triangle Ciii?", Case 3, find GF, 
then ^(7=3 02^. 

JWettoii 3.— By 14 IT.,t ^C" + AB'—2 AD' + 3 CD'; that is, 
iAF^-i-iBE'^^AD' + iCD'. (1.) 

Also JC"+ Cii' = 2 C£:' + 2.fi^^; that is, 4^i''^ + 4CD' = 

30£' + 2i?E'. {3.J By subtracting Equation (2) from Equati<m(l) 

we have i BE^ — i GD^ = 2AD^ + 2 Giy—2 CF' — ^ BE'. By 

*j!, ir, tA. ir. 
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transposition, 6 BE^ = 6 GD^ + 2 AD^ — 3 CE\ 



AF^J— 



2 GE' + '2BE'—i:Gn' 



==i\/(3 Ci"+ 3 5_e'— 4 C/i'). 



Then AG^2AF, and wo have all thu wides. 

Limits. — Of the three ^iven lines AB, BF, and GE, each must 
be less than the sum of the other two in order that the triangle AQS. 
may be possible. 



Peoblbm XII. — In a trapezoid, two of whose angles are right 
angles, and whoso diagonals intersect each other at right angles, are 
given the base, and the diagonal drawn from the extremity of the 
base which is adjacent to a right angle, to determine the trapezoid. 




( the lines AB and BD, the angles 
-) ^ Saand BOB right angles, and 
{.BD perpendicular to AC. 



Analysis. — Tjet ABGD represent the required trapezoid, having 
B and G right angles. Parallel to BD draw GG, meeting AB, 
produced, in O, Then AGG is a right angle, being ^^J'5, and 
CG = BD. Hence, by similar triangles GBG and OGA, GS : 
GG::GG:GA. Wherefore GC^ = {BD^) = OA y. GB, a.ad we 
must produce the given line ^5, so that. G^ x GB=GG^ = BD\* 
Whence this 

Gonstruclion. — Draw AB = the given base, and erect the perpen- 
dicular ££=the given diagonal BD. Bisect .45 in 0, join OE, 
and produce OB uniil OG=OE. On AO describe a semicircle, 
cutting BE in G. Join AC antl CO, and parallel to GG and AB 
draw BD and CD, respectively, intersecting in D. Tlien ABCD is 
the trapezoid required. 

Demonstration. — The angle ABG being a right angle by con- 
struction, aud <.di^i?^< -4 (70= aright angle, being in a semicir- 
cle, B GD is a right angle, and the diagonals A C and SZ)' intersect each 
other at right angles. It remains only to prove that BD or CO = 
BE. Now, BE^=OE^—OB^=OG' — OB' = {00 + OB)x 
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s {OG~0B)=GAy. GB = (iy. 23*) 

GCP=BD\ Heace5i>=BB. Q. E. D. 
GalciilaUon. — 1. In triangle OBE, OE 
= VoW+BE''=OG. Then AG = 
AO+OG, and BG = OG~OB = GD. 
3. BC'=:\^GG' — BG\ ThcuTJC: 
~e GG::AB:AG. Also AD^V BG'' + 
(AB — 01>y, and all the parts are known. 

Problem XIII. — In a triangle are given one angle, and the 
lengths of the two lines drawn from the middle of each including 
side to the opposite angie, to determine the triangle. 





f the angle ABG, and the lengths of 
\ CD and AE, drawn to the middles 
( of AB and GB respectively. 



Analysis. — Suppose ABG to be the required triangle, in which 
GD and AE are the given bisecting lines. Draw Z>^ parallel to 
BG; then, since AD = DB, we have AF= FE. Now, in similar 
triangles ^5£: and ^Z>.f, since ^iJ = 2 ^D, we have BE=(EC) 
= 2DF. Again, in similar triangles EOC and FQD, since EG = 
2DF. we have GG=2GD, and EG = 2FG. Hence GD^ 
^CD, FG = ^FE, s.nd FG = ^EF==^AE. Whence this 

Construction. — Make AE ^ one of the given Hues, of which take 
.EG = one-third, and EF=one-ha.U, then E0=^2FG. On AE 
and .dl" describe area (III. Prob. lef) to contain the given angle; 
and to the arc on AF apply GD=^^ the oi/ier given line. Draw 
ADB, and join Z"*? and BE, and produce them to meet in C. Then 
join AG, and ABG will be the triangle required. 

Demonstration.— J o\a DF. Since the angles ADF and ABE 
are equal by construction, DF is parallel to BE ; hence, as AF:= 
FE, we have AD^DB, and BE^^DF. It remains to prove 
that BE^EG, and DG = Z GD. 

In similar triangles EGG and FGD, since GE = 'iFG by con- 



» VL 8, Cor. 



t in. 3;i. 
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stniction, we have EG=21>F, and CG^^GD. Hence EC' = 
BE, each beiDg equal tu 2Di'', and GB= CG + GD = 3 GD. 
Q. E. D. 

Oalculalion.—By Book III. Prob. 16,* being the centre of the 
arc ADF, the azigle AFO is equal to the difference between the 
given angle and a right angle. Join OG, and let fall the perpen- 
dicnlar OS; then FB= BA = ^ AF=i AE. 

1. In triangle OFJi, Case 1, find 0F= OD. Angle OFG = ISO" 
— < OFH. 

3. In triangle OFG, Case 3. find angle FOG and the side OG. 

3. In triangle ODO, Case 4, find the angle DOG. Then, when 
the given angle is an obtuse angle, the angle DOF=<:DOG — < 
FOG. But when the given angle is aoule, the angle DOF=<_ 
DOG + <:F0G. And angle DAF (or BAE) = \DOF (III. 
18t), 

4. In triangle ABE, Case 1, ftiid AB and BE. Then ^C= 
2 HE. 

5- In triangle ^5(7, Case 3, iind^C. Then all the parts are 
dele ['mined. 

Limits. — 1. GD must be greater than GF, in order to apply it to 
the arc ADF. Ilenco a third of one of the given lines must be 
greater than one-sixth of the other, or, the shorter line must be 
greater than half the longer one. 

3, Wlien the given angle is a right angle, the arcs ABE and 
ADF become semicircles, the centre comes to H, OF aud OD 
eafih = i^/', and OQ = \AF+FG. Hence, in triangle DOG, 
find angle DOG, half of which is BAB, then proceed to find AB, 
BE, aud B€, as above; when AG =='v'AB'' + BG''. 

Problem XIV. — Through a given point to draw a line parallel 
to a given line. 



f the point P, and 



Analysis. — ^Suppose IPL to be drawn parallel to AB. Ft-om any 
point, as E, below AB, draw two lines, as EGP and EQB; then 
(IV. ]6J) EG:GP::EG:GH. Whence this 



X VI. 2, 
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Gonatruction. — Draw, from the given poiDt to the given line AB, 
any line PC, aud produce it; till GE = PG. Then from E (intw 
J, any line EGF, and lay GHr=:GE. 

■' r. Through P aud ^ draw the line IPL, 
which will be parallel to AB. 
^ DemonHtralion.—^\iic&, by construc- 
tion, EG=GP, and EG = GH, IP ML 
is parallel to ^iJ {IV. 16*). 

Problem XY. — In a plane triangle are given one angle, the side 
opposite thereto, and the ratio of the other two sides, to determine 
tbe triangle. 



the angle G, 

the side AB, and 

the ratio of A C to CB as ti 



Analysis. — Suppose the triangle ABG constructed as required. 
Paraile! to AB draw any line EDF; then (IV. ISf) GDiGE:: 
AG:GB:;m:n in the given ratio. Draw ..ii^' parallel to ^0, then 
B:F^= AB. Whence this 

Construction. — Draw two lines GA and GB, making at their 
intersection C, the given angle. Lay GD =vi, and CE^ n. Join 
ED, and produce it, making SZ) J'' equal the given side. Draw FA 
and AB parallel to 5C and EF, respectively ; then ^fiC will be the 
triangle required. 

Demonstration. — By parallel lines, AB = EF^ the given side 
by construction ; also, A G : GB ; : CD : CE : : m : n, by construction, 
in the given ratio. Q. E. D. 

Galoulation. — 1. In the triangle CDE, Case 3, find the angles 
C DE a.nd GED; then OAB=GDE,a.nA GBA = GED. 

2. In the triangle ABG, Case i, find the sides AC and BG. 

Example.— '^&^e angle (7 = 90°, AB = ^s, and CA: GB as 4 
to 3; tben JCwill be 63, and BC 31f. 

• VI. 2. I VI. 2. 
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Problem XVI. — In a plane triangle, having given all tbe angles, 
md the perimeter, to determine the triangle. 

i anglea A, B, ani3 C, and 
) perimeter AB + BC + 



Anali/sis. — Let ABG represent the required triangle. First 
obtain tbe perimeter in one line by producing AB both ways, and 
making AD = AG, and B£=:BO; then DE ia equal to the given 
perimeter. Join DC and HG; then (I. II and 25, cor. 6*) the angle 
D = ^ the given angle A, and the angle JB^^ the given angle £. 
Whence this 

GonHtrucHon. — Draw the line DE = the given perimeter, make 
the angle .ff 2^(7= half the given angle A, and tbe angle DEC^ 
half the given angle B. Then make the angle Z> (7 J = tbe angle D, 
and tbe angle EGB = 'ihG angle E, and ABG will be the required 
triangle. 

Demonstration.— By 12 I.,t AG = AD, and BG=BE; hence 
AB -\- BC + GA = BE -i- AB + -4Z> = D£; = the given perimeter 
hy construction. 

Also (I. 35, cor. GJ) the angle BAG = twice the angle D, and the 
angle .^5(7= twice the angle E; hence A and B are equal to the 
given angles. Q. B. D. 

Calculation. — 1. In ^ DEG, Case 1, find DC. 

2. In /^, DA C, Case 1, find 4 C = AD. 

3. In C^ABC. Case 1, find J5, and BG = BE. 

Problem XVII. — Upon a given base to construct a right-angled 
triangle, having given the length of the perpendicular let fall from 
the right angle on the hypotheuuse. 

( the base AB, 

the distance BD, and 
( the angle ADB a right angle. 

Analysis. — Let AB C represent the required triangle. Since ADB 
is a right augle, the point i> is in a semicircle described on AB. 
Whence this 
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Gonslruction. — On tlie given base AS describe a semicircle, and 
irect a perpeudicuJar ^(7 indefinitely. In tlie semicircle apply the 
^ chord BD of tbe given length of the perpendicular, 
and draw AD C. Theu AB G is evidently the tri- 
angle required. 

Calculation. — AD^V AB^~ BI>\ Then 
AI):AB::AB:AG; imA AB: DB:: AB : BG. 
^ * JSxample.—T:Ake AB = 'l5,fLJiA BI)=12; then 

AI) — 9,BG = 20, and -i C ^ 25. 

Problem XVIII. — Through a given point to draw a straight line 
making a given angle with a given straight line. 

the point P, 

the angle AGP, and 

tho position of the line AB. 



Analysis. — Suppose GP drawn to make with AB the angle AGP 
equal the given angle. Prom any point, as D, in AB, draw DJU 
parallel to CP, then (I. 20, cor. 3*) the angSe ADE = AGP. 

Gonslruction. — From any point, as D, in AB, draw DE, making 
tbe angle ^iJE^the given angle AGP; then through the given 
point P draw PG parallel to DE, and it will be the line required, 
for (I. 30, cor. 3t) the angle .4 Ci'^ the angle ADE. 

Calculation. — Since the point P and tho line AB are given in 
position, the length of tbe perpendicular Jet fall from P on AB is 
known. Designating the foot of that perpendicular by P, in the 
triangle PEG, Case 1, find PG and GR 

• 1. 29. 1 1- 29. 



Hosted byGOOgIC 




TRIANSLES, QU ADEIL ATE E AE 8, AND PARALLELS. 39 

Problem XIX. — Given, the base of a triangle, an angle at the 
base, and a point in the base througb which the diameter of the 
circumscribing circle, drawn from the vertex, passes, to determine 
the triangle. 



C the base AB, tJio angle BAG, 
Given ■} and the point i> through which 
(. the diameter C0£ passes. 



Analysis. — Suppose ABG to bo the ret^uired triangle, circum- 
scribed by a circle whose diameter is CDE. Since the point D is 
given, the product of AD and BD is kuown. Join AE ; then the 
angle BGE=<iBAE (III. 18, eor. l*)=the complement of ihe 
given angle BAG. Whence this 

Construction. — Make AB =^ the given base, BD = the given 
distance of the point D from B, and the angle BAC^^ihe given 
angle; then (III. Prob. lef) on BD describe a segment BCD to 
contain an angle equal to the complement of the given angle BAO, 
cutting AG in 0. Join BC and CD. Draw AE perpendicular to 
AC, meeting CD, produced, in E. On CE, as a diameter, describe 
a circle whose centre is 0; then ABG will be the required triangle. 

Demonstration. — We have to prove only that the circle described 
on GE as a diameter passes through the point B. By III. 18, 
cor. l,X the angle CBA=^< CEA. and angle ASE = <:ACE; 
hence CBE ^ CBA + ABE= CEJ + AGE ^^0° = aa angle 
in a semicircle, and therefore the circle described on CE passes 
through the point B. Q. E. D. 

Galoulation.—'Dro.w the radii FB, EC, and FD, and join AF. 

1. Iq triangle BFD (111. 18§) the angle DFB = 2DGB; find, 
Case 1, DF=GF. Now, angle BDF^-^{im° — BFD), and 
angle ADF= 180° — BDF. 

2. In triangle ADF, Case 3, find angle DAF. and AF. Then 
angle FAG = < BAG— < DAF. 

3. In triangle FAG, Case 2, find AG; in triangle -B.^ C, Case 3, 
find BC ; and in triangle EGB, Caso 1, find GE; when all the parts 
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Limits. — When the given angle BA (7 is a right angle or an 
obtnse angle, the problem fails 

Problem XX — In a plane triangle are given the vertical angle, 
and the radii of the inscribed and escribed circles, the latter toucb- 
ing the base and the sides produced, to determine the triangle. 



r the angle ACB or GCQ, 

I the radius OE or OP of 

Given i the inscribed circle, and 

the radius DP or DL of 

the escribed circle. 



Analysis. — Suppose AGB to represent the required triangle, 
of whicb the sides GA and GB are produced indefinitely to G and 
Q; the centre of tiie inscribed circle, and I> the centre of the 
escribed circle. Draw GOD, and it will bisect the angle GGQ (III. 
Prob. 15*); also AO bisects the angle BAG, md DA and DB 
bisect the angles GAB and ABO respectively. Hence the angle 
OAD is » right angle. Draw the radii OE and i?J^ perpendicular 
to GO, and OP and DL perpendicular to AB. Then the circles 
— E,P ; D — F,L, are evidently given in ■magnitude &uA position, 
and the base ALFB is a common tangent to them at P and L. 
Whence this 

Construction. — Draw GB, bisecting the given angle GCQ. At 
any point, as G, in GG, erect the peipendicular GD' = the given 
radius DF. and on it lay G'0':^the other given radius OE. 
Through D' and . parallel to GG, draw lin.es intersecting Cli 
in the points D and 0, whicb will be the centres of the given cir- 
cles. Let fall the perpendiculars DF and OE ; describe the circles 
D~F,L,I, and 0—F,E,H. On OD describe a aemicircie, in 
which apply DLK the sum of the given radii~Oi' and DL ; 
join OK, and draw ALPS parallel thereto; then ABG will be the 
required triangle. 
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Demonstration. — When we prove that ALFB is a common tan- 
gent to the two circles, it is all evident by the analysis. (See Prob. 
Xlir. of "The Circle.") Since ALPB is parallel to OK by con- 
strnction, and OP parallel to DK, because both are perpendicular to 
0.B: or ^5, we liave Di + OP = DL + LE^DK=th& sum of 
the radii. Hence DL and OP are respectively the given radii, 
aad, beiag perpendicular to AB, ALPB is the couimou tangeut. 
(III. 9.*) 

Calculatiun.—l. In the triangles GFD and CEO, Case 1, find 
GD and CF= CJ: also CO. Then Z)0= GU — CO, and the anglo 
FDC^^^° — FCD. 

2. In triangle EDO, Case 2, find angle EDO; then angle FDA 
= ^FDL = ^(FDC — EDO). 

3. In triangle FDA, Case 1, find AF^ AL. Then Aa= VF— 
AF, and angle BAC = \m° — '^ FAD. 

4. In triaagle ABG, Case 1, find BG and AB. 

Scholium. — The angles OAB and DAB being respectively halves 
of the angles CAB and BAG, the angle DAO is a right angle, and 
the point .4 is in a seiiiieircle on DO, the distance between the cen- 
tres of the given circles. 

Problem XXI. — Through a given point in the perpendicular let 
fall from the riglit angle of a given right-angled triangle upon the 
hypothenuse, to draw a line, cuiting one side, and the other side 
produced, so that said line shall be bisected by the given bypotfae- 




I" the rigbt-ajigied triangle 
ABC, the poiut G in the 
J perpendicular Ci), and the 
j line OGZ to be equal to 
I OF, F being in CB pro- 
L duced. 



^M a V's.— Suppose I G OF dray/ n so that 01^ OF. Produce 
CD until DE— GD, aud join EF. Because the angl« IGF is a 
right angle, and GD = DE, a circle described with O as a centre 
aud radius 01 or OF will pass through C and E. Therefore the 



Hosted byGOOgIC 



42 



asOMETRICA 



ANALYSIS. 



mgte ICE or ICD. (lit. 18, ( 




angle IFE or Gi''S = the 

Whence this 

GmstrucHon — Oii the line 0E (III, Prob. lef) describe a segment 

of a circle to contain an angle equal to ACB, cutting GB, produced, 

in F. Through i^and G draw the line FOGI, aod it will be the 

line required. 

p Demonstration. — Since the angle 

OFE or IFE = the angle A CD 
or ICD, and DO is perpendicular 
from the middle of the chord GE, 
is the centre and lOF the diam- 
eter of a circle passing through the 
points /, C, F, and E. Whence 
0/^ OF. Q. E. D. 

Calculation. — Join Ihe centre 
// with the points E, F, 0, and G; 

then the angle GEE = 3 GFE = %ACD = 2ABC. 1. In A GEE, 

having GE=^GD+ GD,C&>^e 1, find EG = IIE^HF. Angle 

CGE=li!,ii° — HGE. 

2. In A GGH, Case 3, find CH 
HCF^DCB~GCH. 

3. In A SGF. Case 3, find CF; then BF^ GF- 
i. In A CF^' Case 3, find < CFE; then ang 

CFE—GFE. 

5. In A ^GF, Case 1, find IF and 7(7; then i"0= i /,F. 

Limits. — The distance of the giren point from G may be any 
quantity not greater than CD. When CG^ CD, the required line 
will pass through D, and be equal to GE. 

Problem XXII. — In a plane triangle are given the two sides, and 
the length of the line bisecting the ineladed angle, to determine the 



mgle GGH; then angle 



~GB. 

i CFI^.i 




■ the sides ylCaiid CB, and 
Given ) the length of the line CD 
^ bisecting the angle GAB. 



Analysis. — l,et A GB represent the required triangle, in which the 
line GD bisects the angle ACB. Draw Dff parallel to BG; then 
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(I. 20, cor. 3*) the angle HDG = BGD=AGD by the eomUtions 
of the problem. Heace HG=HD, Also, IT. 17,t i-"d by parallel 
lines, we have AC: CB : : AD: DB :: AS: HG. Wbeaee this 

Gonsiruction. — Draw tbe Hae 0^ = tbe longest given side, on 
which lay CS^the shortest g'iven side, and (7/=the giveo line 
bisecting the included angle. Divide J C in H{\Y. Prob. Ij) so that 
AH mB.j be to HG as AG is to GE. With tbe centre G and radius 
Ci" describe an arc, to which apply HI) = HG. Join HD, CD, and 
AD, and produce AD to meet a line drawn through G, parallel to 
HD, in B. I'hen AGB is the required triangle. 

Demonstration. — We have (I. 11 and 20, eov. 2§) the angle HGD 
= HDG = BGD. Hence OD bisects the angle AGB. Then AG: 
GB::AD:DB::AH:HG::{by construction) ^0 : CS. That is, 
AG:GB::AG: GE; wherefore GB=GE. Q. E. D. 

Calculation. — On CD let fall the perpendicular HF; then CF= 
FD = ^GD. By construction, ACiGB: :AH:HG. By compos i- 

AG ^ OR 
tion, AG+ GB: GB:: AH~i- HG (AC): HG = j~-GB ^'^^' 

1. In triangle HGF, Case 2, find angle HGF= A CD; then angle 
AGB=2ACD. 

2. In triangle ^(7S, Cases, find ^iJ; then AC: GB:: AD : DB. 

By composition, AG + GB:CB::(AD + DB)AB:DB= '^? - ^-~ ^ 

Then AD = AB — BD. Or we may obtain jliJ from the proportion 

just used,— ^C + GB:AG::AD + DB {AB) : AD =^ ^^ ^ ^,^ . 

Limits. — The bisecting line CD may be any quantity less thaa 
the longer given side. 
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Problem XXIII. — In a plane triangle are given the ratio of the 
sides, and the segments of the base made by a perjiendicular let fall 
thei-eun from the opposite angle. (See I'rob. II,, "Analysis by 
Algebra.") 




f the ratio of .^ C to GS a 
! and the s€ 
I the base 
[ peudii:ulai 



J and the segments AB and DB of 
[ the base AB, made by the per- 



Ano.lysis. — hctABC represent the required triangle, of whith the 
segments AD and DB of the base AB are given, and AC to OB as 
m to 71, of which m is the greater. Produce AC indefinitely to 0, 
and bisect the angles ACS and BOG by tbe lines GH and GF, re- 
spectively meeting AB, and AB produced, in A' and F. Draw BI 
parallel to (7.F, and 5£ parallel to 6^£, meeting ^ff in Zand £, Then 
(I. 30, cors.*) aQg:le CLB= ACE = ECB=CBL; hence CL = 
G£, nnd(IV. \b'^)AO: GL {GB):: AE: EB::m:n. Also (I- 20, 
cors,*) angle CIB=GCF=BCF=GBI ; hence CI=:GB, and 
(IV. Ib-f) AF: FB :: AG : Gl or CB::m:n. Wherefore ^(7: CB:: 
AE:EB::AF:FB::m:n. 

Also angle ECF= ECB + BGF=^iACB Jr BCG) = & -vight 
angle, and the point G is in the semicircle described on EF. Whence 
this 

Gonstruotion. — Draw an indefinite line, and on it lay AD = the 
greater given segment, and DB = the less. At D erect the perpen- 
dicttlar Z>Zf indefinitely. To divide the line AB, and AB produced, 
as required, in E and F,% draw a line AM, making any angle with 
AB, and on AM\s>.y AC'^m, the greater term of the ^iven ratio, 
and CI', G'L', each equal to n, the less. Join BL', BI', and par- 
allel to them, respectively, draw C'E, G'F, the latter meeting AB 
produced in F. On EF describe a semicircle wbose centre is 0, 
cutting the perpendicular DM in G. Join GA, GE, GB, CO, and 
GF, and A OB will be the required triangle. 

De7mmlraiion.Sj IV. 15,§ AE -.EB-.-.AG':. G'L'::m:n; and 
AF:FB::AG': G'l' -.-.m-.n. Hence, by the analysis, it is evident 
that GE bisects the angle ACB, GF bisects the exterior angle 

s VI, 2. f I. 29. t Bee Chauvenet's Geometry, III. 21! rtnd 27. § VI. 2. 
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BCQ; AO:CB::AE:EB::m:n; and the angle _ff<7^ is a right 
imgle, and therefore the point (7 is in a semicircle described oq EF. 
Q, E. D. 

Calculation.— Hy construction, AL' {vt + n) : AG' (m) : : AB : 

AE ==^-^^' y. AB ; then EB^AB — AE. Also A 1' (m—n): 

I'C"(H)::AB:BF^~^ -X AB ; and AF = AB + BF. Also 

FF=EB + BF,&ndOG=OE = iEF. Now, ED= EB— BI), 
anil OB=^OE—ED; then DO''=OG''— OD', and AG = 
*/AD'+VG', also BG = y/ BD^ + DG'. 

Scholium 1. — If, instead of having the segmeiits of the base 
given, the whole base and the perpendicular height or area of the 
triangle are known, then from any point io the line of the base erect 
a perpendicular, as DC, of its given length, and through C draw a 
line parallel to the base; then either of the points in which such 
parallel line cuts the seaiicircie will be the vertex of a triangle ful- 
filling the conditions of the problem. The calculation will be evident 
from the construction and preceding caicalation. 

Scholium 3. — The vertex of the triangle may be in a giuen line of 
any kiiid which intersects the semicircle ECF. {See Prob. XXX. 
of "The Circle," Case 2.) 

Scholium 3. — Since, by the analysis, we have GI, GB, and GL all 
equal, G is the centre of a seiuiuircle passing through the points /, B, 
and L, and IBL is a right angle. Hence the angle AGE= ALB = 
i{GLB+ CB L) = (I. 2o, cor. 6*)^AGB=EGB,Aad GE bisecta 
the angle AGB. 

Scholium 4.— Since, by the analysis, A2^: FB::AE: EB, we have 
AF:AE::FB:EB. By division, AF—AE{2 OE) : AE : : FB — 
EB(2 OB):EB; that \s, AE : EB:: OE : OB ■.-.m-.n. Again, by 
division, AE — EB:AE::OE~OB(EB)iOE. Whence the 
radius EO is a fourth proportional to AE — EB, EB, and AE. 

Scholium b.—SmceAE—EB :EB::AE: EO, we have, by com- 
position, J.E : i^S:: ^f?; .£?0. Aherna.te\y,AE:AO::EB:EO; by 
division, EO:AO::BO: EO; inversely, and putting OCfor EO, we 
have AO: OC::OG:BO. Whence (IV. SOf) the triangles OAG 
andOGBaresimikr, and the angle OC^^O^a Now (t, U and 
25.aor.(iX),thes^as\&AGE^OEC—OAG=OGE—OGB=BCE. 
Rence CE bisects the angle AGB, and we have (IV. 17 §) AG: 
CB : : AE : EB ::m:n, which is another method of demonstration. 

'> r. 32. t VI. S. J I. 5 and 82. i VL 3. 
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Note. — The geometrical property involved In this problem is of great 
practical utility in the construction of various problems, and the student 
should endaavor lo he familiar with it ; wherefore the following general 
problem la annexed. 

Peoblbm 5XIV. — Having two points given, it is required to 
find a circle, such that if lines be drawn from the two given points 
to any point in the circumference of this circle, tbe lines so drawn 
shall always have to each other a given ratio as ni to n. 




the points j4 and i?, to 
find tli« circle ^'CJ', in 
the circumference of 
wbich, if any point, as 
C, be taken, we shall 
always have AG: CB 



Analysis. — Let A and 7f represent the given points, and 0, above 
AF, any point such that A C : CB ; ; m ; ji in the given ratio. Pro- 
duce ^ G iDdefinitely to G; liisect the angles .dCB and BOG by the 
lines CS and OF respectively, meeting AB, and AB produced, in F 
and F. Draw BI parallel to CF, and BL parallel to CF, meeting 
AG in land L. Then (I. 20, cors.*) angle CLB = AOE = FCB 
= CBL; hence CL=GB, and (IV. ib^) AG : CL{GB)::AE : 
EB::m:n. 

Also (I. 30, cors.*) angle GIB=GCF^BGF=OBI; hence 
CI= CB, and (IV. ISf) AF: FB::AG:GI or GB ::m: n. ^hevD- 
fore AF : FB :: AC : CB:: AF: F£::m:n. 

Also angle FCF=ECB + BCF=^ACB + iBCG = a right 
angle, and the point (? is in a circle described od EF as a diameter. 

ConstruGlion. — As in last problem, divide AB so that AE : EB : : 
m:M, and take AF so that w.:n:: AF: FB, that is, by division, 



On FF describe a 



'm — n:n::AF—FB{AB):FB = —__^ 

cEi-cIe whose centre is 0, and it will be the circle required. 

Demoniit-r ation. — Take any point C above the diameter 
GA, CF, CB, GF, produce AG to G. draw BI parallel to GJ' 
* I. 2B. t ■^'l' 2. 



Dra 
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BL parallel to CE, meeting AQ in I and L respectively. By con- 
struction, AE:BB::w.:n, and AF: FB::in:n; bence, by the 
analysis, it is evident that CE bisects AGB, C/" bisects the exterior 
angle BGG, AC: OB::m:n, and the angle EGFis a right angle, 
and the point C is in the circumference of a circle on EF. If the 
point G be taken at any point in the circumference below the diame- 
ter, the same reasoning applies. 

NoTK. — See Scholiums S, 4, and 5 to last problem. 

GalculaHon.—A& in Problem XXIII., find AE and AF; then tbe 
radius 0E = ^ (AF—AE). 

Oorollary. — The lines AE and EB will subtend the same visual 
angle from every point in the circumference EGFG. 

Scholium. — If the given ratio of A G to CB is a ratio of equality, 

that is, ifm = n, then AE = BE, and the value of FB = — ^ x 

AB becomes —AB, which, as the divisor is zero, is infinite; hence 

the radius EO is infinite. But a circle described through E with 
an infinite radius is a straight line perpendicular to AB, extending 
above and below. Hence a perpendicular through the middle of the 
base, extending both ways, will be the line required. 

Problem XXV. — In a right-angled triangle are given the perime- 
ter and radius of the inscribed circle, to determine the triangle. 




Gfiven < 

tand 



the perimeter of ABG 
radius OD. 



Analysis. — Let ABO represent the required triangle, and DEF 
its inscribed circle, of which is the centre. Join OA, OG. and let 
fall on the sides the three perpendiculars OD, OF, and OF. Then 
(III. Prob. 15*) 0F= CD, and AF=AE. A\bo,' BDOE is evi- 
dently a square, whose side is the given radius. Wherefore we 
have GA= CF+ AF= CD + AE. To each of these equals add 
the equals DB and BE respectively, and we have GA +''l>B=p OD 
-i- AE + BE. But the sum of these equals malies up the whole 
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given perimeter of the triangle, 
perimeter; tliat ia, the hypothi 




Therefore GA + DE = ^theg 
use C^ = half the giut 

mivus the given radius, and 
the sum of the two sides OB 
and BA ^ half the given 
perimeter plus the radius. 
Whence this 

ConsirucUon. — Make CL^ 
the given perimeter. With 
centre L and given radins, de- 
scribe the semicircle QIH; then C(? = tbe length of the required 
hypothenuse GA, and ^Zr=thc sum of the sides AB and BG. 
(See Prob. T., this section.) Erect the perpendicular LI, draw BIK, 
and to it apply GA = GO, let fall the perpendicular AB, which will 
be parallel to IL, and hence, since IL = LH, we have AB c= BH, 
and consequently GB + AB=GB + BII= GH; whence the truth 
of the construction is manifest. In the triangle ABG (III. Prob. 
15*) inscribe the circle DEF. 

Galculation. — In triangle GAS, Case 2, find angle AGH^ 
AOB. 

In triangle AGB, Case 1, Qnd the sides GB and BA. 



Problem XXVL— In a plane triangle are given one angle, and 
the lengths of the three perpendiculars let fail from the angular 
points upon the opposite sides, to determine the triangle. 



the angle BAG, 
and the lengths of 
theperpendicula 



AD, BE, and CF. 



either Figi 




Analysis. — Let ABG, in either figure, represent the required 
triangle; then, since the double area of a triangle is equal to the 
base multiplied by the perpendicular height, we have BG x AD^ 
AB X GF=AG X BE. Putting each of these fquations into a 
proportion, we have AB: BG:: AD: GF; AG: BG:: AD: BE; 
and AB :AG::BE: GF, which proportions are immediately deduci- 
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Ijle also from t\ie similar vightangled triaugles BAD, BOF; AGD, 
BGE ; aod ABE, ACF. Hence the sides are inversely propor- 
tional to the given perpendiculars falling upon them. 

I[i AB and AC take AQ = BE, aod AH= GF, and draw GH. 
Then, by the last of the above proportions, AB: AG:: BE {AG): 
GF{AH). Hence (IV. 16*) ORin parallel to BG, and the triangles 
ABC s-a<i AGE a.r^ equiangular and similar. But tlie triangle AGU 
ia known in all its parts ; therefore, since AD is known, the triangle 
ABC is known in all its parts. Wlience this 

Construction. — At A make an angle equal to the given angle, and 
on its inciudiog sides AB and AG, lay AG^=t\.ic perpendicular to 
fall on AG, and AH=. the perpendicular to fall on BG. Join GH, 
and on OH produced, if necessary, let fall the perpendicular AI, and 
produce it, making -ii? = the perpendicular drawa from the point 
of the given angle to the opposite side BO. Through D, parallel to 
QH, draw BG, and on AB and AC, respectively, let fall the per- 
pendiculars Cf and BE ; then ABO will be the required triangle. 

Pemonslralion. — The triangle ABG, being similar to AQH, and 
baviag ^Z>^thB given perpendicular from the point A, has, from 
the analysis, the proper angles and sides, and it remains only to 
show that BE and C#are of the given lengths. 

Ia the similar triangles ABD and BGF, AB: BG::AD: GF; 
but AD is made of the given length; hence, since the perpendiculars 
are inversely as the sides upon which they fall, OF is of the given 
length. Also, in similar triangles, AOD and BCE, AGiBC:: 
AD: BE; therefore, since AD is the given length, BE is the given 
length also. Q. E. D. 

Galculalion..~In the triangles AFG and AEB, Case 1, find AG 
and AB; then, in similar triangles BGF 3.n& ABD, we have AD: 
GF::AB:BG. 

Note. — See Theorem XV. 
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Problem XXVIl.— In a plane triangle aro given the base, the 
line that bisects the vertical angle, and the diameter of the circum- 
scribing circle, to determine the triangle. 



i the base AB, the line GD 
Given -J bisecting <^ AGJi, and tho 
( diameter of the circle ACB. 



Analysis. — Let AGB represent the reqolred triangle, and ACBF 
the circumscribing circle, of which the centre is /. Produce CD to 
F, and join FB. Then (III. 18*), since angle AOF=BGF, the 
arc AF= BF, and angle ABF= BGF. Hence (I. 25, cor. If) the 
triangles FBD and FOB are similar, and we have FD : FB -.-.FB: 
FG, in which FB and CD. part of the lino GF, are known. Whence 
this 

Gonstruclion. — About any point 7 as a centre, with the given 
radius, describe a circle, in which apply AB ^the giveu base, and 
drawSJf perpendicalarto^^; thenflll. GX)AF = EB, and arc 
AF3=i FB. Join FB, and draw BG perpendicular to FB and equal 
to lialf the given bisecting line CD. With centre O and radius GB, 
describe the circle BHL,mA draw FHOL; then HL = %BG = 
the bisecting Une. Apply FDG = FL, join AG Aad 05, and ABC 
will be the required triangle. 

Demonstration. — We have to prove only that GD = HL. Now, 
the triangles FBD and FOB are similar by the analysis; hence 
FC:FB::FB:FD. But (IV. 30§) FL{FC) : FB :: FB: FH; 
hence FD = FH, and GD= FC — FD= FL^ FH= HL = 
2 5(?=3the given length of the bisecting line. Q. E. D. 

Calculation.— 3 o\a AI and AF. Wo have E1 = VAP — AE', 
EF=EI+1F, FB'=FF' + EB', F0 = '</'FB'+~BG'; then 
FL = FG + GB=FG,3.ndFH=FG~0B=^FD. A\soED=^ 
VFD^ — FF^ BD=BE — ED, and AD = AE-\- ED. Now, in 
the similar triangles J-^D and FOB, we hw% FB: BD::FG: BG. 
Also, in similar triangles FAD and FGA, we have FA: AD:: FG : 
AG, and all the lines are known. 

Note. — If tlie vortical angle were given instead of the diameter of the 
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ccibing circle, we would (III. Prob. 16*) on AB describe a circle 
whose segment ACB shall contain the given, angle, and then proceed precisely 
aa ill the above problem. 

Problem SXVJII.— In a plane triangle are given the perpen- 
diL'ular heigbt, the line bisecting the base, and the line bisecting the 
vertical angle, to determine the triangle. 



" the perpendicular CD, 
Given i, the Hue CE bi.secting AB, 

,nd the line CI bisecting < AVR 



Analysis, — Suppose A CB to be the required triangle. Because 
the angle AGI^^ BGI,iht line GI produced will bisect the are 
AFB of a circle circumscribing the triangle ACB. At E erect a 
perpendicular to AB, and it will pass through the centre of the 
circle and the middle of the are AFB. Hence CI produced, and tbe 
perpendicular EF, will meet at F. Bisect the chord CF by the 
perpendicular HG, and G will be the centre of the circumscribing 
circle. Whence this 

Gonstruction. — Draw any line, as AB, iadeSnitely, in it take any 
point D, and erect the perpendicular DG=^ the given perpendicular. 
From apply CiS=the given line bisecting the base, and CI^ 
the given line bisecting the vertical angle. At E erect a perpen- 
dicular to meet CI, produced, in F, bisect GF by the perpendicular 
UQ, join GG, and with O aa centre, and radius GC or GF, describe 
the circle AGBF. Join GA and GB, also AQ, AF, and BF; then 
ABG will be the required triangle. 

Demonstration. — Since arc AF^= BF, the angle A CI^ B CI, and 
CI bisects the vertical angle. Q. E. D. 

CaZcuZoft'oii.— We have DE^\^~CE'— CD', and DI^ 
\f CI^— GD'; then FI=DE-.^Dr. 

1. In similar triangles CDI and FEI, we have Dl'-. CD: -.IE: 
EF,a.aADI: GI:: EI: FI; ihen. FC=FI + IG. 

2. In.similar triangles FCA and FAI. we have FG:FA::FA: 

s* 1 [r. 33. 
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FA=^'^FO-> 




FI, and FA = VfA' — EF\- i 
=:2£A Also AT=AE—Fl 
AB-\ 



nd 



3. Again, iii similar triangles FGA and 
FAI we have FA -. AI:: FG: CA; and in 
similar triangles FBI and FOB we bave 
FB:BI::FO:GB. Lastly, FB: FI:: FJI: 
FG or aA= the radius of tbc drelu; wlieii 
all the lines are known. 



Problem; XXIX. — In a plane triangle are given the vertical angle, 
the line bisecting it, and tlie difference between the including sides, 
to determine the triangle. 




(the angle Ji^(7, the line JP 

a -3 bisecting BA 0, and the dif- 

( ference between AB and A G. 



Analysis. — Let £jd (7 represent the reqaired triangle. Take AD 
:=A0; then5D = the given difference. Draw PJ^paraliel to AB, 
and Pi; parallel to AC; then, since the angle PAF= PAF, AFPF 
is a rhombus, having all its sides equal and determined. Hence 
FD:=AD—AF^AC^AF^GF. Now, ia similar triangles 
GFP and PFB. we have GF {ED): FP (PE):: PE : EB^iED 
+ DB). Hence EI) x {ED + DB) = PE\ Whence this 

Construotion. — Construct the rhombus AEPF, all of whose parts 
are known, and on PE erect the perpendicular PO=i\ the given 
difference between j4S and^G. With the centre G and radius 
OP, describe a circle, meeting S(?, joined and produced, in / and 
E. Make EB = EH, and draw BPG ; then will AB — AG = 
2PG'=:the given difference, and 7,MCwill.bo the triangle 
required. 

Demonslrali>M.~^j IV. 30*. we bave EE {EB) -.EP-.-.EP: EI. 
Also, by similar triangles PEB and OFP, we have EB:EP::PF 
{EP):GFf>y ED. Rence ED = El a.a<\ AB — AG = EB~ GF 
^EB — ED= EH— El = TH= 2 P(? = the given dilfereiice. 

Calculation.— In triangle AFP, Case 1, lind AF=AE = EP; 
» lU. 3B. 
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then EG = V~EF^^PG', and Ji;H= EG + GP= EB. Also, 
EI= EG—GP = ED = CF. Heuee we have AB = AE -\- EB, 
and AG = AF-^ GF, and all the parts are known. 

Remarks. — 1, When the angle BAG\s a right angle, AEPF w'lW 
be a aquiire. 

2. This problem is the same as having a point P, equidistant from 
the lines AB and AG, giveu in position, to draw through P a line 
so that^£ and^Gsball have a given difTcrence. Sue Problem 
LXIII. of this division. 

PaoELEM XXX. — To draw tbroiigli a given point, between two 
lines forming any given angle with each other, a line, such that the 
parts of it intercepted betweea the point and the given lines shall 
have a given ratio to each otliei'. 



r the angles BAG and BAP, 

the distance AP, 
L and the ratio of EP to PG as ji 



Analyns. — Let AB and ^C be the two lines given in position, P 
the given point between them, and FPG the required line, having 
FP:FG:-.m:n. 

Draw PE parallel to ^5, and PD parallel to AG. Then, in 
similar triangles FEP anA PDG, we have FE-.PD (EA)::FP: 
PG-.-.m-.n. Whence this 

Construction. — Having drawn PE and PD parallel to AB and 
.4(7 respectively, take EF a fourth proportional (IV. Prob, 2*) to 
n, m, and AE. so that we shall have n:m:: AE : EF. Through F 
and P draw FPG, and it will be the line required. 

Demondration.—FP:PO::FE:EA or PD::m:n in the given 
ratio. Q. E. D. 

Calculation.— 1. In the triangle APD, find, by Case 1, PD =: 

m AE 
AE.-Mid AD = EP; thtian:m::AE:EF=- ■ — Alsomira:: 

Whence we have AF=AE + EF, and AG 
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3. In triangle GAF, Case 3, find FO; then FA: FG:: FE : FP, 
a.TidFA:FG::FA:Pa. 

SohoKv,m.—li FP is to lie equal to PG, make .EF^ FA ; if FP 
is to be 3 PG, mal;c FF^ 3 FA, cto. 



Problem XXXI.— In a right-angled triangle are given 
perimeter, and the perpendicular let fall from the rigiit angle oq 
hypothenuse, to determine the triangle. 




angle JSG= aO° the per- 
pendicular BD, and the 
s«mof AB, BC, trnd AG. 



Analysis. — Let ABO represent the required triangle. Produce 
AC both ways, making AI=AB, and CE=CB; then IH is 
known, being eqnal to the given perimeter. Join IB and BJI; then 
(I. 25, cor. G*) the angle AIB = ABI=:^ BAG, and < CHB = 
CBR= i A GB. Henee MIB + IffB = ^ (£A G + AGB)t=^ of 
90°=46°. Therefore angle 2.Bff= 180°— 45°= 135°, and the angle 
at the centre of a circle passing tbrongh /, B, and H must ^ twice 
(180° — < IBH) = twice {180°— 135°) = 90°. Whence this 

Construction. — Bisect the given perimeter IH m F; erect the 
perpendicular FF^FHor FI. Join EH&aA S J, and, with centre 
F and radius EI or EH, describe the arc IBH. Produce EF, 
making .fG'^ the given perpendicular; through G draw GB parallel 
to IS, interaecliiig the arc at B. Join IB and BH; make the angle 
IBA = HIB, and the angle EBG = IEB; then ABG will bo the 
required triangle. 

DemonslraHon.—li is evident (I. ISf) that AB + BG -^-AG^ 
Al-i- GH+AG^IE, and that BB = FG = tl\e given perpen- 
dicular. It remains to prove that the angle ABG is a right angle. 
Since, by construction, FE^^ FI= FH, each of the acute angles in 
the triangles FFI and EEH is 45°; hence the angle IEH=90°. 
The angle EIB=EBI{\. 11%), and angle A1B = ABI by con- 
struction; hence &ag[t EBA^EIF=i:b°. Also angle EBH= 
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H3B, and angle C'BH^ CUB; lienee angle EBO = J!]HF = ib°. 
Wherefore angle ABG^EBA + EBG='M°. Q. E. D. 

Cal<7ulalion.~EP^EF' + EP = 'iFl\ and El = FI\/2^ 
FB; EG=EF+FG; BG ^V EB'—EG'=^J)F; theuIO^ 
IF—DF, and HD = IF+DF. Sow, in triangle DIB, Case 3, 
find the angle DIB; then angle DAB=^2DIB, and angle ACB = 
m° — DAB. In triangle ADB. Case 1, ijnd AB and ^D; and in 
BDC, C^e 1, find B(7 and CD; Iheu AC = AD + DC. 

Limit. — The perpendicular may be any quantity not greater than 
the difference between EB and EF, or EI and EF; that is, not 
greater than the difference between half the perimeter multiplied by 
the square root of 3, and half the perimeter. If a = perpendicular 
height and p ^^ senji-peri meter, a must be leas than p (v* 2 — 1 ). 

Problem XXXII. — In a plane triangle are given the two sides, 
and the length of the lioe drawn from the included angle to the 
centre of the inscribed circle, to determine the triangle. 



f the sides ^C and CB, 
I and the distance CD t 
C of the inscribed circle. 



Analysis. — Let ^5 C represent the required triangle, of which D 
is the centre of the inscribed circle (the circle not drawn in tlie 
figure); then (III. Prob. 15*) the line AD bisects the angle A, BD 
the angle B, and CD the angle C. Let a circle be described about 
the triangle ADB, meeting CD. produced, in E, and join EB. Then 
(IIL ]8 and L 25, cor. Of J the &a^\e» BED -\- BDE = BAD + 
{BCD + DBC) = the sum of half the angles A, C, and B respect- 
ively, which is equal to 90°. Hence the angle DBF is a right 
angle. Also,since< GAD = DAB = DFB. anA<_ AGD= BCE, 
the triangles ACD and BCE are similar, and we have CD: GA :: 
CB: GE; whence this 

Conairuction. — Take CD = the given distance, and en it, pro- 
duced, take CE a fourth proportional to CD and the two given 
sides CA and CB. On DE describe a circle of which the centre is 

» IV. i. ■\ IIL 20 and L .^3. 
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0, and to the circle apply GA = one of the given sides, aud CB — 
the other. Draw AD, DB, EB, and OB, aud 
^£C will be the required triaagle, as is evident 
from the analysis. 

Galoulalion. — By construction, GD: GA:: 
CA 




GB:GE = 

GD. 0D = 
CB. 



Then DE^GE — 

UJJ 

ED=OB, and OG=OD + 



-*' Now, in triangle OBG, Case i, find the 

angle GB ; then angle AG B = '2,0 GB. 

In triangle AGS, Case 3, find angles A aad B and the side AB. 

In triangle ABB, Case 1, find AD and DB, then all the parts are 
known. 

Corollanj. — If D be the centre of a circle inscribed in a triangle, 
GB, produced, will pass through tho centre of the circle ctrcum- 
scribing tbe triangle ADB. 

Problem XXXIIl. (By a civil engineer). — Having a piano 
triangle given, it ia required to draw a line cutting two of the sides, 
so that a point in that line shall be a given distance from one of the 
angles at the base, and the part of the lino intercepted between such 
point aud each side shall be equal to the lower segment cut from 
that side. 




(a\[ tbe angles, the side AB, and the 
Given -J distance BP. to draw EPD, so that 
(PD = DB, and PE = EA. 



Analysis. — Suppose the problem constructed, as in the figure. 
About the triangle AGB describe a circle, and let be the middle 
of the arc AB. Join OA, OB, and OP. Now, if OP=OS, the 
angle OPD will evidently be equal to OBI); also, since OB—QA, 
the angle OFE will be equal to OAE. Whence this 

Construction. — Having described a circle about the given triaiiglo 
ABG, and taken 0, the middle of the arc AB, with the centre O 
aud radius equal to OA or OB, describe an arc, in which apply BP 
:=thc given distance of the point from B. Then draw the line 
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BPE, making the anjfle BPZ)=tlie ang'le DBF; then will PB = 
DB,fMAFE = EA, 

Demonstration. — Since angle BFD = DBP by construction, we 
have PI) — DB. Hence it only remains to prove that PE = EA. 

Now, tbe angles OBP and OPB being eqnal, also BPD and EBP, 
we have angle OBD=OPD; also the angles 05(7 and 0-4C, or 
OBD and O^S, together (III 18, cor. 4*) are equal to 180°. Hence 
OBD + OAE = OPD + OPi' (the sum of each pair of angles being 
equal to 180°) = 0BO + OPi'. Therefore 0^£= Of £. Taking 
the equal angles OAF and OP A from these, we have the angle EAP 
= EFA, and therefore FE = EA. Q. E. D. 

Calculation. — The angle AOB^1BO° — C; hence wo have each 
of the angles OAB and OBA=^ the given angle 0. In triangle 
ABO, Case 1, find OB = 0P= OA. In triangle OBF, find angle 
OBP. Now, the angle OBG= DBA + ABG, and the angle PBD 
= OBC-~ OBF = BPE. In triangle BFB, Case 1, find BE and 
FE. Again, in triangle ABP, Case 3, find JP, and angle BAP; 
then ang^e EAP = BAG — BAP. Lastly, in triangle EAF, Case 1, 
find PE=EA; than EC = AC— E A, and CD=GB — BD. 

Problem XXXIV. — In a rhombus are given the perimeter, and 
the sum of the diagonals, to find the diagonals. 



/■the sum oi AG .ind BD, 

n \ and the sura of the sides 

IaB, BO, CD, \w\DA. 



Analysis. — LetABGE be the required rhombus, whose diagonals 
intersect each other at E. Since in a rhombus the sides are all 
equal, each side is one-fourth of the given perimeter. Also the 
diagonals cross each other at right angles. 

Now, take EF—EB, then AF—^ the sum of the diagonals, 
and the angle EFB — 45°. Whence this 

Construction. — In the indefinite line AO, take AF=^ the given 
sum of the diagonals. At E, draw a line making with FA an 
angle = 45°, to which iine apply AB^^ the given perimeter. To 
AG apply BC^BA, draw GE parallel to AB, and AD parallel to 
BC. Draw the other diagonal BD; then ABGD will be "the required 
rhombus. 

« iir. 32. 
o* 
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Demonstration. — The sides are evidently all equal, and their sum 

equal to the giveu perimeter. Now, in the triangle BEF, duce the 

aDgle E is 90°, and EFB^ib° 

by construction, angle EI3F^=i5°, 

and we have EF=^EB. nence 

AG Jr BD = ■i AE + '^ BE = 

iAE-'r'i EF= 2 AF= the given 

sum of the diagonals. Q. E. D. 

Calculation. — 1. In the triangle 

AFB, Case 2, find anjjle BAF=BAE. 

% In tbe triangle BAE, Case 1, find AE and EB; then AG^ 
2AE, and BI>^2EB. 

Limit. — Twice the square of one-fourth of the perimeter must not 
be greater than the square of half the sum of the diagonals. When 
twice the square of one-fouvth the given perimeter is just equal to 
the square of half the sum of the diagonals, the rhombus becomes a 
square. 

PaoiiLEM XXXY. — In a right-angled triangle are given the 
hypothcnuse, and the diflerence between the two lines drawn from 
its extremities to the centre of the inscribed circle, to determine the 
triangle. 

( AB, the angle G a right angle, and the 
Given ■) difference between AG and GB, Q being 
(the centre of the inscribed circle. 



A-nalysis.—lial ABC be the right-angled triangle required. In 
AQXskt GD^GB, and join BE; then ^D^the given difference 
between AQ and OB. Now, since AG and BG bisect the angles 
BAG and ABC respectively (III. Prob. 15*), the angles GAB -f- 
QBA = ^{BAC-\-ABC)=^b°. Hence ^(?Zf = 135°, and GDB 
and GBD each equal half the supplement of 135° ^ ^ 45° — 32^°. 
Whence this 

GonstrucHon. — Draw an indefinite line AG, in which take AD = 
the given difference. Make the angle (JOB — 22^°, and apply AB 
= the given hypothenuse. Make the angle DBG ^23^°. Also, 
make the angle GAG ^ GAB, and the angle GBG^ GBA ; then 
ABG is the triangle required. 

Demonstration.— ^ixitib GD = GB (I. 12t), we have AG — GB 
« IV. 4. f !■ fl- 
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= AG — OD^^AD^Vne: given difference. Also, since, by con- 
struction, the angles BAG and ABC are bisected by the lines AQ 
and BG respectively, G is the centre of the inscribed circle. 

Again, since the angles GDB and GBD, by construction, each ^ 
22^°, the angle AGB=nb°; therefore the angles GAB and GBA 
together=45'';andwehave GAB -^ CBA = 2{GAB+ GBA) = 
90°. Whence ACS is a right angle. Q. B. D. 

Galculaiion. — 1. In triangle ADB, Case 2, find angle .DAB=^ 
GAB. Then angle BAG ^2 GAB. 

2. In triangle ABG, Case 1, find AC and BG. In triangle AGB, 
Case 1, find AG. GB, and GF. 

Limits. — The given difference may be any quantity less than the 
liypothenuse. 

When the difference is nothing, the triangle is isosceles. 

Problem XXXVI. — In a plane triangle are given the base, an 
angle at the base, and the sum of Uw squares of the other two sides, 
to determine the triangle. 



the base AB, 

the angle ABG, and 

thesumoF JG' + if(3' = 



Analysis. — Let ABG represent the required triatigle. Bisect the 
given base ^5 in D, join CD, erect the perpendicular D J = 2) (7, 
and join AS. Now (IT. 14«), we have AC^ ■\- BG^^2 AD' + 
2 1) C" = 2 AD^ + 2 Dfl' = 2 AE\ Hence the given line m, whose 
square is equal to the sum of the squares of JC and BG, must be 
the hypotheniise of an isosceles right-angled triangle, one of the 
equal sides of which is equal to AH. Whence this 

Gonstruction. — Draw AB=^\h^ giveu base, bisect it in D, and 
make the angle ^5J^=tbe given angle. With the centre D, and 
radius equal to half the given line wi, describe a semicircle, meeting 
AB, produced both ways, in B and F. Then FF.^=m. At D 
erect the perpendicular DG, join GB and GF, and to DG, produced, 
apply AH=EG. Also, to BI apply DC = DH. Join AG, BG, 
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and GD, and let fall the perpendicular CL; then will ABC be the 
required triangle. 

Demonstration. — We have to prove 
only that AC' + BG'^ EF' = vi'. By 
IV. 14,* we have A(r' + B0' = 2AI>' 
+ 2DCP^2AD-' + ^DII^ = 2AIi' = 
2£G\ hy construction, ^EG^+OF' 
= EF^ = m\ Q. E. D. 

Calculation. —I>C' = DIP = AJT — 

■'' '' ^ '' " ^ AD^=: EG^^AD'' = i EF'~AD\ 

Hence DC is known. In triangle DBC, Case 2, find angle BDC 

and side BC; then AC^\^ EF'— BC. Ot, i<i £s, ABC, -CAB G 

=^180° — BBC; by Case 3, find ^C. 

Note.— If the perpendicular height CL is given, instead of the angle ABO, 
lay T}0 = ihe given perpendicular, draw OFparallel to AB, to which apply 
DC=DH, and join ^Cand CB. The demonstration is the same ss before. 
In the calculation, find DC as before, then I>L = V DC^—GU, AL = AD + 
DL.&dA BL = AD — DL. Then AC=V AL^-\- LC, and BC=V BL^^ 

Tc^. 

Limits in the last case. — The square of the given perpendicular 
must not be greater thaa half the square of the given line, diminished 
by the square of half the base. That is, DO must not bo greater 
than DH. If DO is Just equal to DH, the triangle ABG will be 
isosceles. 



PeOELEM XXXVIL— In a plane triangle are give 
angle at the base, and the difference between the f 
other two sides, to determine the triangle. 



the baf 




the base AB, 
Given -^ the angle ABG, and 

the difference of AG' and BG^ equal v 



Analysis. — Let ABG represent the required triangle, and let fall 
the perpendicular CL on the base. Then AO^ — AL'^GL'=^ 
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BC'—BL'. When(;e^C= — ^C'^^L' — Bi= = m', and webave 
this 

Construction. — On tlie given base AB describe a semicircle, in 
wbich apply AD = m, and join BD. With A and if as centres, 
and radii equal to AB and BD respectively, describe arcs intersect- 
ing in E. Make tbe angle ^B/=:the given angle, and through E 
draw LEG perpendicular to AB, meeting Bl in C. Join AG and 
BC, and ABG wil! be tbe triangle required. 

DemonKlralion. — We have to prove only that AC — BG^^AD^ 
= m'. We have AG' — AU= GL^= BC~ BL\ Hence AG' 
— BC = AL' — BL\ Also, AE^— AL' ^ EI/ = BE' — BL\ 
Hence AE' — BE'=^AU — BL\ Wherefore we have ^C' — 5tP 
^AE' — BE' = (by construction^ AB' — BD' ^ AD' = m'. 
Q. B. D. 

Corollary. — The difference of tbe squares of two linos drawn 
from any point in the perpendicular LG, or LG produced either 
way, to the points A and B, will always be equal to AD", or AC — 
BC^AL'—BL'. 

Calculation..^ BE = BD=\^ AB' — AD'. Then, in triangle 
AEB. Case 4, AB: AE + BE :: AE — BE:% OL, being the 
centre of tbe semicircle. Ilenco we have AE^AO-\-OL, and 
BL = AO — OL. ^ 

Kow,intriangleSi(?,Casol,IJnd OL; the.n AC ^\^ A L'' + CL-'' 
and B t? = V BL' +"0i'. 

Note. — If the perpendicular LO were given instead of engle ABC, mako 
the perpendicular LEG'= the given perpendicular, and join C'A and C'B. The 
demoneiration and eaioulaikin will remain the same. 

Limit. — The length of m must always be less than the base; that 
is, AD must be less than AB. 
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Problfm XXXTIII — ' In a city are three steeples visible from 
a ^tntioD, at which the auntie hetweeo the first and second steeples 
was taken, also the angle hptneeu the second and third, the second 
steeple being nearest the station The three respective distances 
between the three steeples aie known. It is required to find their 
respLCtiv e distances from the station or place of observation." — From 
(JuinmcieB Survejing. 



rthe distances AB, BC, and AG 
n -J the angles ADB and BDC, and 
( conseqneutly ADC. 



Analysis. — Let A, B, and C represent the positions of the first, 
second, and third steeples respectively, and D the station. Throngh 
the three points A, D, and G pass the circn inference of a circle. 
Joia DB, and produce it to meet the circumference in E, and join 
AE&aA GE. Then (III. 18, cor. 1*) the angle AGE = i\\e given 
angle ADB between the first and second steeples, and the angle 
GAE =^ the given angle BD G between the second and third steeples. 
Whence thi.s 

Gonstruction. — With the three given distances form the triangle 
ABC, having B nearest to D, make the angle ACE^^tho given 
angle between the first and second steeples, and CAE =; that 
between the second and third steeples. About the triangle AEG 
(111. Prob. 13f) describe a circle; join EB, and produce it to meet 
the circumference at D, the station required. Join DA and DO. 

Demonslration.—Bj III. 18, cor. l,t the angle ADB = AGE, 
and BDG^=CAE, which are the given angles by construction. 
Q. E. D. 

Galculation.—\. In triangle 5^ (7, Case 4, find angle B^O; then 
angle BAE = BAG+ GAE. In triangle .B.4 C, Case l,find^S. 

2. In triangle BAE, Case 3, find angles ABE and AEB = AEI) 
= AGD; then mgie ABD =^18(i° — ABE. 

3. In triangle ABD, Case 1, End DA and DB, and in triangle 
ADC, Oasel, find Z)(7. 

Note. — If B ie farther from D than A and O are, conlfriict the trinnglo 
ABC with B above the line AC. Join BE, and prodnoe it to D, Bud proceed 
as before, only, in this case, the angle BAE will equal BAG— CAE. 

»IIL2I. tlY. B. JUL 31. 
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Problem XXXIX. — " I'hcro are given the heighta of two 
columns, the distance of the foot of the lower eolumu from the 
middle of the base of a statue in a straight line between tbem, aod 
the distances from the head of the statue to the top of each column, 
to determine tbc distance between the tops of the columns; also the 
height of the statue." — Gummere's Surveying, 

/-the heights of the columns j^i^ and CB, 
Given -| the distance AB, and 

(the distances EFahiX ED. 



Analysis. — Suppose AF and CD, in the annexed figure, to 
represent the columns, and BE the statue. Through D, the top of 
the higher column, draw DG parallel to AG, to meet AF, produced, 
in G. Then A&=^ CD, and we have the line GD given in position, 
and AB, AF, FH, and JED given in length ; whence this 

Construction. — On an indefinite horizontal liue lay AB equal the 
distance of the foot of the lower column from the middle of the base 
of the statue. At A and S erect perpendiculars, and lay AF^ the 
height of the lower column, and AG = th&t of the higher. Now, 
the head of the statue is in the perpendicular erected at £. To this 
perpendicular apply FJH equal the given distance from the top of 
the lower column to the head of the statue, and BE will be the 
statue's height. Through G draw a line parallel to AB, and the 
top of the higher column must be in this line. To this Sine apply 
ED equal to the given distance from the head of the statue to the 
top of the higher column; let fall the perpendicular DC on the 
horizontal line, and join DF, which is evidently tlie distance between 
the tops of the columns required. 

CalculaHQn.—1hroMgh E Ava,w HEI parallel to ABO. Then 
EE^AB, and FH^V FE' — AB\ AS^AF—FE^BE = 
the height of the statue = 7C. And DI = D G — IG. Also EI= 
''/ED' — Dr. l!iow,m=HE+EI^AB + EI^GD, And 
GF^AG — AF. Hence we have DF=^ */ GD' + GJ'''^ the 
required distance between the tops of the columns. 
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Problem XL. — In a plane triangle are given the base and 
perpendicnlar height, to determine it, such that one of the angles at 
the base shall be double the other. 



rthe base AB of the triangle ABG, 
GivcQ ■} the height CD, and 

(angle ABG to he equal to 2 BAG. 



Analysis. — Draw BII bisecting the angle ABG; then each of 
the angles ABH and HBG will be eqaal to the angle BAG. 
Through fl"draw EMO parallel and equal to the perpendicular GD, 
and join GG, which will be parallel to AB. Then (I. 11 and 28*) 
we have AS^BH, AE = BE, and GG^ED. Also, since BH 
bisects the angle 450 (IV. lit), we h&'/e AB:BG:: AS: HG :: 
AE:EDoT GG. T:\iAi\s, AB : BG :: AE : GO. But AB=2AE, 
therefore BG—^GG. Draw £F parallel to BC, meeting BG, 
produced, in F. Then the triangles BEF and OGB will be similar, 
aad, since the side BG = 2 GG, we have FE^2BE = AB. Whence 
this 

Gonslruclion. — Draw AB ^ih€ given base, bisect it in E, erect 
the perpendicular EG = the given height, join BG, and to it, pro- 
duced, apply EF=AB. Draw BO parallel to EF, GG parallel to 
AB, join AG and BM, and let fall the perpendicular GD; then ABG 
will be the required triangle. 

Demonstration. — In similar triangles FEB and BOG, we have 
FE {AB):BG::EB:GG::AE:ED::AH:SG; that is, AB : 
BG:: AH: HG. Hence (IT. ITJ) BH bisects the angle ABG, and 
we have angle GBH=ABH={\. 11%) BAH,&nA ABG = 2 BAG. 
Q. E. D. 

Galculation.—i. In triangle BEG, Case 3, find angle EBG = 
EBF. 2. In triangle EBF, Case 2, find angle EFB=GBO; then 
iing]eABO = EBG+ GBG, and angle £4 0= iJ5C. 

3. In triangle ABG, Case 1, find AG and BO; then ED^ GG 
=iBG, a-Tid AD = AE -i- ED, and BD^AE — FID. 

Scholium. — As EF^AB is greater than EB, the arc described 
with EF can cut BG, or BG produced, in but one point, and the 

» I. 5 and 34. f VI. 3. :f VI. 3. ^ I. 5. 
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angle EFB cati Lave but one value. Also, since AB^'iED ■\- 
2I}B:=2GG-i-2BD=BG + 2 BD, we have constructed the right 
angled triangle CDB, having given the base CD, and the sum of 
the hypolhenuse BC, and twice the perpendicular BD (equal to AB). 

Fboblem XH. — In an isosceles triangle are given the angle 
between the equal sides, and the three distances from a point, either 
within or without the given triangle, to the three angles, to determine 
the triangle. 



Fro. 2. 




Given, the aiigleJ5C, 
the sides £^i™<l SO 
to be equal, and the 
. distances PA, PB, 
and PC, 
in cither Figure. 




Analysin. — Suppose ABG (i-efemng to either figure) to represent 
the required triangle, with ABG the given angle, and BA=^BO. 
At B make the angle PBD =^ the given angle ABC, lay BD = BP, 
and join AD. Tben, comparing the triaDglea ABD and GBP, the 
angle ABD =PBD — PBA ^ ABC — PBA= GBP ; also the 
including sides AB and BD, in one triangle, are equal to GB and 
BP in the other. Hence (I. 6*) AD = PG. Whence this 

Construction. — Draw BP^the given distance from the point to 
the angle B, make the angle PBD ^ the given angle, lay BD = BP, 
and join PD. With P and D as centres, and radii equal to the 
other two given distances respectively, describe ares, intersecting in 
a point A on the opposite side of DP from B, when the point P is 
to he within the triangle (Fig. 1), but on the same side of DP that 
B is when the point P is to be without the triangle (Fig. 2j, Join 
AD, AP, aad^B. Make the angle ^S0= D£P, lay i*G = ^S, 
and join AG and PG ; then ABC will be the required triangle, PC 
being equal to AD, as is shown in the analysis. 

Calculaiion.~-\. In triangle DBP, Case 1, find DP. 2. In 
triangle APD, Case 4, find angle APD; then (in Fig. 1) angle APB 
= APD + DPB^APD + ^ the supplement of the given angle 
ABGorPBD. And (in Fig. 2) mgie JPB = DPB — APD^^ 
the supplement of the given angle ABC or PBD,— APD. 
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3. In triangle JPB, Case 3, find AB^-BG. 
ABO, Case 1, fiiid^C. 





Edmits. — 1. PA + PC must be greater than PB, the longest giveu 
distance. 

2. The angle ABG may be made on either side of AB; but if 
made on the otiier side, the letters P and D must be transposed. 

Seholium. — When the triangle ABG is to be equilateral, the 
analynis, construction, and calculation are precisely the same as in 
the above proUem, using the same letters ; only in this case it is 
simpler to describe equilateral triangles on PB and PA, as PD =^ 
PB ixndAG = AB. 



PiiOBLEM XLII. — Given the three distances from a point, cither 
within or wilhoul a square, to the three nearest corners, to determine 




Given the tiiree 
dislawiis PA,PB, 
and PC, drawn to 
the corners of the 



See either Figure. 




Analysis. — Join AG. Then in the isosceles triangle ABC {either 
figure), the angle ABC, being a right angle, is given, aud the three 
distances PA, PB, and PC; bence we have to construct the triangle 
ABG precisely as in the last problem, using the same letters, and 
then complete the square ABCE, which will be the one required. 
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Property in relation to a square. — It from any poiat Hues be drawa 
to the four cornerB of a square, Ibe sum of the squares of the lines 
drawn to the extremities of one diagonal, will be equal to the sum of the 
squares of the iinea drawn to the extremities of the other diagoual. 



PB' + PD\ 



Demonstration. — In Figure 1, give attentiou to the point P with- 
out the square, or in the diagonal, or in the diagonal produced, 
separately, and the lines drawn from the point under consideration 
to the corners A, B, C, and D of the square; then we hare (IV. 14*) 
i*^' + P(7^= 3 PCF + 2 ^0' = 2 PO" + 3 DO' ^ PB'' + PD\ ' In 
like manner, in Figure 2, giving attention to the point P within the 
square, or in the side, or in the side produced, separately, we have 
PA^ + PG' = 2 P0' + 2AO' = 2P(P + ^ DC^^ PB' + Plf. 
When the point P is in the diagonal, or the diagonal produced, it 
will be observed that P-4^^ the dilFerence between PO and AO, and 
PC^ their sum. Hence PA^ -J- P(P=iPO «■ AOf + {PO + AOy 
= 3P0' + iAPK Q. E. D. 

Problem XLIII. — From a given point in the base of a given 
right-angled triangle to draw a line to a point in the hypothenuse, 
such, that if a line be drawn frora this last point, parallel to the base, 
to meet the perpendicular, those two last lines may be equal. 



^the triangle ABC. BF, and AF, 
B Given -5 to draw FD, and DE parallel to AB 
(so that DE shall bo equal to FD. 



Analysis Suppose FD drawn so that DE parallel to AB shall 

je equal to FD. Draw GFH, meeting a line through A, parallel to 
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FD, in (?. Tlien, by similar triangles CDE and CAB, we have 
GD:DE::CA:AB; also, in si itiiiar triangles GDFbmA GA&,we 
have GD:J)F::GA:AG; whmcB DE:J)F:: AB: AG; and in 
order to have Z>f ^=I>-E we must have AG = AB; wherefore this 
Gonstruction. — To GF, produced, apply A0 = 
AB, draw FD parallel to AG, and BH parallel to 
AB, and they will be the equal lines required. 

Demomstralion. — By similar triangles, GA : AB : : 
CD : DF ; also, CA : AG [AB) ■.-.GD: DF. Hence 
BE = DF. Q. E. D. 

Galculation. — 1. In triangle BFG, Case 3, Qnd 
angle EOF and GF; then angle AGG=BGA — 
BGF. 

% lu triangle AGO, Case S, find GG; then GG: 

■.CF:FD^DE = ^''^^^ 



AG (AB): 
Scholiui 



CG 



I 1. — D is the centre of a circle that would pass through 
F, and be tangent to the perpendicular BC, at F. 

Scholium 2.— If it is desired that DF=%DE, apply AG^ 
2AB; and so of any other ratio; take AG to AB ia the same 
ratio that it is desired to have DF to DE, and tlieu proceed as in 
the problem. 

Note.— The aarae analysis, eo 
acholium 2, apply wliea the aiigl 

Peoblem XLIV. — It is required to find a point in the perpen- 
dicular of a given right-angled triangle, such that two lines drawn 
from said point, one to a gwen point in the base, the other parallel 
to the base and meeting the hypothenuse, shall be equal. 



(the triangle ABG, and 
GivcQ < the point G, and PD parallel to AB, 
(to be equal to PG- 



Analysis. — Suppose PD drawn parallel to AB and equal to PO. 
[oin OG, and produce it to meet BH, drawn parallel to PO, in //. 
rhen, by similar triangles GPD and GBA, wc have OP:GB:: 
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PD : BA. Also, hy similar triangles GPG and GBII. we have 
CP:GB::PG:BH. Hence PD -.PG :: AB : BH, and, In order 
that PD shall equal PG, we mnst take BB^AB. Whence this 

Conxtruction. — Join CG, aud to it, produced, apply BII^=BA. 
Draw <?P parallel toPif, and PD parallel Xo AB ; then PG^PD. 

Dtimonslration. — By similar triangles, GB: GP::BA: PD; also, 
CB:GP::BH{BA):PG. Hence PG = PD. Q. E. D. 

Calculation. — I. In triangle BOG, Case 3, find angle BCG and 
CG. 

2. In triangle BGH, Case 2, And (?Zf. Then, by similar triangles 
BCH&nAPCG, GH: CG:: BH{AB):PG = PD. 

Scholium. — If it is desired that PG shall be equal to 2PD, 
apply B£[=^AB; and so of any other ratio, take BH to AB in 
the same ratio that it is desired to have PG to PD, and proceed aa 
in the problem. 

Note. — The same analysis, conairuclioii, detiionstration, and caliMlalion, as 
also scholium, apply when the angle S is acute or obtuse. 



Pkoblem XLY. — In a plane triangle are given the base, an angle 
at the base, and the sum of the side opposite this angle, and the 
perpendicular height of the triangle, to determine the triangle. 



^in the triangle BAG the base AB, 
,■3 the angle BAC, and 
(the sum of iJO and CD. 




Analysis. — Suppose ABC to represent the required triangle. 
Produce the perpendicular DC, making GI!=CB; then Di: is 
known, being equal to the given sum of BG and CD. Through U, 
parallel to AB, draw a line, meeting AG, produced, in F; and 
through A, draw a line parallel to BG to meet FB, jofned and pro- 
duced, in G. Now, by similar triangles FGP! and A CD, FC : GA:: 
EC: CD. By eoiiipoeition, FC:FA::EG:ED. Also, by similar 
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triangles FOB and FAG, FC: FA :: GB ovEG-.AG. Tlicrefore 
AG = ED; aud we have this 

Gonstruction. — Draw ^i?^the given base, and 
make the angle BAF equal to the given angle. 
Erect the perpendicular AH^ the given sum of the 
side and perpendlctiiar, draw BF parallel to AB, 
join FB, and to it, produced, apply AQ^AH. 
Draw BG parallel to AG. then ABG will be the 
ti'iangle required, having BG -\- GD^ AH. 

Demonstration. — Through C, parallel to AH, 
draw DCE, and draw CI parallel to AB; then we 
must prove %hii,i BC^= GE. By parallel lines we 
\i&v^.AF:FG::AII:EI=GE. A\so, AF : FC : : 
AG o^ AH: EC; whence .0(7= GE. And£0 + 
CD = EG-^ CD^ED = AH. Q. E. J). 
Galculation.—l. In triangle AHF, Case 1, find AF. 
% In triangle AFB, Case 3, fiud angle AFB and FB. 
3. lu triangle J.t^ff, Case 2, find .Fi?; XX-Miu FQ:FB::AG:BC. 
AiaoDC = I>F~BO, andDF:DC::AF:AG. 



Pkoblbm XLVI.^ — Itt a plane triangle are given one angle, an 
adjacent side, and the angle made with the aide opposite the given 
angle by a line drawn from the middle point of said side to the given 
angle, to determine the triangle. 



tthe 



: ACB, the side BC, 
angle BDC, D being 
e of AB 



Analysis. — Suppose the figure constructed. Draw DE parallel to 
A C. Then, since BD = DA, we have BE^EC. Also, since the 
side BG and the angle BDC are known, the segment BDC is 
known (III. Prob. 16*). Whence this 

Construction. — Make 5(7^ the given side, and SCd^ the given 
angle of the triangle. On BG (III. Prob. IBf) describe a circular 
segment to contain the angle to be made with the side opposite 
tbe given angle. Bisect BG in E, and through E, parallel to GA, 
draw a line to meet tbe segment in D. Join BD and CD, and 
produce BD, to complete the required triangle AB G. 
•» in. u. t "I- 23. 



Hosted byGOOgIC 



TRIANGLES, QUADRILATERALS, AND PARALLELS. 71 

Demonslration. — Since BG, and tbc angles AGB and BDG, are 
the given quantities by construction, wo have to prove only that J) 
is the middle point of AB. 

Now, since UD is parallel to AC, and B^ ^^ £?C/ by construction, 
we have {IV. 15*) BD = I)A. Q. E. D. 

Galculation. — From 0, the centre of the circular segment, draw 
OB, OD. and OE ; then, 1. In right-angled triangle BOB, angle 
BO]S = BDG; bence, Case 1, find OE, and OB^OD; tben the 
angle OED is equal to the difference between the given angle BOA 
or BED, and 90°. 

2. In triangle OED, Case 3, find ED; then GA = %ED. 

S. In triangle AGB, Case 3, find AB; then BD = ^AB = AD. 



Problem XLVII. — In a right-angled triangle are given the 
difference between the base and perpendicular, and also the differ- 
ence between the base and hypothenuse, to determine the triangle. 




^in triangle ^BC, 
J^C — -B^.and 

(ag — ba. 



JnalyFis.—J^et ABC represent the required triangle. Take BD 
--= BA, tiien DC \s known, and the angle BAD = i a right angle. 
Also take AH^AG, then BH is known. Draw EF parallel to 
BG, and DE parallel to AB ; then, since BD=BA, we have SF 
= AH=^AG,&i\AEF=ED = HB. Draw DG parallel to AG, 
meeting J'G in O; then we have, by similar triangles, i^'^ii^i): : 
AH:DE, also FA:FD::AG ot Aff-.DG; wherefore DG^DE, 
and we have this 

GonstruoHon. — Draw DE and EF at right angles, and each equal 
to the given diiTerence between the hypothenuse and base, and DO 
parallel to EF, and equal to the given diOerence between the base 
and perpendicular. Join FD and FC, and to FC apply DG = DE. 
Through G, parallel to DG, draw a line meeting FD, produced, in 
A; and through A, parallel to DE, draw a line mnetmgJPE and 
CD, produced, in H and B respectively. Then ABC will be the 
triangle required, having AC — BA^^^DE, and BO — BA^DG. 
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Demonstralion. — Since, by conBtruction, EF=ED, we Lave 
BD = BA, and HF^ AH. Hence BG—BA^ BO~BD = DG, 
P which is equal to the given difference by coa- 

struction. Also, by similar triangles, FD: 
FA:: BE: AS; FD-.FA-.-.DG or BE -.AG; 
whence AC ^- AH. Hence AG — BA = AH 
~BA — BH= BE = the given difference 
by construction. Q. E. D. 

GalculaHon.—FB ^V 2 EB\ 1. In tri- 
"^ " ■* an^le FBG, Case 3, find angies, and FG. 

3. In triangle FGB, Case 2, find FG; then, by similar triangles, 
FG:FC::BGov DE:AC = AR. 

Now, AB = AH—BE=AC — BE, and BC^BB + BC^ 
AB + DG. 




Problem XLVIII. — In a rig;ht- angled triangle are given the s 
of the base and perpendicular, and also the sum of the base f 
bypothenuse, to determine the triangle. 



(in triangle ABG, 
Given ^BG + B A, and 

(ag + ba. 



Using the term sum instead of difference, and to FO, produced, 
fipplying BG-=-DE, as in the above figure, the analysis, construa- 
Hon, demonstration, and calculation will be in the precise terms 
given for the preceding problem, luaking proper modification in 
regard to produced lines. 
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Problem XLIX. — In a plane triangle are 
heigbt, and the radii of its inecribed and < 
determine tiie triangle. 



tn the perpendicular 
niscribed circles, to 



/"^ 


=^ 


h 


'A 


/ 


^ 




1:^' 


Vi^ 


E 





fin triangle ABC, the perpcn- 
J dicular OE, and the radii OS 
" 1 and j; T, or TG, of its inscribed 
[ and circumscribed circles. 



AnalT/fis. — Let ABG represent the required triangle, CK the 
given perpendicular, the centre of the inscribed circle, and Ttbe 
centre of the circumscribed. Join BO and CO, producing the latter 
to meet the circumscribed circle in U, and draw the diameter EMTG. 
Also, draw SOD and CN parallel to AB. and join EB. Now 
(I. 25, cor. 6*), the angle EOB^OGB+ OBC = ACO+ OBA 
= (III. 18, cor. 1-'()ABE + OBA = OBE. Hence the triangle 
EOB is isosceles, and we have EO~EB. Again, by similar 
triangles S£i and ECB, EL-.EBm EO::EB ot EOiEC. By 
division, EO — EL:EO::EC^EO:EC; that is, OL-.EO:: 
CO:EC,ov EG:EO::CO:OL::GB:OS. Hence EOy. 0S = 
EOy. CR 



EO X CB, and EC = 
In 



OS 



.milar tYianghs EDO and ENO, ED:EO::EN: EG; that 
EM+ OS:EO::EM-h GE:-- -^^^'^ - Or, by dividing the 



second and fourth terms by 



OS 



GE: CB. From which EM= 



OS 



ave EM+OS:OS::EM-^ 
■.(GE—CB) OS' 



GB — EE ^ OK— 208 
That is, EM is a third proportional to the excess of the perpen- 
dicular height of the triangle above the diameter of the inscribed 
circle, and the radius of the same circle. Whence this 

Co^strvciion. — With the given radius ET desci'ibe the circle 
AEBG, and drawthe diameter ETG. Take i^Z — the diameter of 

* L S2. t m- 21- 
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the iDEeribed circle, draw ^Q perpeniiieular io EI and equal the 
radius of the inscribed circle, and IP = Xhs given height of the 
„ required triangle. Through P and Q 

describe the semicircle PQM, and draw 
AMB parallel to EQ. Take MN= 
IP, the given height, draw NC parallel 
to AB, and join AG and BG; then will 
ABG be the required triangle. Join 
EG A^A ^5, and tii\^EO=^EB; then 
will he the centre of the inscrihed 
circle. Let fall the perpendiculars OS 
and CK, join GG, and draw BOD 
parallel to AB. 

Demonstration. — PE ^^ IF — IE ^= 




_EQ\ 



OS' 



CK—20S. A]so,EQ=OS. Ucnce EM^-^=-^j^_^ ^g 
Whence the construction becomes evident from the analysis. 

Galculation.—EM-= ^ S^\ ^ d -Eif (IV. 23*) == -/"^EGxTal 



0K~20S' "- ■ 
=E0; GB = GE— OS; EC, by the analysis, : 



EOx CR. 
" O'S ' 



EN = 



EM+ CK; EN: EG:: EM: EL =^^~-^; ML=\^EL'— E3P; 

AL = AM+ML; BL = BM—ML; AB = AL + BL. Lastly, 
LB X EB 



EL:LB::EB:BG 
LA X EB 



,s.niEL:LA::EA or EB:AG 



I when all the parts are known. 
• VL 8, oor. 
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PaOBLEM L. — Prom the vertical angle of a given triaagle to draw 
a line to a point in the base, anch that the square of this line shall 
be equal to the rectang'Ie of the segments of the base made by that 



^■the triangle ABO, 
Given -; to draw CD such that 

L CD^ shall equal AD X DB. 



Analysis. — About the given triangle A CB describe a circle whose 
centre is 0, and, supposing GD to he the required line, produce it 
to meet the circumference at F. Then (IV. 28*) we have AD X 
DB^ GD X DF. And, by the conditions of the problem, AD X 
DB=CD\- whence CD y. DF=CD', or DF^CD. Whence 
this 

Gonstruction. — Produce GB, making BS ^^ GB. Through E 
draw a line parallel to AB, meeting a circle through ^S(7 in .P 
and F', and draw GDF and CDF; then CD or CD' will be the 
line required. 

Demonstration. — Since BE r= GB, we have, by parallel lines, 
DF= GD, and D'F = CD'. Hence CD' = CD y. DF^ AD X 
DB, and C-D" = CD' x D'F' = AD' x D'B. Q, E. D. 

Calculation. — Draw the diameter GOG, join GB, OB, and OP, 
and draw GML and ROS perpendicular to AB ; then GM= ML = 
SOS. 1. In righfrangled triangle CGB, the angle G = the given 
angle GAB; find 6C, Case 1. Then, in similar triangles GCB, 
AGM,GG:CB::AG:GM--==ML=R8. And BM^'s/~BC—CM\ 
EL = 2 BM, and RM=^ BR—BM= i AB — BM= SL. 

2, OR^^V'OB^ — BB\ OS^RS—OR=GM—OR, and FS 
^F'S = V OF'—OS\ 

3. BS = BL + SL, FE = i;S + FS, F'B = ES — FS, BD = 
A FE, BD' = i EF', AD = AB — ED, AD' = AB~ BD', CD = 
VADy. DB, and CD' =V AD' -xITB. 

Sclwlium 1. — When EF does not meet the circle, the problem is 
impossible. 

Scholium 2.— If we want ADx DB: CD':: m: ft, make BE:BG:i 
m : M, draw EF parallel to AB, and draw GDF or CD'F'; thea CD or 
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CZ)' will be the line required. i''otn:m:: BC-.L'U:: CD-.DF:: GD' : 
D'S". RenBeDF='!^- CD,&adD'F' = -■ GB'. AUo AD xDB = 

CD X Z>_F=-- G£>\ and AD' X D'B^r^CD' X D'F':^ — - VD'\ 
Wbeuce ADx DB: GD' ; : m : n, and AD' X D'B : CD" ■.:'m: n. 

Phoblem LI. — (riveD, a point between two parallel lines, and a 
point in one of tiiese parallels, to fmd another point in this parallel, 
from which, if a line be drawn through the given point between tUo 
parallels to meet the other parallel, such line shall be equal to the 
distance from the point thus found to the given point in that 
parallel. 




the parallels £(? and LA, 
and the points B and A, to 
lind /"such that Pif^ shall 
be equal to FA. 



Analysis. — Suppose i* to he the required point from which, \iFBB 
be drawn, it will equal PA. Join AB, and on it describe the 
semicircle AGB, of which the centre is 0. Draw GBD, which will 
be perpendicular to each of the two parallels, and hence, as the point 
B is given, BC and BD are known. Produce EP to F, and join 
AF. Then, by parallel lines and similar triangles, we have CD: 
PE::GB:BP::AF:AP; that is, CD : PE::AF: AP ; hence, 
siuce PF = AP, AF= CD. Whence this 

Construction. — Ou AB, the line joining the given points, describe 
a semicircle AGB. Through B draw GBD, apply AF= CBD, and 
draw FPBE, and P will be the required point from which PBF is 
drawn equal to AP, as is evident from the analysis. 

Galculation. — I. Having the parallels and the points B and A 
given, and AF= CBD, which is given, the two triangles A CB and 
AFB, Case 2, are known in all their parts. Subtract the angle 
BAG from BAF, and we have the angle GAF=(lll. 18, cor. 1*) 
CBP. 

2. In triangle GBP, Case 1, find CP and PB; then PA= GA 
— GP = PBE, and BE = PF — PB. 
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Scholium l.—H It IS cleaned to have P£;:PA::m:n, take m: 
n : : CD : AF, and proceed as above. 

Scholium 3.— If we lake m n : : BD:AF, and draw FPBE, we 
have EB : PA r : m «, as i% evident by comparing the similar triangles 
BED and APF. 

PaoBLBM LII.— Given, a right-angled triangle,— it is required to 
draw aline from the acute angle at the base to meet the perpen- 
dicular Jet fail from the right angle on the hypothenuse, in a point 
such that, if a line bo drawn from this point, parallel to the base, to 
meet the perpendicular of the given triangle, these two lines thus 
drawn shall have to each other a given ratio. 

{the triangle ABG, to find the point P in 
the perpendicular BD, such that, PG 
being drawn parallel to AB, we shall 
have AP:PG::m:n. 



Analysis. — In the givea right-angled triangle ABC, suppose AP 
and PO to be the required lines, such that AP : PG ::m:n. Draw 
BE parallel to PG or AB, and i)^ parallel to AP. Then, by parallel 
lines, JDF:DE : : AP : PO::m:n. Whence this 

ConslrucHon. — Draw DJi parallel to AB, aod take n:m:i DE : 
(a fourth term) DF, and apply this distance to meet BA, produced, 
iu F. Draw AP parallel to DF, and PG parallel to AB; then P is 
the point required. 

Demonstration.— "Sj parallel lines, AP : PO ■.:DF:DE::m:n 
by constrnction. Q. E. D. 

Calculation.—-!. By similar triangles CBA and CDB, we have 

GA:GB::GB:CD = ^. Also, CA: GD:: AB: DE ; then n: 
GA 

m : : DE : DF by construction, 

2. In triangle FBB, Case 2, Snd angle BFD = BAP. 

3. In triangle BAP, Case 1, find AP and BP ; then m:n:: AP : 
PG, and PD = BD — BP. 

Scholium. — When AP is to be equal to PG, apply DF-=DE. 
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Problem LIII. — Given, the pei'imeter and perpendicular height of 
a triaDglo, to construct it, such that one of the angles at the base 
shall he double the other. 




Givea, the perimeter of 
JSC.thcpcvpciidicular 
height OB, uiid unglo 
A£G to be equal to 
2 BAG. 



Analysis.— het ABC represent the required triangle. Produce 
^5 both ways, makingJ£ = JC and S_P=SO, and join EC aud 
FO. Then EF is known, being equal to the given perimeter. 
Draw JCU parallel to AB, meeting a perpendicular from G, the 
middle point of EF, in B. Then GOS= CD. Join FO. Then 
(I. II, and cor. 6, 25*) angle AFC ^^ ABG = BAG = 2 FEC = 
2FF0. Hence FO bisects the angle EFC, and we have (IV. ITf, 
and parallel lines) FFi FC :: FO: OC :: BO: GD or GH; that is, 
FF:FGor 0F::FG:G3: whence, since EF=^GF, we have 
FG = % Gil; and thence this 

Construction. — Make ^I'^the given perimeter; bisect it in G ; 
erect <?S= the given perpendicular; draw i^O/ parallel to EF ; joia 
FH, and to it, produced, apply GL = EF; draw FC parallel to 
GL; }omFC; make the angle FGB = GFB, and tbe mgleEGA = 
CEA; let fall the perpendicular CD; then J iJO will be the required 
triangle. 

Demonstration. — It is evident that the perimeter and perpendicular 
are equal to the given quantities, and it remains to prove that the 
angle ASC = 2£AC. By similar triangles LGF and FCH. LG 
(EF):GF{EG)::FC:CH{GD); that is, EF: FC::EG: GD:._ 
(by parallel lines)fiO:Oa Wherefore (IV. UJ) FO bisects the 
angle EFC, and angle EFC = 2 EFO =^FEO=^ BAC. Also, 
ABC =^2 EFC ^i BAG. Q. E. D. 

Calculation. — 1. In triangle FGH, Case 2, find angles, and FR. 

2. Intriaugle#(?£, Case 2,fi!i(! angles; ihiia angh HFG = FLG, 
and angle DBC = 2 BFG = 2 (,BFE + HFG), and DAC = ^DBC 
by the question. 

3. In triangles ADC and i DC, Case 1, Qnd AC. AD, BC, and 
BD; then AB .= AD + BD. 

Coro^an/.— Since angle CFA = ^ CBA ^ CAB, we Lave GF= 

SL 5 and 32. f ^I- 3. t VL 3. 
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GA = AE. Henee, if we havo the line EF given, and a line 31 
parallel thereto, we can And, as above, the points G and A each that 
FG, GA, and AE shall all be equal. 

Scholium In the above solution we construct the triangle EFG, 

having the base ^i^'and perpendicular GD given, so that one of the 
angles at the base is double the other; that is, angle EFG ^ 
2FEG. 

Problem LIV. — Given, the vertical angle of a triangle, the angle 
made with tbe base hy a line drawn from the vertical angle to tlie 
base, and the radii of the two circles inscribed in the two triangles 
into which tbe whole triangle ia divided by this line, to determine 
the triaugle. 



C the ang'les A CB and 

J ADG, and the radii 

"1 EG and FL of the 

L circles ffi'.ffandi/g. 



oppose ABG to be the requued triangle having the 
angles AGB and ^DC given. Join G with the centres £^ and F; 
then till. Prob. 15*) angle EGF^^lhe Riven ingle 1( //. 

Construction . — Draw any line AB, and at any pomt D, in AB, 
make the angle .^BC^ the given angle, and touching the lines 
AB and EG with the given radii (see scholium next page), describe 
the circles E, 03 a.nd F,IL, E and i^ being the re=pettne centres. 
Join EF, cutting the line QB in E, and on i^J" (III Prob. IGf) 
describe a segment of a circle, of which is the centre, to contain 
!in angle equal to half the given vertical angle, cutting TJG in G. 
Join GB and GF, also OG, OE, OB, and OF. and (III, Prob. 14J) 
draw the lines GPA and GQB, touching the circles G3a.ad IL in 
P and Q respectively. Then ABG will be the required triangle. 

Demoniitralion.—Qy III. Prob. 15,g angle AGB^% ECF, a.'aA 
ail the rest is manifest from the analysis and construction. 

Galculation. — On CRD let fall the perpendicular OS." 

1. In the triangles DGE and I)LF, Case 1, find DE and DO^ 

■» IV, 4. t III- 33. X III. ir. J IV. i. 
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DH, and FD and LI)=^DI; then EF = '^1)E' -\. FI)\ EDIT 

being evidently a right angle, IR^=DR — BI. 

2. By similar triangles 
EHR and FIR, we have EU: 
FI::ER: FR, and EH: FI: : 
IIR : JR. By composition, 
EH+ FI: EH: : {FR + FR) 
or EF:ER, and EE+FT: 
EH: :{HR + IE) or IK: HR ; 
then RF=, EF— ER, IR — 
III— ER. and DR ^ DE- 
ER. In triangle £HjB, Case 
3, lind angle £:^i?=: i^-BS = 

£^C; hence the mgltiS REG, EEO =^ REG —OCE,sm& EOF== 

2ECF, are known. 

3. In triangle EOF, Case 1, Gnd OE=OC. In triangle OFR, 
Case 3, find angle EBO, and 50; then angle SRO=ERO — 
ERS. 

4. In triangle SRO, Case 1, find RS and SO; then 0S = 
\/ 0(7= — SO', ifO=BS+ CS, 3ndD(7 = Z)5 + i?C. 

5. In triangle SiiC, Case 3, find EG, and angle ECR = EGA. 
In triangle ii'ffC, Case 3. find FO, and the angle FGR^FGB; 
then angle ^0Z) = 3^0^, and angle DCB = 2FGR. 

6. In triangles ^CI) and ECB, Case 1, find AG and ^A and 
£ C and £Z) ; then AB = AD + BD. 

SchoUum.'—To describe a circle, as required In the preceding 

problem, which shall have a given radius, and touch two lines given 
in position, as ADB and DC, 
it is only necessary to bisect the 
angles ADG and BDG by the 
straight lines DE and DF re- 
spectively ; erect the perpendicu- 
lar Z*/eqnal to the given radius, 
and parallel to AR, through F, 
draw a line to meet the bisecting 

lines in E and F, eithei- of which will be the centre of a circle that 

will toEch both lines. 

Demonstration. — Let fall the perpendiculars EG, E3, and FL, 

FT; then (I. 17*) the triangles DGF aud DEE are equal in all 
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their parts, as also the triangles DLF and DTF. Hence MO^^ 
EB=DI, and FL — FT^Dl. The radii BQ and FL may be 
of different lengths, and the construction modiSod accordiogly. 

C(>rollary.~'\l\ie angle FDF=ilDG + CDF=-^(AnG + 
CDB) -^ half of 180° = 90°. Hence angle EDF is a right angle. 

I'aoBLBM LV. — In a plane triangle are given the vertical angle, 
an adjacent side, and tbo length of a line drawn from the vertical 
angle to the base, dividing the base in a given ratio, to determine 
the triangle. 

rthe angle AGB, the side AG, and 
Given -< the line CD dividing AB so that 
lAD:DB::m:n. 

J??a?i/SiS.~Snppose AGB to be the required triaijglo. Draw BE 
parallel to CB ; then (i V. 15*) AF : £ C : : AD : 2)B : : m : n. Whence 
this 

Construction. — Make AGB equal to the given angle, and AG 
equal to the given side. Divide AC (IV. Prob. If) in £ so that 
AE:EG-.:vi:n. Draw i7Z) parallel to GB, and to it apply GD — 
the given line. Join GD and AD, and produce the latter to meet 
CB in B; then AGB is the triangle required. 

Demonstration. — 'Qj IV. 15,t AD:DB :: AE : EG -.-.m -.n; 
whence all is manifest. Q. E. D. 

Galculalion. — By construction, m:n:: AE : EG. Uy composition, 

m ■\-n:'m:: AE -\- EC or AC : AE ^""^^^^ Also, m^n:n: 

AE + FGorAC:EC = '^^^^- 

1. In triangle GED, the angle GED = 

AGB (1. 25, cor. 6g); find ED, Case 3; thi 

3, In triangle AGB. Case 3, find AB. ' 

DB, we have, by composition, m + n: 



SO° — AED 


^180° — 


iAE:FD:: 


AG: CB. 


hen, since m 


■.n::AD: 


■.-.AB-.AD 


m.AB 
m-i-n 
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Problem LVI. — Ta 
the [jerpendicular le 
squares of the perpe d 
dicular upon the two d 




h vertical angle, 

d ference of the 

f this perpen- 

e the triangle. 



f the angle A OB, the per- 
pendicular CD, and the 
n ^ difference of the squares 
of DF and DB ; that is, 

YDF' — DE'--=^L\Tig. % 



Analysis. — Suppose the triangle AGB constructed, as in the 
above figure. Bisect the given perpendicular CD in 0, and about 
the centre describe the circle CFDE, which, as GFD and CED 
are right angles, must pass through the points i^and E. Join OF, 
OE, and FE, and oa FE let fall the perpendicular DG; then the 
B.nS\& FOE = 'iACB; also (cor. to Vioh. Z^), F<P—GE' = FD^ 
~DE^ = L\ Whence this 

Construction. — With aa a centre, and radius equal to half the 
given perpendicular, describe a circle. At make the angle FOE = 
twice the given vertical angle, and join FE. On FE describe a 
semicircle, in which apply FI^=L, and let fall the perpendicular 
IH. Bisect HE in G, draw GD parallel to HI, and draw the 
diameter DOG, which will be equal to the given perpendicular. 
Draw ADB perpendicular to DC, meeting CF and CE, joined and 
produced, in A and B; then ABG will be the required triangle. 

Demonstration.— Zoia Di^and DE, which will be (III. 18, cor. 2*} 
at right angles to ^ C and GB. The angle ACB^^ FOE = the 
given vertical angle. Also, i^D^— Z)i;' = (cor. toProb. 36) .FG' — 
GE' ^ (FG -i- GE) y. (Fa—OE)=.FExFS={lY.18,(ioi\f) 
Fr = L'. Q. E. D. 

Calculation.— 1. In triangle FOE, Case 1, find FF; then FH= 



FP__ 

FE ~ FE 



and EG = ^ EH= i {EF— FH). 



2. On EF let fall the perpendicular OL, and produce it to meet 
DP, drawn parallel to FE, in P; then DP = LG = £L — EG. 
Also 0L=\^ OE' — EL\ OP — VOD-' — DP\ DG^PL^ 
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PO — OL, D^ = \^ DCf'+ EG\ FD=^\^ DG^ + GF\ GF= 
V CD-'—FD\ and GE =*/lW^^ED\ 

3. By similar triangles CFD, CDA, we have CF: FD::OD: BA. 
and CF: GD::GD: CA. 

4. By similar triangles (7Si?, CDB, weha^vo GE : EB -.-.GD-.DB, 
%nd GE:GD::GD: GS, aaAAB::^DA + DB. 

Limit. — L must be less than FF. 

Problem LVII — In a plane triangle are given tbe vertical angle, 
the perpendicular let fall on the base, and the suui of the perpen- 
diculars let fal! from the foot of this perpendicular upon the two 
sides of the triangle to determine the triangle. 



("the angle AGB, the perpendic- 
Given \ ular CD, aod the sum of the 
(perpendiculars FD and DE. 



Analysis. — Suppose ABC to be tlie triangle required. On GD 
describe the circle GFDE, of which is the centre, and join OF, 
OE, and FE ; then the angle FOi;=twice the given angle AGB, 
and hence the triangle FOE is known in all its parts. Produce FD, 
makingZ>(? = Z>£^, and join EG; then FG^^FB + DE is \aown, 
and the angle FGF = i FBE = ^ the supplement of the given angle 
AGB is known. Whence this 

Construction. — With a radius equal to half the given perpendicular, 
describe a circle of which the centre is 0. At make an angle 
FOE = twice the given vertical angle, and join FE. On FE (III. 
Prob. 16*) describe a segment FQE to contain an angle equal to 
half Ihe supplement of the given vertical angle, in which apply the 
line FDG = the given sum of the perpendiculars, D being the inter- 
section of FG with the circumference of the circle first described. 
Draw BOG, GE, and BE. Also, through B, perpendicular to GD, 
draw AB, meeting GF and GE, joined and produced, fn A and B 
respectively; then ABG will be the required triangle. 
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Demonstration. — By III. 18, cor. 2,* DFandDU are perpendicular 
to AC and BC respectively. The angle ACH^^ FOE = the giren 
p vertical angle, angle FGE, by construc- 

tion, equal to ^FDE. Hence DEG = 
^FDE=FGE,a.-aA DE^^^DG; at.d wo 
have FD +DE = FG^ the given sum. 
Q. E. D. 

Calculation. — 1. In triangle FOE, 
Case 1, find FF. 2. In triangle FGF, 
Case 3, lind angles, and EG. In triangle 
EDG, Case 1, find ED; then FD = FG 
— ED. 3. In triangle FDE, all the 
angles being known, we have (III. 18, 
cor. l-\)&x>%\'dACD — FCD = FED,tinii &ng\e BCD = ECD = 
FED. la triangles ACD and BCD, Case 1, find OA and AD, CB 
and DB; then AB = AD + DB. 




Peoblem LYIII. — In a plane triangle are given the base, one 
angle at the base, and the segments into which the base is divided 
by a line bisecting the vertical angle, to determine the triangle. 




in the triangle AEG, the 
base AG, the angle ACE, 
and the segments AB and 
BC, made by EB, bisecting 
the angle AEC. 



Analysis. — Let AEG represent the required triangle. Make the 
angle EBD = EBC; then BD = BG, and angle BDE = BCE = 
the given angle. Prodace AG io F; then angle ADB^FCE, 
they being supplements of the equal angles BDE and BGE, the 
given angle. Whence this 

Gonstruction. — Draw an indefinite line AF, in which take AB 
and B(7~the given segments of the base, and make the angle 
AGE = the given angle. On AB (III. Pfob. 16j} describe a 
segment to contain an angle equal to FGE, in which apply BD = 
BC. Join ^P, and produce it to meet GE in £, and join EB ; 
then A GE will be the required triangle. 

Demonstration. — It remains to prove only that EB bisects the 

angle AJSC. Since, by construction, BZ) = SC, and angle ADB = 

Sill. .31. tni. 3]. till. 33. 
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! angle EDB = ECB; wherefore ED = EG, and 
AEB= GEB, and EB bisects the angle AEG. 



FGE, we ha' 
angle DEB ^ 
Q. B. D. 

Calculation. — 1, In triangle ABB, Case 2, flod angles, and AD. 

2. In triangle AGE, Case 1, lind AE and EC^ED; then AD 
= AE — ED. 

3. In triangle ABE, Case 1, find BE, if desired. 

Pboblem LIX. — In a right-angled triangle are given the base, and 
the rectangle of the hypotbeuQse and perpendicular, to determine 
the triangle. 



/■ in the triangle ABG, the 1: 
Given -^ and the rectangle AG > 



Analysis. — Let ABC represent the required triangle. Prodnce 
BG, and take BD a third proportional to AB and L (lY. Prob. 3, 
aQV.*);ihta. AB:L::L:BD,&aA AB x BD^L^^AC y. CBhy 
the question. Draw Ci^ at right angles to .^C, meeting -4B, pro- 
duced, in F. Then, by similar triangles ABC and CBF, we have 
AB:AG::GB:OF. Hence ^5 X OF=.dCx CB^ABx BD; 
from which GF=BD. Whence this 

Gonslruction. — Bisect the given base AB in F, and, having found 
BD as in the analysis, take EF^ED. On .^IF describe the serai- 
circle AGF. and join AC and CF; then ABC will be the triangle 
required. 

Demonstration.— By IV. 23,t we have CF' = AFx FB^(EF 
+ EA) X (EF — SJ) = (ED -}- _££) x (ED — ES) = ED' — 
FB^r^BD'; hence CF^BD. By similar triangles ^Cif, BCJ", 
we have AB: AC:: GB: CF or SD; hence .dC X GB=^AB y. 
BD = L\ Q. B. D, 

Calculation.—'By construction, EF= ED = V~ElF+~Bly; then 
-4.F' = .E.f-f-J.ff, and #5 = ^2''— J£ = £'i^— ES,and(IV. 33|) 
FC^'*/ AFx FB, AC^\^ AF-X. AB.s.m\ BC =V AB X FB. 



t VI. s 



tvi. 
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Problem LX. — Having given the lengths of two lines at right 
angles to each other at a common extremity, to draw a line from the 
other extremity of one to meet the other line produced such that the 
parallel to this line so drawn intercepted between the two given 
lines, and drawn through the extremity of the line that was produced, 
shall be equal to tho sum of this line and the part produced. 




r the lines ^Band BC at right angles 
Given -J at B, to draw AE such that the 
(parallel Cf shall be equal to BE. 



Anahjsis. — Suppose the problem constructed as in the figure. On 
AB describe the semicircle ADB. Then (IV. 30*) AEiEB:: 
SB: ED. But, by similar triangles AEB and FCB, we have 
AE : EB •.-.CFoT EB : GB; whence ED = CB ; and we liave this 

Construction. — On the given lines AB and BO describe semi- 
circles, G being the centre of the one on BG. Draw AGI; and to 
BG, produced, apply AE = AGI, and draw GF parallel to AE ; 
then will CF= BE, and AE will be the line required. 

Dermnstration.—AB'=:AG'^GB' = {AG + GB) X {AG ^ 
GB) = (_AG+ 01) X {AG—GB) = AI-,i (AI—BC) = AE x 
(AE — BO); th0.tis, AE:AB::AB:AE—BG. But, by similar 
triangles ABE and ABD, we have AE -.AB -.lAB-.AD ; hence 
AE~BO^AD = AE~-ED. Whence FD = BG. Now (IT. 
aOf) AE -.EB:: EB : ED or GB. Also, by similar triangles AEB 
and FCB, we have AE : EB : : CF : GB ; heace CF = BE. 
Q. E. D. __^^^^ 

Calculation.— AG = V AB' + BG\ AE = AI = AG + GI, 
AD=AG — BG, ED = BG, BE='>/'AE x 'ED ; then BE: 
EA::BC:CF, anA BE : BA::BG:BF. 
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Problem LXI. — From two given pointe to draw two right lines 
to meet in a line of any kind given in position, so tliat the differ- 
ence of the squares of these lines shall be equal to a given quantity. 




{the points A and B, and the line G3 
of any kind, to draw 5 C and -d C to 
meetin ff^aucbthatSC^ — ^(?' = 
L\ Fig. 3. 



Analysis. — Suppose AC and BC to be the lines required. Join 
AB, and on it let fail the perpendieultir CD. Take DF^= DA ; tiieii 
Z^^BC' — AC = (cor. to Prob. 36) BI)^ — AD^ = (BD + A1)) 
X (BD — AD) = AB X BF. Whence this 

Construction. — On the given distance AB describe a semicircle, 
in which apply BE = L. Let fall the perpendicular EF on AB; 
bisect AF iu D; erect a perpendicular at D to meet the given line 
Gflin G, and join AC and BG, which will be the iioes required. 

Dttmonstration. — B C^—AC^ BD'' — AD'' = (by analysis) AB 
X BF= (IV. 23*) BE^ = L\ Q. E. D. 
BE'^ 

Calculalion.~BF^-=r, AF=AB — BF, AD = ^AF, DB^ 
AB 
DF-\- BF. Now, combining AD and DB with the given position 
and equation of the line GCH, AG and BC ai'e determined. 

Scholium. — If the given line Gil is the arc of a circle whoso 
centre is O and radius OC, produce CD to meet a lino drawn 
through parallel to AB, in /. Tben, because the position of OH 
is given, the centre is given, and DI and 07 are known, as also 
the radius OC. Then CI='^OC'~Or. GD= GI—DI; also, 
AG = '^ AD^+ CD', and BC = '</DB'+ GD\ 

« VI. 8, 101. 
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88 GEOMETRICAL ANALYSIS. 

PaoBLEM LXII.— "Having, at au unknown distance from the 
foot of a steeple, taken its elevation, I advanced sixty yai'ds towards 
it on level ground, and then observed the angle of elevation, which 
was just the complement of the former. AdvanciDg twenty yards 
still nearer, the angle of elevation was now jusi double of the first. 
Eequired, the altitude of the steeple, aad the distances of the stations 
from its foot." 



the distances AB and BG, the angle 
BJiB to be tho complement of EAD, 
and JSCD to be the double of HAD, 
to find JiD. 



Analysis.-^liet A, B, C represent the three stations at which the 
angles of elevation were taken, and DE the steeple. Since the angle 
at G is, by the problem, double that at A, it is evident that G is the 
ceatre and CA the radius of a semicircle ASF passing through the 
first station A and the top of the steeple E. Describe the semi- 
circle, and join FE ; then EBD, by the question, being the comple- 
ment of £42>, is equal to AFE ; and hence BE = EF, and BD = 
DF. Whence tliis 

Construction. — On an indefinite right line lay AB=&0, and BG 
^30. With centre G and radius GA describe the semicircle AEF. 
Bisect BF in D; erect the perpendicular DE, and join E with the 
points A, B, C, and F; then DE will represent the steeple. 

Dewionsiraiion.— The angle EGD (III. 18*) = 2£^D; also 
(I. 5t), the triangles BDE and FEE are equal. Hence angle EBD 
= SJ!D=-E^-i = coii)plement of EAFor EAD. Q. B. D. 

GalculaUon.~BF= BG + GF at C.4 = 20 + 80 = 1 00, BI> = 
\BF=b(i, CD = BD — BG = BO, CE= GA = m, DE = 
V" GE' — GD^ = V 80' — 30' =V 5500 = 10 \/55. Also, AD = 
AB + BD^llO. 

'-■ in. 20. f L i. 
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Problem LXIII. — In any plaae triangle are giren the rertieal 
angle, the line bisecting tbia angle, and the sum of the including 
sides, to determine the triangle. 



theiingie^^C, iLe 
line AP bisecting 
BAG, and the sum 
Uf AB And AG. 



Analysis. — Let BAG represent the nsquired triangle. Through 
P draw FF parallel to AB, and Fli parallel to AG; then AEPF 
is a rhombus, having all its sides equal, and known. Produce AB 
both ways, making AD = AF, and BL—GF; then DL= AB + 
AG, the given sum of the sides, is known; and EL=DL-~'iAE 
is known. Also, lay similar triangles CFP, FEB, we have OF 
(BL) : PF(EP) : : EF:EB; wherefore BL x EB=EP\ Whence 
this 

Gonstruction. — Having laid AD^AF, and DL = the given sum 
of the sides, on EL describe a semicircle of which the centre is 0; 
erect the perpendienlar EM^:EP; draw JHIff parallel to AL, and 
let fall the perpeudicnlar NB; then through if and P draw the line 
BPO, and BAG will be the triangle required. 

Demonnlratiun.—Ry similar triangles, GF: FP{EP) ■.-.EP: EI) ; 
hence GF x EB = EP^ = EM'' = BN^ = BL X EB; whence GF 
= BL, and AB + AG = AB + AF -i^- GF=^ AB -{- AB + BL = 
DL = given sum of sides. Q. B. D. 

Calculation. — Join N and 0. In triangle APE, Case 1, find 
EP = EM= AB = AD = NB ; then EL = DL—2 AE. In tri- 
angle OBN, find OB; wlienoe BE and BL are known; then AB^ 
AE + EB, and AG=AF+BL. 

Limits. — 1. It will be seen that the line MN eats the semicircle 
in another point N'. If the point N' bad been taken instead of N, 
the point B would have come between E and 0, and the sides would 
have been of the same lengths as above obtained, but AB would 
have been the nhorier. 

2. When MN is just tanijenl to the semicircle, the sides AB and 
AC will be equal, BG will be perpendtcuISr to AP, and the shortest 
possible, or minimum, line tliat can be drawn through P to meet the 
lines A B a.TiA AC. 
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3. When MN does not meet the semicircle, tbo problem is im- 
possible. 

Eemarkii.—^. Wheu BAG \^ & right angle, the rhombus AEPF 
becomes a square. 

2. This problem is the same as having a point P givea in position 
equidistant from tbe lines AB and AO,ta draw through P a line 
such that AB and AG shall have a given sum. (See Prob. XXIX. 
of this division.) 

Problem LXIV. — In a trapezium, of llie six parts — viz., two 
opposite sides, and tbo angle formed where these sides meet when 
produced, the two diagonals, and the angle formed at their intersec- 
tion — any five being given, — to construct the trapezium. 

{ the two opposite sidis AB and GD, 
}iven ■< the angle P, and the two diagonals 
(^aaiid BD. 

Analysis. — Suppose ABGD to be the trapezium constructed as 
required. Produce the given sides CD and BA to meet in P. 
Draw BE parallel to DC, and CE parallel to DB, and produce AB 
to F; then angle FBE = {1. 20, cor. 3*) the given angle P, BE = 
CD, and GE^BD. Whence this 

Construction. — In any line, as PBF, take -iB = its given length, 
and make the angle i^B£;= the given angle P, and i^i^^ the length 
of GD. Then, with A and E as centres, and radii equal to the 
diagonals AG and BD respectively, describe arcs intersecting in C 
Join AG, EG, and AE. Draw BD parallel to GE, and GD parallel 
to BE, producing it to meet BA, produced, iu P. Join AD, and 
ABGD will be tbe trapezium required. 

Demonstration.— ^mca PC is parallel to BE, the angle P — FBE 
=:the given angle by construction. Also, being opposite sides of a 
parallelogram, CD = BE, and BD= CE, the given lengths of the 
diagonal and side by construction. Q. K. D. 

Calculation. — 1. In triangle ABE, Case 3, find angle BAE, and 
side AE. 

2. In triangle ^ OA', Case 4, find angle OAE; then angle CAB = 
CAE + BAE. 

3. In triangle GAB, Case 3, find angle ABC, and side BG. 

i. In triangle PEG, Case 1, find PC and PB; whence we have 
PA and PD. 
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5. Iq triangle PAD, Case 3, find the angles A and D, and the side 
AD; we then have all the angles and all the sides of the trapezinm. 

Note. — Either pair of oppoaiie aides may te given, onlj it must be observed 
to produce those sides tliat are given, and that it is tlie angle at thdr intersec- 
tion that is given. If tie given sides, in any case, are lettered AB and CJ?, 
and the angle formed, where they meet on their being produced, be BPC, the 
aame letters used in the preceding analysis, construction, etc. will spplj in 

Pkoblbm LXIV., continued. (Ciiso 2.)— In a trapezium ai-e 
given the two opposite sides, the angle formed where they meet on 
being produced, one diagonal, aud the angle formed at the intersec- 
tion of the diagonals, to determine the trapezium. 

("the two opposite sides AB and 
n -l CD, one diagonal, as AG, and the 
iigles P and 0. 

Analysis, — As in Case I, let ABGD represent the required 
trapezium. Produce the given sides BA and GD to meet in F, and 
draw BE and GE parallel to DG and DB respectively ; then BE ^^ 
the given side OD, and angle AGE=(l. 20, cor. 3*) the given 
angle AOB. "Whence this 

Construction. — In any line, as FF, take AB=Ms given length, 
make the angle FB'E=^the given angle P, and BS = the given 
length of CD. Join AE, and on it describe (III. Prob. IGf) a 
segment to contain an angle equal to the given angle AOB, in which 
apply .ilO^^^the given diagonal. Join BG and EC; draw CP 
parallel to BE, and BD parallel to EG, and join AD; then ABGD 
will be the required trapezium. 

Demonstration. — By parallel linos, CD = BE, a.ngl(i P-—FBE, 
and angle AOB = AGE = Mi\e given angles. Q. E, D. 

Calculation.— \. In triangle ABE, Case 3, find angles BAE, 
AEB, and side AE. 

3. In triangle AGE, Case 2, Snd angles GAE, GEA, and side 
CE ^ DB. 

3. In triangle GAB, angle GAB= GAE -f BAE, find, Case 3, 
angles ABC, ACB. and side BC. 

4. In triangle PBO, Case 1, find PC and PB, theiice find PA, 
FD, and AD, and we have all the sides and all the angles of the 
trapezium. 

«■ I. 29. t III- 33. 
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92 GEOMETRICAL ANALYSIS. 

Hckolium 1. — If the diagonal BD were given instead of AC, the 
other given parts beiDg the same, then, after describing the segment 
on AE as above, apply J^G^the given diagonal BD, and proceed 
with the construction and calculation ijpon the same principle as 
already directed. 

Scholium 2. — Either pair of opposite sides may be given, only 
it ninst be observed to produce the sides that are given, and that it 
is the angle at their intersection that is given. (See note to Case 1.) 

rROBLEM LXIV., continued. (Case 3.) — Having given in the 
trapezium the two opposite sides, the two diagonals, and the angle 
at their intersection, to determine the trapezium. 

rtbe opposite sides AB and CD, the 
liven < diagonals A C and BD, and the angle 
(. at their intersection. 

Analyxis. — Suppose ABCD to be the required trapezium, and, as 
in the preceding cases, produce the given sides BA and CD to meet 
in B. Draw BE parallel to AC, and CE parallel to AB; then, by 
parallel lines, BE = AG, EC = AB, and the angle DBE^lhe 
given angle DOG. Whence this 

Construction. — Draw any Hue, in which take DB^=i\.s given 
length; make the angle i>B£ = the given angle DOC, and BE = 
the given diagonal AC. Join DE, and with E and D as centres, 
and radii respectively equal to the given sides AB and CD, describe 
arcs intersecting in G. Join EC, CD, and CB, draw CA parallel 
to EB, and BAP parallel to CE, meeting CA and CD, produced, 
in A and P respectively. Join AD; then ABCD will be the 
trapezium required. 

Demonstration. — By parallel lines, AB^^GE, AC^BE, and 
angle DOC^DBE = ihe given angle. Q. E. D. 

Calculation.— \. In triangle DBE, Case 3, find angles BDE iuid 
BED, and side DE. 

2. Ill triangle DCE, Case 4, find angle CDE; then angle CDB -= 
ODE + BDE. 

3. In triangle CDS, Case 3, find angle DCB, and side BO. 

4. In triangle CAB, Case 4, find angle ABC. 

5. In triangle PBC, Case 1, find PC and PB, and thence find 
PD, PA, and DA; and we then have all the sides and all the angles 
of the trapezium. (See note to Case I.) 
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Problem LXIV., contiuued. (Case 4.)— When in the trapezium 
are giveo one of the opposite sides, both diagonals, the angle at their 
intersection, and the angSe where the given side and the side opposite 
to it meet on being produced, to determine the trapezium. 



( one side of the trapezium, as AB, both 
} diagonals AG and BI>, the ani^le 
(at their intersection, and the angle P. 



Analysia — Suppose ABGD to be the required trapezium. Draw 
BE parallel to AO, and GE parallel to AB; then, producing DG 
to F, the angle FCE, by parailel lines, will be equal to the given 
angle P, and the angle DBS equal to the given angle DOC "Where- 
fore BE, being equal to AC, is known in length aud position with 
respect to the given diagonal DB, and angle EGD equal to the 
supplement of FGM or given angle P. Whence this 

Construction. — Draw DB its given length; make the angle DBE 
^the given angle DOO, and 5.ff = the other given diagonaUO. 
Join DE, aud on it (III. Prob. 16*) describe a segment to contain 
an angle equal to the supplement of the given angle P, in which 
apply £C=^the given length of ^.B. Draw CA parallel to EB, 
and BA parallel to EC; join AC, AD, and GD, and produco GD 
and BA to meet in P. 

DemonHlraiion. — By parallel lines, AGt=BE, AB = EG, and 
angle P = FCE = the supplement of D GE. Q. E. D. 

Calculation.— \. In triangle DBE, Case 3, find angles BDE, 
BED, aiid side DE. 

2. In triangle DGE, Case 3, find angles CDE, CED, and side 
GD; tbence the angles GEB, CAB, and CDB are known. 

3. In triangle CAB, Case 3, find angles ACB and ABC, and side 
BC. 

4. la triangle PBG, Case 1, find PB and PG, thence PA, PD, 
and AD; when we have all the sides and all the angles of the 
trapezium. 

Bemark. — If the side CD were given instead of AB, then in the 
segment on DE apply GD ^^i its given length, and proceed with the 
construction and calculation as above. This concludes all the varie- 
ties of the problem where the opposite sides meet. 
» in. 33. 
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Scholium. — We now come to consider the Cases, in the same 
order, where the opponile aides are parallel. 

Case 1. — In Case 1 of the preceding problem, where the opposite 
sides AB and CD are given, and also the diagonals A and BD, if 
the opposite sides AB and GD are parallel, then the angle P 
vanishes, and 5-B, in that figure, will be the prolongation of AB. 
Then we have this 

Construction. — Produce AB (Fig. 1), making the produced part 

Pig 1 -HjE — the lengtli of CD; and with A and E as centres, 
D c and radii respectively equal to tbe given diagonals AG 

md BD, describe arcs iDtersecting in G. Join CA, CB, 
md CE; draw CD parallel to BE, and BD parallel 
^ ■« -^ to EC, and join AD; then ABCD wili be the required 
trapezoid, as is evident by parallel lines. It is manifest that in this 
case the angle need not be given. 

Calculation. — 1. In triangle A CE, Case 4, find the angles ; then 
angle AOB = AGE, and angle DCA= CAB. 

2. In triangles AGE and CAB, Case 3, find angles, and sides 
AD and GB. 

Case 3. — In Case 2 of the preceding problem, where AB, CD, 
one diagonal, tis AG, and the angles and P are given, if the .fides 
AB and GD (see Fig. 1) are parallel, then, as in Case 1, the angle 
P vanishes, and on AB, produced, lay BE— CD, and on AE (III. 
Prob. 16*) describe a segment to contain an angle equal to the given 
angle AOB, in which apply the given diagonal AG; or, if BD is 
given, apply EC:^BD, and finish tbe construction of ABCD, 
which will evidently be the trapezoid required. 

Calculation. — I. In ti'iangle AGE, Case 2, find angles CAE and 
CEA. and the unknown diagonal. 

2. The angle ABD=BDC = AEG. In triangles ABD and 
BBC, Case 3, find AD and BG. 

Case 3.— In Case 3 of the preceding problem, where the two 
opposite sides AB and GD, the two diagonals, and the angle at 
their intersection are given, if the opposite sides AB and GD are 
parallel, the angle P vanishes ; then on AB, produced (see Fig. 1), 
take BE = GD, and with centres A and E, and radii respectively 
equal to AC and BD, describe arcs intersecting in C. Join AC, 
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CB, and GE; draw CD and BD parallel to BE and EG respect- 
ively, and join AD and AC; then ABGD is evidently the trapezoid 
required. 

Calculation. — The same as io Case 1. 
NoTH. — It ia eTidsnt tlie angle in this case need not be given. 

Case 4. — In Case i of the preceding problem, whore one side, 
both diagonals, and the angles and P are given, */ the sides AB 
and CD are parallel, the angle P vanishes, and we „ 

then make tbe angle Z)5S:= (see Fig. 3) the given do e 

angle DOG,DB = itB given length, and BE = the [\y\ 7" 
given length of AG. Join BE; then, if DC ia l/\\ / 
given, lay its length from D to C; but if AB is ' / \ / 
given, lay its length from E to C. Join BG, draw 
CA parallel to EB, BA parallel to EG, and join AD; then ABGD 
is evidently the trapezoid required. 

Calculation. — 1, la triangle DBE, Case 3, find angles, and side 
DE; then the sides AB and CD are known. 

2. In triangles BAG a-ad AGD, Case 3, find -ii? and BO. 
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PBOBLEMS 

INTOLTING PROPERTIES OF THE CIRCLE. 




Peoblem I. — ThrOTigh a given poiot within a given circle to draw 
a chord of a given length. 



rtbe diameter AB of the circle, the 
II Given -^ point F, that is, AP and PB, and 
(the length of the chord GPF. 



Analysis. — Through the given point P, and the centre C, draw 
the diameter APB. Apply the chord BS^fhs given chord GF; 
and from the centre G let fail the perpendiculars CD and GS; then, 
since BE = OF, we have (III, 8*) GI)= GH. "Whence this 

Gonstruction. — Having drawn the diameter APB, from its 
extremity B apply the chord BE = the given chord, and from the 
centre G let fall on it the perpendicular CD. On GP describe a 
semicircle, in which apply GH^ GD, and through P and H draw 
the chord GPHF, which will be equal to BE, and he the chord 
required. 

Demonstration. — The angle PHG, hein^ in o semicircle, is a right 
angle. Hence CHm perpendicular to the chord GPF, and, it being 
equal to OD by construction, we have (HI. Sf) QPF—BE. 
Q, E. D. 

Calculation. — 1. The perpendiculars GD and GH{'ill. SJ) bisect 
the chords BE and (?J' respectively; hence BD=^BE = ^FG = 
FH= G3, and C3'=GD^ = BG'—BD\ PH=VPG'—GH\ 

2. Now, GP = Gff— PB, find PF=GH+FE= FK+ PR. 

*I !. li. t III. M. JIILS. 
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THE CIRCLE. Mi 

Limits. — 1. The givpn chord uannot be greater than the diameter 
AB. 

3. The distance of the given chord from tiie centre cannot be 
greater than CP. When it is equal to OP, the required chord will 
be a perpendicular to the diameter through P. Hence the shortest 
chord that can be drawn through a given point is the one which is 
perpendicular to the diameter at that point. 

Problem II, — Throngh a given point without a given circle to 
draw a right line so that the chord Intercepted by the circumference 
shall be of a given length. 




f- the diameter AB of the circle, 
j the point P ; that is, CP and 
' I AP. and the length of the 
L chord GF. 



Analysis. — Through the given point P and the centre C draw the 
diameter PAB. Apply the chord BE = the given chord GF, and 
from the centre C let fall the perpendiculars OD and Off; then, 
since BH = GF, we have (HI. 8*) CD = CH. Whence this 

Construction. — Having drawn PA CB, from B, apply the chord 
BE = t\ie length of the given chord, on which let fall from the 
centre C the perpendicular CD. On OP describe a seoiicircle, in 
which apply CH^= CD, and through the points P and if draw the 
line PGF; then GF will be equal to BE, and PGF be the line 
required. 

Demonstration. — The angle PHG, being in a semicircle, is a right 
angle. Hence CH ia perpendicular to the chord GF, and, being 
equal to CD by construction, GF= BE (III. 8f). Q. E, D. 

Calculation. — The perpendiculars CD and CH (III. 6%) bisect 
the chords 5^ and (?f respectively ; hence BD — ^BE = ^FG 
= FH^ GK Now, CH' = CD' = BC — BD\ and PH = 
VCP'—CH^ Then QP = PH—GH, and PF=PS-\- GE^ 
FH + FH. 

imii.— The given chord Gi^raust not be greater than the diameter 
AB. 



f I] 



X III. 3. 
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Scholium. — To draw a tangent froin the given point P without 
the circle, join P with tlie point T where the semicircle on PG 
intersects the semicircle AFB, and FT will be a tangent to the 
circle AFB, for (III. 18, cor. 3*) angle PTO is a right angle. 

Problem III. — With a given radius it is required to describe 
three equal circles which shall touch one another, and then to 
describe another circle which shall touch them all three. 




therddiiof the thret 
equal circles whosi 
centres are A, B 
and C. 



Analysis. — Suppose the problem eonstruct«d as in the above figure. 
Join the centres A, B, and C, and an equilateral triangle ABG will 
evidently be formed, having each of its sides equal to twice the 
given radius. Bisect two of the angles A and B by the lines AO 
and BO, and join OG, which three lines will evidently be equal. 
Produce these three lines; then they will intersect the equal circles 
in the points (?, H, and I; also, before being produced, in the points 
G', B', and V . Now, since the lines OA, OB, and OC are all 
equal, we have OH, 01, and 00 all equal, as also OIP, 01', and 00' 
all equal. Whence this 

Corislructi(m. — Describe the equilateral triangle ABG, having 
each of its sides double the given radius. Then, with A, B, and 
as centres, and the given radius, describe the three circles, which 
will evidently touch each other at D, E, and F, the middle points 
of the sides. Bisect the two angles A and B by the lines AO and 
BO, intersecting in 0, and join OG. These three lines, and these 
lines produced, intersect the given circles in the points 0', H', aod 
P and G, E, and I. Then, with centre 0, and radii OH' and OH, 
describe the circles H', I', 0' and H, I, Q respectively, and the 
problem is constructed as required. 

i_ HI. 31. 
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The demonstration is all evident from tbt 
Calculation. — In triangle AOB, Case 1, find OA; then Ofl'= 
OA + AH, and OS' ^ OA — AH', the vadii required. 

NoTE.^Froni the above is immediately deduced the following 

PaOBLEM IV. — Having givea the radius of a circle, to inscribe 
therein three equal circles which shall tou-ch one another and also 
touch the givea circle. (See figure on opposite page.) 

Analt/sin. — Suppose the problem constructed with OH or 0/the 
given radius. Join GH, HI, and 16, and HIQ will evidently be 
an equilateral triangle. Join 06, OH, 01, and GI, and draw 6L 
pai-allel to GI, meeting 01, produced, in L. Then, in similar triangles 
CBI and OIL, since IB = ^BG, we have IL==^ 10. Whence 
this 

Construction. — Having described the circle with the given radius, 
draw the diameter GOK, and in the circle apply the chords KI and 
KH, each equal to the given radius KO. Join 6H, HI, and 16; 
then (V. 4*) HIO will be an inscribed equilateral triangle, having 
the side GI= "^ GK^ ^KI' = V i OK' — OK' = v' 3 OK' = 
0K\/3. Also, join OG, OH, and 01, and produce 01. making IL 
= i 10. Join LO, draw IG parallel to LG, GB parallel to GS, and 
GA parallel to OH, and join AB. With the centres A, B, and 0, 
and the radii AH, BI, and GG respectively, describe the circles 
HEI). IFE, and GDF, which will be the equal circles required, 
touching each other at the points D, E, and F. 

Demonstration. — Because of the parallel lines, it is evident that 
AH, BI, and CG are all equal, that ABG is an equilateral triangi.e, 
and that the triangles GIL and GBI are similar. Hence it only 
remains to be proved that the three circles touch each other. 

In the similar triangles GIL, GBI, since GI= 2 IL by construc- 
tion, we have CB^2 BI= GF + FB = GD+DA = AE + EB. 
Hence, the distances between the centres of the circles being equal 
to the sum of the radii (III. 13"f"), the circles touch each other 
externally in the points D, E, and F. Q. B. D. 

Galculaiion.—'Ry parallel lines, OL: IL ■.■.06: GO = BI^ AH, 
and iCa^AG^AB^BG; also, 06—06 = OQ =0A = 
OB. 

• IV. 16. t III- 12. 
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1'roblem v. — To describo a circle which shall pass through two 
given points and have its centi-e in a straight line given in position. 

[" the points A and S, and the 
line FE in position; that ia, 
the angle P whieb it forms 
wiih the line joining A and B, 
or this line produced, and the 

L distance AP or BP. 

Analysis. — Suppose the figure constructed as above. Join AB, 
and from C, the centre of the circle, let fall on AB the perpendicular 
CD; then (III. 6*) AD^-DB. Whence this 

Construction. — Joiu the given points A and B, bisect the line AS 
in D, and draw DCQ perpendicular to AB, and the point in which 
this perpendicular cuts the given line F^ will be the centre of the 
circle required. In the figure this point is G. Join CB. and with 
it as a radius, and centre G, describe the circle ABH, which will be 
the one required. 

The demonstration is evident from the preceding. 

CalculcUion. — Let tbe line joining A and B be produced, if neces- 
sary, to meet the given line FS in P; then tbe angle P, and the 
distance PA or PB, are known from the given position. of FU. 
Thence PA, PI>, and PB are known, bj adding or subtracting, as 
the point P is in AB produced, or between A and B. And DB or 
DA = ^AB. 

In triangle PDG, Case 1, find PC and (W; then radius GBr:= 
*y CD' + DB' = GA. 

Livtits. — 1. When FE ia parallel to AB, CB will be the perpen- 
dicular distance between the two parallel lines, and, as FE is given 
in position, the distance GD is known, and thence the radius GA or 



GB = ^'GD' + DB^ as before. 

2. When the given angle at P is a right angle, FE and BO will 
be parallel, and the problem is impossible; that i^, in the language 
of mathematicians, "the radius would be infinite, and the arc of a 
circle with an infinite radius is a straight line," so that the straight 
line passing through A and B would fulfil the conditions of the 
prebJem mathematically. 

» III. 3, 
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Problem VI. — To divide a givea circle into two aegmeots, such 
that the angie oontaiaed in one shall be double of the angle contaiaed 
ia the other. 

(the radius OA of the circle Jif/?C, to draw 

Jiven ]the chord BC, such that the angle in the 

(sogmeut 5J6'sha]l be double that in BDC. 



Analysis. — Suppose in the annexed figure tlie angie BA G to be 
double BDC; then BAG + BDG = t\iree times BDC. But (III. 
18, cor. 4*) the angles BAG + BDG = 180° ; hence ^BI)C = 180°, 
or angle BDG ^= 60°, and consequently BAG—- 120°. Whence 
this 

Gonstruction. — Draw the diameter AOD, a.nA lay Ji? and AG 
each equal to the radius AO. Join BG, BD, and CD; then angle 
BAC:^2BDG. 

Demonstration. — By III. 18f and V, 4,| it is manifest that the 
arcs .45 and ^C each contain 60°; hence the arcs fiD and (7i) each 
contain 120°, the are BDG eontains 240°, or twice the arc BAG; 
and, as the angle is measured by half the arc on which it stands, the 
angle BAG in the segment B^C = twice the angle BDC. in the 
segment BDG. 

Calculation. — In the right-angled triangle ABD, we have AD:= 
ZAB = 2A0, and BD = \^1LD' — AB' =^ V i AG' — AO' = 
VTAd' = AOVB=^BC=GD. 

Scholium I. — If the angle in one segment were required to be 
three times that io the other segment, the first segment would be a 
quadrant, and the other three quadrants, and the angles 135° and 
45° respectively. 

Scholium 2. — If the angle in one segment were required to be 
four times that in the other segment, the circle would he divided by 
the side of an inscribed pcntan;on (V. 5§), and the contained angles 
would be 36° and 144° 

Scholium 3. — If the angle in one segment were- required to be 
JiDe times that iu the other segment, the circle would be divided by 
the side of an inscribed hexagon (V, 4||), and the contained angles 
would he 30° and 150°. 

« IlL 22. t III. 21. t IV. 15. g IV. 11. |[ IV. 15. 
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Pboblem VII. — To describe a 
circle at a given point, and alst 
position. 



lircje wliicb shali toucli i 




t line given in 

the circle OA, 
tbepoiDt J, and 
the poiiiHon of 
the line GR; 
that is, the angle 
P, and OF or 
ihe perpendicu- 
lar OB. 

Analysis. — Suppose ADI to be the required circle, passing through 
the given point A, and touchiDg the given line QH aX the point D. 
Draw the radius CD, and the line OB, both perpendicular to GH. 
Join DA, and draw BF parallel thereto; then the triangles ACB 
and FOB will be similar; and, since GA = GD,vi& have 0F= 
OB. Whence this 

Oonstruction. — Having let fall on (JZTthe perpendicular OB, and 
produced the line joining the centre of the given circle with the 
given point A, to meet the given line GS in P, produce PO, making 
OF^ OB,- join FB; draw AD parallel to FB, and DG parallel to 
BO; then, with the centre G and radius CD, describe a circle ADT, 
and it will pass through the given point A, and touch the line GS 
in D. 

Demonstration. — By III. 9,* the circle touches the given line 
GH stt the point D. By similar triangles FOB and ACD, we have 
FO=OB by construction; hence CA^GD, and the circle ADI 
passes through the given point A, and evidently touches the given 
circle. Q. E. D. 

GalGulation.—l. In triangle FOB, Case 1, find PB and PO; 
then PA = PO— OA, and FF= PO + OB. 

3. By similar triangles PFB and PAD, we have PF: PA::FB: 
FD ; also, PB:PD::OB:GD = GA. 

Limits. — 1. When the line GH is parallel Jo OA, then OB, the 
perpendicular distance between the two parallels, will be the radius 
of the required circle, and, laying this radius on the line OA, produced 
from A io C, G will bo the centre of the required circle. 

3. When the given line GH in perpendicular Xo'OA, or OA pro- 
duced, the difference between OA and OB will be the diameter of 
the required circle. 
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Problem VIII. — With a given radius to desmbo a circle which 
shall pass thi-oagh a given puiut and touch a line givcu in position. 



the radius CP, thehne AB, andthe 
point PiM positon; that is, PD, the 

. perpendicular distance of the point 

Lp from AB. 



Analysis. — Suppose PLG to be the circle required, of which the 
centre is C. Through G draw KH parallel to AB, cutting the per- 
pendicular Z>PPin E; then ED= CG^ CP. 

Construction. — Having drawn through the given point P the line 
DBF perpendicular to AB, on it lay 7)S — the given radius, and 
through E, parallel to AB, draw KEH. to which apply PC= the 
given radius, and let fall on AB the perpendicular CO. Then, with 
Cas a centre, and radius CP, describe the circle PLC, which will 
be the one required. 

Demonstration. — CG = ED:=CP by construction, and 00 is 
perpendicular to AB, and hence the circle touches the line AB at the 
point G (III. 9*). 

Calculation. — Wc have PE --= the difference between the 
given distance PI) and the given radius. Then DG^-EG = 
*>/ CP'^PE'. 

Limits — I. The given radius may be of any length not less than 
half DP. When the radius is jwrf half DP, the required circle 
must be described on DP as a diameter. 

2. The radius PC may be applied to KS, on either side of PD, 
at the point C or I, either of which may be taken as the centre of 
the circle to fulfil the conditions of the problem. We have EI= 
EC. If a perpendicular be let fall on AB from T. and IP be joined, 
such perpendicular will be equal to GG-^^^PC ^ PI. 
» III. IB, cor. 
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Problem IX. — Through two given poiiitK to doscribo e 
which shall toQcb a line given in position. 




the points A and 
B, and the lioe 
HI in position ; 
tiiat is, the angle 
P which it forms 
with AJi, pro- 
duoed, and the 
distance FB or 
I'A. 



Analysis. — Suppose the cifcle AKBF, whose centre is C, to be 
drawn to pass through the given points A and B, and to touch the 
given line jff/at F. Join the given points A and B, and through 
the centre C draw a line LD G perpendicular to AB, meeting HI in 
B; then (III. 16*) AD^DB. Let fall on .ff/ the perpendiculars 
DE and CF, and join CB and BB, and produce RB to 0. Tiirough 
D draw DG parallel to GB. Now, by parallel lines and similar 
triangles, since CB = CF, we have DG = DE. Whence this 

Construction. — Join the given points A and B, bisect AB in D, 
and draw LDGR perpendicular to AB, meeting HI in R. On HI 
let fall tbe perpendicular DE; draw RBO, and to it apply DO^ 
DE. Draw BG parallel lo J)G, and CJ^ parallel to DE; then, with 
the centre G and radius Ci^, describe the circle AKBF. 

Demonstration. — By III. 9,f the circle ^ ^5 i^" touches the given 
line HI at F. By parallel lines and similar triangles, since DG ~ 
DE by construction, we have GB^ CF= CA; hence the circle 
passes through the points A and B. Q. R. D. 

Calculation. — 1. Producing AB to meet HI i 
angle P and tbe distance P£ given, because the line Hlis gitf 



! the 



poaitim; then PD = PB-\-^AB. In triangles PD£ and PDE, 
find, Case 1, l>i? and DE = Zl(?. 

2. In triangle DRB. C^isc 8, find BB, and angle iJ.BB; then 
angle DBG = 180° — DBB. 

3. In triangle DBG, Case 2, find iJff ; then BG = BB-^ BG, o-ul 
we have RG : BB :: GD: BC = CF. Or, after finding fli? aid 
angle DRB, we have sin CRF : sin .F : : GF : CM : : CB : C.« : ■ 
sin CRB : sin GBR; then in triangle CBE, Case 1, find £C = 
CF. 

"111. 3. till- 16, cor. 
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Limits. — I. DE may be applied to EO at G', oa the other side 
of AB. Then, if a line be drawn tlivougb B, parallel to G'D, to 
meet RDL, produced, it will give the centre C of another circle 
passing tiiroQgh the given points A and B, and touching the given 
line HI. 

2. When ABF is perpendicular to HI, DR and HIviiW be parallel, 
DP wil! be the radius of the required circle, which apply from B to 
LE to obtain the centre. 



Peoblem X. — To inscribe a square ir 



nv%n segment of a 




(the radius 0^1 or OB, 
land the an-lc AOB. 



Analysis. — Draw the chord AB, and perpendicular to it draw the 
diameter DCOD'; then A0= CB, and the arc AD = DB. Now, 
taking the smaller segment, let IFOH represent the required square. 
Join CF, and produce it to meet BE, perpendicular to AB, in E. 
Then, by similar triangles GIF and GBE, since IF= 111= 3 IG, 
we have BEr=^BG = BA. Whence this 

Conntruction. — Erect the perpendicular BE^BA; join GE, 
cutting the arc BD in F; draw FG parallel to AB, and FI and GU 
each parallel to BE; then IFOH wiW be the square required. 

Demonstration. — IFGH (1. 20, cor.*) is rectangular. Also, since, 
by construction, BE = BA^^2 BG, we have, by similar triangles 
CIFand BGE, FI=^%IG =IH= FQ^^GH. Q. E. D. 

Galculatim..—\. Join OF. In triangle 0GB, Case 1, find OG 
and QB. 

2. In triangle BGE, Case 3, find GE, and angle EGB ; then 
angle 0(7^=90" + A'CiJ. 

3. In triangle OGF, Case 2, Bnd GF; then, by similar triangles 
CJ-Fand GBE, GE:EB:: GF-.Fl^IM. 

Scholium. — When the square is to be inscribed in the larger 
segment AD'B, the perpendicular BE' must be made equal to BA; 
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and, using the marked letters instead of the corresponding ones 
unniai'lied, the construction, demonstration, and calculation Rrejust 
the samfi as that given for the smaller segment, onlr/ the angle 
OGF' in this case = 90° — E' GB. 

If the point E' falls on the circuraference, BA is the side of the 
square required, and the are ADB is a quadrant. Wheu the point 
E' fails withia the circumference; a square cannot be inscribed in tbe 
larger segmeut, having one side on the chord AB. When each 
segiiient is a aemicircle, BE and BE' are each equal to tlie diameter, 
and the two squares are equal. 

Peoblem XI. — To inscribe a circle iu a given quadrant. 



(la the quadrant ABG, tiie radiu 
Given -^ or AG, to inscribe a circle ii 
t. quadrant. 



—Suppose DOHlQ be the required inscribed circle, then 
D is evidently the middle point of the are BG, and the radii OD. 
OG, and OH are all equal. Let fall the perpendicular DE; join 
QD, and parallel to it draw EFto meet AB, produced, in F; then 
the triangles OGD and DEF wili be similar, and, since OD=OQ, 
we have DF=DE. Whence this 

Gonslruction. — Bisect the arc BG in D; let fall the perpendicular 
DE; join AD, and produce it, making DF=DE. Join EF; draw 
DO parallel to EF, 00 parallel to AG, and OH parallel to AB ; 
then, with the csntre and radius OD or 00, describe the circle 
DGH, and it will be inscribed in the quadrant ABG. 

Demonntration. — By parallel lines, the triangles ODO and DFE 
are similar, and, since DF^DE by construction, we have OD = 
00^ 03, and AB and AC, being perpendicular to the radii 00 
and OH, are tangents to the circie at the points G and H (III. 9*). 
Q. E. D. 

Galculation.—AE — ED. Hence AE^ =- \ AD'', aud AE = 
V i AD!' = DE = DF. A\so, AF^ AD + DF; then, by similar 
triangles AFE and AD&,we b&ve AF: AD:: AFiAO^OS^ 
OD. 
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Itemark. — If DZ he drawn parallel to AB, AEDI will be a 
square iDscribed in the given quadrant ABC, whose side AE or 

Problem XII. — To describe a circle which shall touch three lines 
given in position. 



(the side BG, and the angle; 

Given .JifCZ? and GBA, to describe f 

(.circle touching the three lines. 



Analysis. — Suppose the circle FGH, of which is the centre, to 
touch the three giveo lines AB, BG, and GD in the points G, H, 
and F respectively. Draw the radii OQ, OH, and OF, and they 
will be perpendicular to .45, -SO, and CD respectively (III, 9*). 
Also, join OB and OG; then, in the right-angled triangles OOBand 
OHB, since OG = OH, we have the angle OBQ^OBH. For a, 
like reason, in the triangles OCF and OGH, we have tlie angle 
OCF= OCR. Hence the lines BO and GO bisect the angles ABG 
and BCD respectively. Whence this 

Construclion—BiBect the angles ABG and BCD by the lines BE 
and GL, intersecting in 0. Prom 0, on the given lines, let fall the 
perpendiculars OG, OR, and OF. Then, with the centre and any 
one of these lines as radius, describe a circle, and it will pass through 
the extremities of the others, and touch the given lines as required. 

Demonstration.— Siuce BO bisects the angle 0B3 by construe 
tion, the triangles OBG and OB-ff are equal, and 00= OH. For 
a like reason, 0H= OF; hence OG, OH, and OF are all equal. 
Also, since AB, BG, and CD are respectively perpendicular to the 
radii OG, OH, and Oi^ at their extremities, they touch the circle at 
the points (?, H, and F by reference in analysis. Q. E. D. 

Calculation.— I. In triangle BOG, Case 1, find BO and OC. 

2. In triangle BOH, Case 1, find OH=OG,a.nd BR=BG; 
then CF^ CH^ CB — BR. 

SchoKuvi 1. — When the three lines on being produced do not 
meet, each one must be parallel to both the others, and the problem 
is impossible. 

Scholium 2. — When the sum of the given angles ABC and BCD 
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is equal to- 1 80°, the lines GJ) and BA are parallel. When the sum 
of the given angles is less than 180°, the lines CD and BA will 
meet, if produced, and form a triangle, when the problem becomes 
the same as III. Prob. 15,* to inscribe a circle in a triangle. In both 
cases the construction, etc. are the same as that given above. 

Problem XIII. — To draw a common tangent to two circles given 
in magnitude and position. 




the radii OA&nd C5, and the 
distance 00 between the 
centres, to draw a common 
tangent AB. 



Analysis. — Let AB be the eomraon tangent required; then (III. 
9f) tlie radii OA and GB are perpendicular to AB, and consequently 
parallel to ench other. Through G, the centre of the less circle, 
draw CZ> parallel to AB; then AD = BO, and Oi> is the difference 
between the given radii, and the triangle ODG is known. Whence 
this 

Oon sf rvclioTt. — On the given distance 00 describe a circle, in 
which apply OD^the difference of the given radii. Produce OD 
to meet the circumference at A; draw the radius GB parallel to 
OA, and join AB, which will be the common tangent required. 

Demonstration. — Since, by construction, OD is the difference 
between the radii, and OA the greater radius, we have DA equal 
and parallel to GB, and hence AB is equal and parallel to OD; and 
consequently, since ODG is a right angle, being in a semicircle, AB 
is perpendicular to the radii OA and GB at their extremities, and is 
hence a tangent to both circles (III. 9j). 

Galculation.—\n triangle ODO, we have CD = /s/^Jy^ OD' = 
AB. 

Scholium. — Another common tangent may be drawn to the same 
circles. Suppose it done, as A'B', and on it let fall the perpen- 
diculars GB' and OA', and produce OA' to meet GD' drawn parallel 
to A'B', in D'i then A'D' = CB', the angle Z>' fe a right angle, 
and consequently the point D' is in the semicircle described on the 
given line OC, and the line OD' is equal to the sum of the given 

s'lV. 4. t III. IS, fill. !a, eor. 
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radii. In the semicircle described on C apply OD' = the sum of 
tlie given al jo OD d aw UB' parallel to OD', and join A'B', 
and it will be a n tang nt, as is evident from the preceding 
demonstra n Tie lengtl f A'B'= OD' ='^'00' — 0D". 

Bemark AB alt d the xternal oommoQ tangent, and A'B' 

the inter I omn n an t 



pEOBLEM XIT. — On a given line to describe two semicircles 
tonching each other such that their commoQ tungeat may be of a 
j^iven length. 




the line AB, 
and the length 
of the common 
tangent IL, to 
describe the 



ATE 

Ielb. 



and 



.^)ia(_V ■■*'"■— Suppose AIE and ELB to be the required semicircles 
described on the giveo liae AB, G and F, their respective centres, 
and IL their common tangent, /and L being the points of contact. 
Since 6E==:GA, and EF=FB, we have GF=^AB. On OF 
describe a semicircle, draw the radii GI and FL, which will be 
perpendicular to IL, and therefore parallel, and join F and H, the 
point where GI intersects the semicircle on GF. Now, since the 
angle GHF is a right angle, being in a semicircle, SF is parallel 
and hence equal to IL, and HI^FL, and GH is the difference 
between the two radii of the required semicircles. Whence this 

Construction. — Bisect the given line AB in 0, on AG describe a 
Bemicircle, in which apply ^Z> = the given length of the comnir.n 
tangent, join CD, and make CE= CD. On AE and EB describe 
Bemicireles of which the centres are G and F, and on G.F describe 
a semicircle of which the centre is 0. Draw .F.H" parallel to AD, 
draw GUI, and draw FL parallel to it, and join IL, and it is done. 

Demonstration. — By last problem, IL is a common tangent to the 
two semicircles, and equal to SF. Because A0= 0F,^ea.ch being 
half of AB, and FH is parallel to AD by construction, the triangles 
ADO and FUG are equal, and we have AD = FH=^TL; also, 
GH=^ GD =^ OE. Now, since GE = GI and CE --= GH, we ha-e 
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GG = 



^EF=^FL, and GE — EF=GI—FL. Hence FL = 
HI, and OH is, the difference between the radii G/and FXi, and is 
= J the difference of the diameters AE and EB. 

CalciilaHon.^GE=GH^CD = \'AG'—AD'r=:^\/AC'—IL'; 
then AE = AG + CE, a.nd FR = AG — GE. 

Scholium 1. — If the 

gent is juit half the 
given line AB, the 
semicircles will be 
tqual. This is its 
superior limit. 

Scholium 2, — The 
common tang'ent IL 
touches the semicircle 
GHF at F, the middle point of IL. If OP be joined, it will be 
perpendicular to IL, and equal to half GI+ FL = 00 or 0F= 
\AB; also, GE= GF, OG=EF, and OG=OF. 

Pkoblem XV. — Of two circles which touch each other externally 
are given the radius of one, and the length of their common tangent, 
to determine the radius of the other. 





[■the radius AB, and the 
' length of the common 
) tangent BG, to find the 
L radius £(7. 



Analysis. — Suppose the figure constructed as above, AB the given 
radius, and EG the required radius. Produce the radius EC, 
making ED = EA, and join AD, intersecting BG in G, and join 
F G. Then, since ED =EAanAEC = EF, wc have CD = AF= 
AB. By similar triangles DOO and ABO, bukc CD -^-AB, we 
have CGr:^GB, and DG=QA, and EG perpendicular to DA. 



Wher 



3 this 



Gonsti-ucHon. — Draw 7?f7 equal the giv< 



L tangent, and 
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draw BA and DC perpendicular to BG, on opposite sides, and each 
equal to tlie given radius. Join DA, intersecting BG \a Q; tlien, 
evidently, by similar triangles DGG and ABG, GG=GB and DG 
= GA. Draw QE perpendicular to DA, meeting DC, produced, 
in E ; draw EFA, and with the centres E and A and radii EC and 
AB, respectively, describe circles, and they will touch each other at 
die point F, and also touch the lino BC at the points B and G. 

Devionstraiion. — BC is the common tangent by construction, and 
it only remains to prove tbat tbe circles are tangent to each other ; 
that is, that AE=AB + GE. Since GE is perpendicular to AD 
at its middle point O. we have EA = ED=^GD+ CE = AB + 
6'£ = the sum of the radii. Hence (III. 13*} the circles touch 
each other externally. Q. E. D. 

Calculation.— DG = '<^ CD^ + CG'; then, by similar triangles 
DGC &aA DEC. we \i&v& DG:DQ::DG: DE'-^EA, and DE — 
DC^EC^EF. 

Limit. — The common tangent can be taken any lengili. 

Scholium. — When two circles touch each other externally, half 
the common tangent is a mean proportional between the radii; that 
is, in the figure, EC: CG or GB:: CG: AB. 



Problem XVI. — Given, the radii of two concentric circles, to find 
the radius of a circle which shall touch one of these circles externally 
and have a common tangent of a given length with the other. 




Given -^ 



j- the radii AB and AI, and 
tlie length of the common 
igent BG, to find the 



U'adius EC. 



Analysis. — Suppose the figure constructed as above. Produce 
EC, mafving Ci? = ^7, join AD and AE, and let fall the perpen 
dicular EG; then EDr=EA, DO=OA, and BC. perpendicular 
to the radii EC and AB at their extremities, is the given Common 
tangent. Whence this 

Construction.— ^it\i the given radii AB and Al having described 
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the concentric circles, draw BC perpendic 



the giv 



^]gth of the 



i) Alii, and equal to 




L tangent. Draw CD perpendicular 
to OB and equal to AJ. Join AD; 
bisectitin G; and draw Gi^perpen- 
dicular to DA, iDeetin^ DC, pro- 
duced.ini;; anddraw^J'J. With 
centre E and radius EG describe 
a circle, and it will touch one of 
the given circles at F, and have 
the common taiig-ent BC with the 
other circle of the given length. 

Demonstration, — BC is evi- 
dently the common tangent to the 
circles AB and EO, and it was made the given length by construc- 
tion. Since 6E is perpendicular to DA at its middle point O, we 
h&\e EA = ED = EG -\- GD — EG-^AI=t\\Q sum of the radii. 
Hence (III. 13*) the circles touch each other at F. Q. E. D. 

Calculation. — Through D, parallel to GB, draw a line to meet 
AI, produced, in P; then BP^CB, and AP = AB + GD== 
AB-i-AI; also, AD ^'*/~AP'' + DP', and Da = ^AD. By 
similar triangles ^PA -D^-E, we have AP: PD : : DG : DE ; that 
is, AI+AB:BG::^AD:DE; then DE~ CD = DE — AI =^ 
EG^EF. 

Scholium. — It AB=^AI, it reduces to tho preceding problem. If 
GA and Dl be joined, they will be purailel. 

PitOBLEM XVII. — Of two circles which intersect each other there 
are given the radius of one, their common chord, and their common 
tan£;eiit, to deter 




the radius DB or 
DH, the common 
chord £f, and the 
common tangent 
GH, to find the 
radius Cffor GE. 



Analysis. — Suppose the problem constructed, D being the centre 
of the given circle, and G the centre of the required circle. From 
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the extremities of the common tangent GH, draw OG, GE, and 
GF; 3D, SE. and HF; and produce the commoa chord EF to 
meet the common tangent in /,- theo (IV. 30*) IE' — Jfi X IF= 
18^; hence 13= IG, and the common chord, produced, bisects the 
comitwn tangent. Whence this 

Construction. — In the given circle, whose centre is D, apply the 
given chord EF, through the middle point P of which draw the 
diameter SDL. Draw FO perpendicular to FE, or parallel to LB, 
and equal to half the leogth of the given coiumon tangent. Join FO, 
and produce EF until PI = PO, and apply IH=FO, half the 
given common tangent. Produce EI, making IG^^JH; draw QG 
parallel to D3, meeting BDL, produced, in G; and draw GE, GG, 
GE, and GF; ED, HE, and HF; and with centre G and radius 
CG, describe the circle AGFE. and it will be the one required. 

Demonstration.— IE y. IF=(IP + PF) X (IP~PF) = IP'— 
PF'^OP'—PF^^FO^=IE' = IG\ Hence (IV. 301) IG is 
a tangent to the circle GFE passing through i^and E, and Zffis a 
tangent to the circle EFE passing through the same points; con- 
sequently, GHis a common tangent to both circles, and it is of the 
given length. Q. E. D. 

Galculaiion.—Dva.w ZTparallel to ED or GC; then, since GI= 
IE by construction, we have GT= TD and IT=^{DE+ GH). 
Now, PI^ PO^"^ FC + FF', and PD = V DE'—EP^. Join 
ID; then in the rightangled triangle IHD, Case 3, find angle IDE; 
and iu triangle IDF, Case 3, find angle IDP. Their sum = angle 
FD3=PTL Then, iu triangle PTI, Case 1, find IT^^ED-^- 
^ OG. Whence we have (?(? = 2 IT— HD. 

• ni. 3B. i" in. B6. 
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Peoblem XVIII.-— From one extremity of the diameter of a given 
semicircle, to draw a right liue aucb tJiat the part intercepted betweea 
tbe circumference and a, tangent at tbe other extremity shall be of 
a given length. 




rtho diameter AB of the semi- 
■J circle ADH. and the intercepted 
(distance Z)C of the lino ADC. 



Analysis. — Let ADB represent the given semicircle, BHa. tangent, 
and DC the given intercepted distance. Join BD; tlien the triangles 
ABC and ABB are similar, and we have (IV. 18*) AO:AB:: 
AB-.AD. Wiience this 

Construction. — On the tangent BH\&y BI= the given intercepted 
line, and on BI describe a seraicii'cle of which E is the centre. Draw 
the line AFEG, and to B^ apply AG^AQ, entting the semicircle 
in D; then AD will equal AF, and DG = FGr=BI. 

Demonstration. — By similar triangles and IV. 30, f we have AC: 
AB::AB: AD, find AO(AC): AB:: AB: AF; hence AD=AF; 
and wehiwe DC^AC—AD = AO — AF=FG==BI. Q. E. D. . 

Calculation.— A E ='■/ AB' + BE'; then AQ = AE + EB = 
AG, and AF=AE — EF=AD. Also, BC^\''aC' — AB\ 

Limit. — DC may he of any length, 

* VI. i. f III. 3e. 



Hosted byGOOgIC 




THE CIRCLE. 115 

Problem XIX. — Having a circle given, it is required to inscribe 
in it an equilateral triangle, and also to u ir u a qi scribe an equilateral 
triangle about the circle. 



("the diameter DH^'-IE, or the radius 



Analysis. — Let EDFH represent tlie given circle, of whicli the 
centre is I, EDF the inscribed triangle, and ABO the c ire noi scribed 
triangle. Join CD, which will he perpendicular to AB ; and, since 
AB is a tangent to the circle at D, CD will pass tbrough the centre 
I, and throagii G and H, the middle points of the chord EF and 
of the arc EHF, respectively. Also, since A G and BG are tangents 
to the circle at the points E and F, respectively, a circle described 
about ^ as a centre, with the radius HI, will pass through the 
points E, G, and F. Whence this 

Gonslruction. — Having the circle, perpendicular to its diameter 
DIE draw an indefinite line ADB. With the centre Hand radius 
^7 describe the circle FIE, meeting DH, produced, in C. Join GE 
and CF, and produce them to meet the perpendicular through D, in 
A and B. Also join EF, ED, and DF; then DDF will be the 
inscribed triangle, and ABO the circumscribed one, required, as is 
evident from the analysis and V. 4.* 

Calculation. — CD is evidently equal to 3 i?, and DG^^^ GO ^^ 

^,and/>G' = ™ Now, in triangle DGF, DG' = DF'- — FG' 

= DF^ — (^ DFf = DF' — ^ DF^ = f DF\ Hence | DF' ^ 

l-^. Whence DF' = 3 M\ or DF= Rs/'d:^ FB. Also, AB = 

BC^2BF=^DF=^Ii'./^- 

Corollary. — The side AB being equal to twice EF, the area of 
the circumscribed triangle ABC will bo four times the area of the 
inscribed triangle DFB. The four partial equilateral triangles com- 
posing ABC are all equal, and each one-fourth the arfea of ABC; 
and each of the twelve sides of these four triangles is equal to half 
of each side of the triangle ABC. 
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Problem XX. — Giveii, tlie lenjfths of two chords cutting each 
other at right augles iu a circle, and the distance of their point of 
intersection from the centre of the circle, to determine the radius of 
the circle. 



the lengths of the chords AFB, 
EFD, the aDgle at F a right angle, 
and the distance FG, C being the 
l- centre of the circle. 



Atialnsis. — Suppose J 7? 7?E to bo the circle constructed as required. 
Then (lY. 28, cor.*) AFx FB = FFx FD. Bisect the given 
chords Ali and DE by the perpendiculars CM and CG, which will 
be parallel to DE and AB respectively. Then AFy. FB=^ {AM + 
MF) X {AM—MF)^AM'' — MF^. Also, EFy. FD=^{EG + 
OF) y. (EG — GF) = EG'~ GF\ Hence w^ hs.v^ AM'' ~ MF' 
= EG' — GF\ or AM"- — EG' ^ MF' — GF^ = MF'' — OM'. 
Whence this 

Gonxtruction. — Draw GF^^he given distance from the centre to 
the intersection of the chords, and on it describe a semicircle. Prom 
G and J" as centres, with radii equal to half tbe given chords DE 
and AB respectively, describe arcs intersecting in H. Join OZTand 
HF, and draw ^Jf J perpendicular to GF. Join CJf and FM, and 
produce FM both ways, making MB and MA each equal to FH, 
half tbe given chord AB ; then ^if ;^ the given length. With 
the centre G and radius equal to CA or CB describe a circle, and 
through F, parallel to CM, draw a line to meet the eircnmference in 
D and E; then DE wiil equal 2 <7^:^the given length. 

Demonstration. — Draw CG parallel to AB. The angle GMF, 
being in a semicircle, is a right angle, and bence all the angles in 
tbe parallelogram CMFG are right angles, and GG is perpendicular 
to DE, and bisects it. Now, by the analysis, we have EG' — GF^ 
= AM' — MF\ or AM' — EG' = MF'—GF''=MF'—C3P = 
{Prob. 36; eor., in "Triangles," etc.) FI' — 1C'^J'H''—GH' = 
AM'—GB'; hence EG^= CH", &a(i EG = CH, aadDE^2EG 
:=2 CZT =^ the given length. 

Calculation.— We have MF' + CM' = CF', and MF'— CM* = 
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(MF^ — FG') = AM' — EG^ by analysis. Their stim gives 2 MF' 
= OF- + AM- -.kg; o, *i. = ^|i^+^*f=™!=C(?. 
Tbeir difference gives 2 CM'= CF^— AM' + EG\ or GM^ 



-=FG; ' 



) IJF, FD, and AF, FB are 



kiiowD. Also, radius GE = V GG' + EG\ 

PaoBLEM XXI. — Given, tbe three distances from a point either 
■within or without a circle to the three nearest extremities of two 
diameters which intersect each other at right angles, to fiod the 
diameter of the circle. (See Problems XL. and XLI., "Triangles," 
etc.) 

Fig. 1. Fw. 2. 




Anali/iiiii. — Suijpoae .dC and BE {referring to either figure) to be 
tiie two diameters crossing each other at right angles at the centre 
0, and that we have the distances PA, PB, and PG given. Join 
the points AB, BO, GE, and EA, and ABGE will be a square, and 
ABG &a isosceles triangle, having the angle jJ.B (7 included between 
the equal sides given, and also tbe three distances from the point P, 
PA,PB, and PO, to the three angular points, to construct the triangle 
and find the sides, which is done in Problem XL. of "Triangles, 
Quadrilaterals, and Parallels." Then AG will be the diameter 
required. Complete the square ABGE, and describe the circle with 
the radius GA or OG. The same letters used in Probtem XL. apply 
to these figures in the construction, demonstration, etc. 

Property of the circle. — If from any point within or without a 
circle lines be drawn to the extremities of diameters of \^e circle, 
the sum of the squares of the two lines drawn to the extremities of 
one diameter, will be equal to the sum of the squares of the two 
lines drawn to the extremities of any olher diameter. 



Hosted byGOOgIC 



118 OBOMETRICAL ANALYSIS. 

Demcmstration. — Join PE and PO (Fig. 1); then (Id either 
figure) (lY. 14«) P^' + PC' zz. 3 PO' + 2 40' = 2 PO' + 2 OS' = 





PS' + PE^. And if two lines be drawn from P to the extremities 
of any other diameter, they together with such {liameter regarded 
as the base will form a triangle of wliich PO will always he a line 
drawn from the vertex to the middle of the base, and hence the sum 
of the squares of these two lines (IV. 14f) will be equal to twice 
P0' + twice the square of the radius = 2 PO' + 2 04' = P4' + 
AG'. Q. E. D. 



Problbm XXII. — Having given the positions of two lines, and 
of a point between them, it is required to describe a circle which 
shall pass through the given point and touch each of the lines given 
in position. 



tiie angles BAG and 
BAI, and the distance 




AP of the point P from 



Analynis. — Suppose G% to be the centre of the required circle 
passing through the given point P, and touching the lines AB and 
AG given in position in the points if and Q respectively. Through 
the centre G draw the Hue AOL indefinitely,- then (III. Prob. 15§) 
AL bisects the given angle BAG. Join GP, let..fali the perpen- 



X The student 



til. A. 
lirclc, but he shoald e< 
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dicular GH, and through tbe given point P draw ED parallel to 
GH, and draw ^ J' parallel to GP. Then, by parallel lines, we hare 
AG:GH::AE:ED, aud AG: GP {GH): xAE: EF; wherefore 
EF^ED; and we have this 

GonstrucHon. — Through the given point P draw ED perpendicu- 
lar to AB, the line AEL bisecting the given angle BAG. Apply 
EF^ED; draw PG parallel to EF; let fall the perpendicular 
GH; and with the centre G and radius GS describe the circle HQ, 
which will pass through the given point P and touch the lines AB 
and A 0. 

Demonsiralion. — By the principles and reasoning in the analysis, 
GP^^GH, and hence the circle passes through P, anij by III. 
Prob. 15* it touches AB and -dC. Q. E. D. 

GalcitlaHon.—ln triangle APD. Case 1, find AB. Then, in 
triangle ADE, Case 1, 6nd AE and ED = EF. Now, angle EAF 
= ^BAG—BAL In triangle AEF, Case 2, find AF, which has 
two values. Taking the less value of AF, we have AF: FE (ED) : r 
AP: GP, the radius of the greater circle. And taking the greater 
value of AF, we have AF: FE (ED) ::AP: GP, the radius of the 
less circle. 

Limit. — If P coincide with D, G will coincide with E, ED will 
be the required radius, and there will be but one circle. 
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Problem XXIII. — Hav ngg ven the pos tioDS of two right lines, 
and also a circle wh se centre s 1 etwpen them is given in position 
and magnitude, it ia requ led to lose Vie aaother circle which shall 
touch each of the sa d 1 nes an 1 al o the g ven circle. 
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^. (the angles BAG and BAP, the perpendicular DP, and 
" tradius PJlf of the circle ML1<!. 

Analysis. — Suppose G* to be the centre of the required circle, 
touching the lines AB and ^ C in the points H and Q, and the given 
circle, whose centre is P, in L. Through the centre Q draw the 
line AGE indefinitely, and (III. Prob. 15t)thc line AGB, will bisect 
the given angle BAO. Draw GLP ; let fall on AB the perpendicular 
QH; through P draw EPB parallel to QH, and draw SF parallel 
to GP. Also, produce ED, making Z)0 = the radius PM, and 
through 0, parallel to AB, draw a line, meeting BA, produced, in 
W, and GH. produced, in K; then GK=^ GIT+ HK= GL + PM 
or PL = GP. Also, bj parallel lines, WG : GK: : WE : EO, and 
WO: GP(GE):: WE:EF; hence EF=EO; and we have this 

GonBtrudion.—Tit&w Alt bisecting the given angle BA G ; through 
the centre P of the given circle draw EPD perpendicular to AB, 
and produce it, making DO^^PM. Through 0, parallel to AB, 
draw a line WT, meeting RA, produced, in W. Through P draw 
WPI, to which apply EF=EO. Draw PG parallel to EF; let 
fall the perpendicular GHK; and with the centre G and radius GH 
describe the circle SQL, which will he the one required. 

Demonatration. — By parallel lines, since EF^EO by construc- 
tion, we have GP=GK^ Gff+ HK=GH+ PL=GL + PL. 
Hence the circles touch externally at the point L. And by III. 

* The Btudant may give attention to either of tho roqaired oiroles, but he ahoald 
oonflue it to one at a time. The analysis, demonstratiun, etc. apply to both oiroles 
{Ql-B) alike, taken separately. 

t IV. 4. 
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Prob. 1 5* HQL touches the liaes AB and A G, the angle BA C being 
bisected by the line AR. Q. B. D. 

GalculaMon.—la the triangle PAD, Case 1, find AD. Then, in 
the triangle AUD, Case 1, find AE and BB ; then EO = ED + 
BM; also, PO = BD + PM. By similar triangles ^D^, EOW, 
we have ED:EO:: AD: WO, and ED-.EO:: AE : WE. In tri- 
angle PWO, Case 3, find angle BWO and side W/",- then angle 
BWF=EW0~PW0 = {1. 20,'cor. 3f) EAB~^FWO. In tri- 
an^le .SIW^, Case 2, find TFJ', which will have two values. Taking 
the less value of WE, we i>ave, by parallel lines, WF: WB::EF 
(EO) ; BO, from which take BL or Pif, and we have GL = GH, 
the radius of the greater circle HLQ, the point Q being on the line 
AG. Also, taking the greater value of RT, we bave WF: WP:: 
EF{EO):PG; then GL= 0B— BL= GB — BM=the radius 
of the tess required circle IILQ. 

Problem XXIT. — To divide the are of a given semicircle into 
two segments such that the radius shall be a mean proportional 
between the chords of the segments. 

(the radius CA. or GB of the semicircle 
iveu \ ADB, to find the point D so that we 
( shall have AD:AG::CB: BD. 

Analysis. — Suppose the figure constructed as above. Draw DE 
parallel to AB to meet the perpendicular BE at E ; then the angles 
DAB and DBE, being each the complement of DBA, are equal, and 
the triangles DAB and DBE are consequently similai-, and we have 
AB:ADi:BD: BE. Whence this 

Construction. — Having the semicircle described on the diameter 
AGB, since, in the above proportion, the first term AB is twice the 
radius, we must erect the peipendicular BE^halfXh^ radius, draw 
ED parallel to AB, and joiu AD and DB, and tbey will be the 
chords of the required segments. 

Demonstration. — In similar triangles DAB and DBE, we have 
AB {% BG): AD :: BD: BE {^ BG). Hence AD y<. DB = 2 BC y. 
^BG^BC^^AC y. BC. Wherefore wo have AD:AO::BO: 
BD. Q. E. D. 

Calmdaiion. — Join CD, and on AB let fall the perpendicular DF; 
then CE = v' CD' — DF' = V GD^ — (^ GDf ^ VXf^JJ* = 
" IV. i. 1 1- SB. 
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i CO V 3. Also AF= A0-{- CF, and BF= A G— CF; then we 
liiivy AD ■= "^ AF^ -^ DF^, and BD ^ V BF' + b¥\ 



Problem XXT. — Through two given points to describe a circle 
which shall touch another circle given in position and magnitude. 




Given, the points 
A and Q, tbe 
angle QAB, the 
distance AB, 
and the radius 
BL or BT, to 
describe the cir- 
cle AQT. 



Analysis. — Suppose AQT to be the required circle, of which C is 
the centre, touching the given circle BL \a T. Through the centre 
G draw BOS perpendicular to AQ, and draw CA and GTB. Then 
on the base AB we have to construct a triangle ABC, whose vertex 
G sball be in the line BOS, and the difference of whose sides BG 
and GA shall be equal to the radius BL, which is done by Problem 
YIII. in "Analysis by Algebra." 

Galculaiion. — See calculation in Problem Till. "Analysis by 
Algebra." By construction, QAB:BL::BL:DH; then AH= 
AD — DH; also HI=^ BL by construction. Draw ENM parallel 
to HI; then FJf^ITL Also draw ^^ perpendicular to jIB,- then 
angle MEK= OAK^ihe complement of the given angle QAB. 

Now, 1. In triangle BNF, Case 1, find EF; and in triangle 
EME, having EM=AH, find EM, Case I. 

% In triangle AOK, Gaso 1, find AE; then EH=AM=AK~ 
EM. 

3. In triangle AHE, Case 3, find angle HAE = AEM; then 
angle AEF=AEM+ MEE= GEF. 

4. In triangle EGF, Case % having FG^AB, find angle FGE 
= CAE ; then angle OAF = CAE + HAE, and angle OAC=^ 
GAB— CAP. In triangle GAG, Case 1, find AC=OT=X\ie 
required radius. 
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Problem XXVI. — From two given poiate without a circle which 
is given in position aud magnitude, it is required to draw two lines 
to meet in the circumference of the given circle such that the angle 
formed by these lines at the circumference shall be the greatest 



("the same things as in the last problem (sec figure to 
Given-] Problem XXV.), to draw the Hues ^2" and Ql'such 
i. that the angle A TQ shall be the greatest possible. 

Analysis. — Join A T and QT, T being the point in which the 
circle AQT touches the circle LT, in the figure on the opposite 
page^ then ATQ is the angle required. 

Bemonslration. — In the circumference of the given circle LT, 
take any other point, as T', and draw A T and Qf. One of these 
lines must cat the circumference A2'Q in a point, as V. Draw a 
line from Fto the other extremity of the base, as VA; then (III. 
18, cor. 1*) the angle ATQ = ArQ. But (I. 25, cor. Bf) the angle 
A VQ is greater than ATQ. Hence the angle A TQ is greater than 
AT'Q, and, as 2* is any point in the circumference of the given 
circle, the angle A TQ is the greatest possible angle tiiat can be 
formed by two lines drawn from the points A and Q to meet in the 
circumference of the given circle LTT'. Wherefore, as in the last 
problem, wo must describe a circle to pass through the points A and 
Q, and touch the given circle ia the point T, and draw the lines A T 
and QT, wbich will be the liaes required. 

Feoblem XXVII. — Having given the chord and tangent of a 
circle, to determine the radius. 



/■the chord AD, and the tangent 
Given ^ AS, to find the radins AC of the 

(arc AGD. 



Analysis. — Let AD be the chord and AB the tangent of the arc 
AGD, and ODB the secant. Complete the semicircle ADE; join 
DE; and oa BG let fall the perpendicular AF; then' {IV. SSJ) 
angle BAF^BCA=DOA ='iDEA = (\\l. 2\%)%DAlS; hence 

* III. 21. f 1. 16. t IV. a, g III. 32, 
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iDgle BAF. 'Wherefore, in the rig:ht-angled triangls 
BFA, we have given the hypothenuae 
AB, and the line AD bisecting the acute 
angle BAF, to determine the triangle 
BFA by Problem XII. io "Analysis by 

Then draw AG perpendicular to AB 
to meet BF, prodnced, in 0, and ^C will 
* be the required radius. 
Calculation. — After finding BF and BJ, as in the problem 
referred to, we have BF: FA:: BA t AG ^the radius required. 




Problem XXVIII. — Having given the angle formed by two lines, 
the length of a line bisecting this angle, and the radius of a circle 
whose centre is the remote extremity of this bisecting line, to draw 
a tangent to the circle such that the part intercepted between the 
two lines, whoso inclination to each other is given, may be of a 
given length. 

I'lO. 1. 





r the angle BA C, the line A0= 

J A'O', the radius OF, and the 

^1 length of the tangent BE, in- 

l terceptedbctween Jflandvl6'. 



.^)i a Zt/sis.— Suppose the problem constructed as in figure 1. About 
the triangle ABE describe the circle AIEOB. Through draw 
BC parallel to BE, and through Q, where the circumference cuts 
AO, draw HGBI perpendiculaf to BG or BE; then 01 is the 
diameter of AIEGI); BP^PE, arc DG=GE, and 00 x GA 
^HG-X Gl Whence this 

Connlriiction. — On the given tangent BE (III. Prob. 16*) 
describe a circle such that the segment DAE shall contain the given 
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ang^le. Bisect DS by the diameter IPG, which produce until PH~- 
the given radius. Draw BHO parallel to DE. On A'O' (Pig. 2), 
equal to the given line AO, describe a semicircle of which Mis thf 
centre; draw the radius JW perpendicular to A'O'; lay ifjV a mean 
proportional between H& aud GI. Draw ^X parallel to A'O', and 
£"(?' parallel to MJ; then A' 6' x G' 0' = G'S^ = MN' = HG x 
GI. Apply G'O' from G to in BG, and produce OG to meet the 
circumference in A. Draw ADB, AEC ; let fall the perpendicular 
OF on DE, and with centre O and radius OF describe the circle 
0,FL,ta which the lioe BFE will be tangent. 

DemonstraUon. — It remains to show only that AG = A'G'. Join 
AI; then, in similar triangles QAI and GHO, GH: G0::GA: GI; 
hence GO X GA (or G'O' X GA) = GIx GH= (by construction) 
{?' 0' X G'A'. Hence GA ^ iSM' and OA = O'A'. 

Calculation.— 0H= V OG'—Gn^ ^ FF. By similar triangles 
GRO and O/'i?, GH: GOi; OF: OR, and GH: HO : : OF : FR. 
Whence fiP, ^JS, J? it, and AR become known ; and by similar 
trianglea,£0, 0(7, and BG also. Then in triangles ABG and AGO 
wo have, Case 2, ^S and AO ; and thence, by similar triangles, we 
have AD and AE. 

Scholium. — If the point comes between DE and the arc DGE, 
we must produce A'O' to G" (IV. Prob. 4*} so that tlie reciangle 
A'G'' y. G"0' =^ GH X HI^MN', and proceed in every other 
respect as already directed. (See Problem XXXII. of " The 
Circle") 
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Problem XXIX. ^Prom a given point witliin a given Bemicircle, 
it is required to draw a ]ine to a point in the diameter of the semi- 
circle such that that line may be equal to the ordinate of the semi- 
eii'cle at the point at which the line meets it. 



{the semicircle AHB, of which li 
is the centre, and the point G, to 
draw GD such that CD shall be 
equal to the ordinate DIL 



Analysis. — Since .i4B and the point Care given, the triangle J!(? if 
is given. About AGB describe a circle of which the centre is 0, 
and suppose GD drawn so that GD=:Dff; tlicn GD' = DJP=i 
(by the property of the semicircle) AD x DB ; so that this problem 
resolves into Problem L. of " Triangles, Quadrilaterals, and Paral- 
lels," and the construction, demonstration, and calculation are the 
same as in that problem. 

Then at D and D' erect the perpendiculars, or draw the ordinates 
TJif and D'M' , which will be equal Xa DC and D' G respectively, as 
is evident from the demonstration of that problem. 

Scholium. — If it were desired that GD should have to DH any 
given ratio, as m to n, then produce CB, so that CB : BE -.-.m} -.n' 
(IV. Prob. 11*); draw SJ" J' parallel to AB; then draw CDF and 
GD'F', and CD or CD' will be the Hue required. 

For, since m' -.n'':: CB: BE ::CD: DF, we have D F= ~ ■ CD. 

Now, DH'= AD X DB= CD x DF=^-- GD\ Hence DII = 

— ■CD; that is, m;M:: CD: DR. In the same way m:n:: CD' : 
D'lF. Q. E. D. 

» See ProblBm XXXIII. of " The Circle." 
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Theorem and Problem XXX. (Proposed by Francis Miller.) 
— If from any point, either witliin or without a circle, lines be drawn 
to the extremities of diameters to the circle, the sum of the squares of 
the two lines drawn to the extremities of one diameter will be equal 
to the sum of the squares of the two lines drawn to the extremities 
of any other diameter. And having given three of these lines (and 
consequently the fourth) drawn from the given point to the extremities 
of two diameters making a given angle with each other, it is required 
to find the diameter of the circle. 



{the diameters AB and CD, 
and F any point, to prove 
that P^' + .P-B' = i'C" + 
PD'; and then, having P-4, 
P5, and PC given, to llnd 
L the diameter AB. 



Demonstration of the Tlteorem. — Join PO; then, in each of the 
three figures, we have PA' + FB' = (IY. U*) 2 PO' + 2 0^'= 
2 PO^ + 2 OD' = PO' + PB\ Q, B, D, Corollary.~PD = 
■s/PA' + PB-' — PU'. 

Analysis of the Problem. (Case 1.) — When the diameters cross 
at right angles (Figure I), draw GE perpendicular and equal to GP, 
and join EB; then, in triangles EGB and PGA, wo have ffC = 
PC. GB=CA,&nA&r\g\eEOB==EGP + PCB = AGB + PCB 
= PGA; hence EB=^PA; and we have this 

Construction. — Draw EG and GP at right angles, aad each equal 
to the shortest of the given lines. With P and E as centres, and 
radii respectively equal to the given lines PB and PA, describe arcs 
iotersecting in B. Join EB, PB, and BG. On BG describe the 
square BGAD; draw the diagonals AGB, GOD; and with centre 
and radius OB or OC, describe the circle £CAD, which will be 
the one required. 

Demonstration.— la the triangles P GA, EGP (I-Sf), PA = EB ; 
and PB and PC were made of the given lengths. Q. E. D. 

Calculation.~:iom EP ; then EP = '>/ PC^ -\- GE' = 2 PC 
In tr\nng\e EPB, Case i, find angle JSPP; then an^gle CPB = 
EPB—i^°. In triangle GPB, Case 3, find BG ; then AS or CD 
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Scholium 1. — When the given point is within the circle, let the 
two arcs described about P and E meet on the offier side of PE, 
as at B'; join li'C, and on H describe the square, the diagonal of 
which will be the diameter required. In the calculation, the angle 
CPB will sometimes equal 45° — SPB. 

Scholium 2. — This problem solves the one for constructing a 
square when the three distances from a given point, either within 
or without the square, are given to the three nearest corners of the 
square. The fourth distaace is then also given. (See Problem XLL, 
"Triangles," etc.) 

Case 2. — When the diameters cross at any angle (which of course 
includes Case IJ. 




the distances PA, 
PB, and PG, and 
the triangle AOG 
any quantity, to 
find the diameter 
{ABqv CD. 




Analysis. — Join OP ; and in OP, or OP produced, take any poiatp. 
Parallel 10^.4,^5,^(7, and PZ), respectively, draw the lines pa, pi*, 

{OA [Qa 
pc, and pd; then, since, by similar triangles, PO:pO:: < ^^ :■{ .-. 

yoD [Od 

we have Oa, Ob, Oc. and Od all equal, and the points a, b, o, d lie in 
the circumference of a circle of which is the centre. Also, by 
similar triangles, we have PA:pa::PB:pb; PC :pc:: PJ):pd; 
PA:pa::PG:pe, etc. Whence this 

Construction. — With centre and any radius, describe the circle 
adbc, and draw the diameters aOh and cOd, making the angle aOo^ 
the given angle. Then, as in Problem XXIV. of "Triangles, 
Quadrilaterals, and Parallels," describe an arc such that two lines 
drawn from a and h to any point in this arc shall have the ratio of 
the two given lines PA and PB. In the same manner describe 
another arc such that two liaes drawn from the points e and d to 
any point in this arc shall have the ratio of the two given lines PO 
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and PD, and let [liese area intersect in a pointy. 3 oia pa, pb, pc, pd, 
and pO- On ap produced, if necessary, lay aH equal to the given 
IcDgth of AP, and parallel to 06 draw EP, meeting Op produced, 
if necessary. Then draw PA, PB, PC, and PD, respectively, 
parallel to pa, pb, pc, and pd, meeting the diameters ab and cd, pro- 
duced, if necessary, in the points A, B, G, and D respectively. With 
centre and radius OA describe a circle, and it will pass through 
the points 0, B, and D, and be the circle required, as is evident 
from the analysis. 

Calculation. — As in Problem XXIV. of "Triangles, Quadri- 
laterals," etc., find tiie lioes ap aod cp; then ap: AP::aO:AO, the 
doable of which is AB or CD, the diameter of the circle required. 

Scholium.. — The two circles or area which intersect at p would 
intersect also in aaother point on the opposite side of ab, showing 
that there are two points that will fulfil the conditions of the problem. 
The construction, demonstration, etc. are the same in both instances. 



Problem XXXI. (To illustrate the mode of "discussiog a prob- 
lem." — (Two circles boiug given in magnitude and position, it is 
required to apply a line which shall have ati extremity in the 
circumference of each circle and be parallel to a given line. 





Given, AB, the 
angle ^5 0, the 
radii AG and 
^.Hiaudtheline 
BD, to apply 
.ffl" parallel and 
equal to BD. 

Analysis. — Suppose the line EF (eilhev figure) applied parallel 
and equal to BD. Join BE and DE; then (I. 30*) BDEF will 
be a parallelogram, and we will have DE = BF=BH. Whence 
this 

Construction. — From D apply DE, DE' to the circumference of 
AG, equal to the radius BU, then apply EFor E'F' equal to the 
given line BD, either of which will be the applied line required, equal 
aod parallel to BD. 

Demonstration. — Join BF, BF", DE and DE', and RA; then, 

since D^ = Bi^and EF^BD by construction, EF Is parallel to 

» L S3. 
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BD (I. 30*), jilso, siHce DE' = BF' and E'F'^BD, E'F' is 
parallel to BD. Q. E. D. 

Calculation. — What is. required is the angle BDE or DEF, and 

the angle BDE' or DE'F'. Join AE a;nd ^i;'; then in triangle 

Fig. I. Flo. 2. 





^S2J, Case 3, find angle ADB, and side ^ii). In triangle ADE, 
Case 4, find angle ADE = ADE'; then angle BDE^ADB — 
ADE, and angle i3^#= 180° — £2?^. Also, angle BDE' = 
ADB + ADE', and angle Z>i"i^ = 180° — BDE'. 

Discussion of the problem. 1. — If the radius BH, applied from 
D, does uot reach the circumference of AG, the problem is impossible, 
as is evident. 

Discussion 3. — Regarding Figure 1, it will be seen that, as BD 
must always be of the length of the given applied line, and DE 
equal to the radius BH, as the applied line is taken shorter and 
shorter, D approaches B. But as D approaches B it gets more 
remote from A, and E and E' approach each other, till the angles 
ADE and ADE' vanish, the points E and E' meet at E", and DE" 
^DE' — DE = £H, in which case the applied line will be a 
minimum, or the shortest line possible, to have an end in the cir- 
cumference of each circle and be parallel to the line BG. 

To obtain this minimum line by con- 
struction, with centre A {Fig. 3} and 
radius AD equal to the sum of the radii 
AG and B3, describe aa arc cutting 
£C in a point D nearer B thau tho 
foot of a perpendicular AO let fall from 
A OQ BG. Draw AED; also draw 
.EJ^'parallel to BG, and join BE; then 
will EF evidently be equal and parallel 
^ to £D, and be the minimum line 

required. To find its length, in triangle ABD, Case 2, find BD ^ 
EF. 

•1.33. 



Fio. 3. 
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JJiscussion 3. — In like manner, regarding Figure 2, <is BD must 
always be of the length of the given applied line, and DE equal to 
tbe radius BS, it will be seen that, aa the applied line is taken longer 
and longer, D recedes from B, AD increases, E and S' approach 
each other, till the angles ADE and ADE' vanish, E and E' meet 
at E", when DE" = DE = DE' = BR, and then the applied Hno 
will be the longest possible, or a maximum. 

To obtain this maximum lino by construction, with centre A 
(Fig, 3) and radius equal to the sum of the two radii AG and BH, 
describe an arc, cutting BC in D', further from B than the foot 
of the perpendicular AO let fall from A on BG. Draw AE'D', and 
draw E'F' parallel to BG. Join BF'.; then will BD'E'E'lte a 
parallelogram, and E'F' will evidently be equal and parallel to BD', 
and be the required maximum line. To determine its length by 
calculation, in triangle ABD', Case 2, find BD' — E'F'. 

Note.— Angle AD'B = 180' — ADB. 

Discussion i. — Through A (Pig. 3), parallel to BG. draw a line 
meeting BF and BF', produced, in I and L respectively; then, 
since AD = AD',B.nA AE = AE',EE'Js parallel to BG. Bnt EF 
is parallel to BG. Hence E'EF is a straight line. Again, since 
BL^ AD' and BF" ^ D'E', we have PL = AE'. In like manner 
BI = AD and BF=ED. Therefore FI= AE = AE' = F'L. 
Hence FF' is parallel to IL or BG. But EF is parallel to BC : 
wherefore the three lines E'E, EF, and FF' are in one and the same 
straight line, parallel to BG. Therefore, the shortest line possible 
(EF), and the longest line possible (E'F'), that can be applied 
between the circles, parallel to a line given in length and position, 
are in the same straight line, the minimum (EF) being part of the 
maximum (E'F'). 

Discussion 5. — In ease of the minimum and maximum lines EF 
and E'F' (Fig. 3), the angle EAG = HBF, and arc EG is similar 
to arc HF. Also, the angle S'J(? ^iffi^, and aren't? is similar 
to arc EF'. Also, ADBI, AEFl, AD'BL, AE'FL are parallel- 
ograms. 

Discussion G. — The maximum angle which the line BC, given in 
position, can make with the line AB, is that made by the interna! 
common tangent to the two given circles, as EPF, E'PF' (Pig. 4). 
For it is evident that a line drawn from any point in the circle BH, 
making with AB an angle greater than BPF or BFF', will not 
meet the circle AG; and that a line drawn from any point in the 
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circle AG, making with AB an angle greater than APE or APE', 
will not meet the circle BH. 

These two lines £i^ aad S'f" sire 
(7 equal; they intersect each other in 

the same point P on AB ; and are 
the only lines which can be applied 
between the circles, making witb 
AB an angle aa great as APE or 
APE'. 

To find these lines by construc- 
tion. — On AB as a diameter describe 
a circle, in which B,pp\y AO &nd AO' 
equal to the swm of the radii AO and PH. Draw BOG, and joia 
BO', parallel to which lines, respectively, draw EEaud E'E', and 
join Si? and BF'; then (Problem XIII. of "The Circle'') ^i^and 
E'F" will be tangents to both circles. 

To find the lengths of these common tangents by calculation. — We 
ha™ EE= E'F' = B0 = VaB' — AO'. 

Corollary. — If BE and BE he produced to meet the circle 
described on AB in /' and /, then FV = AE = AE' =EI, and 
EF is parallel to AP as well as to BO, also E'E' is parallel to AJ 
and to BO'. 

Eiscussion 7. — The minimum angle which the line BC, given in 

position, can make with AB is 0°. In 

■^"'' ^ this case BG (Fig. 5) will coincide with 

BA. and, making BD = the length of the 

given line, and applying DE, DE' each 

equal to BH, and drawing EF^nd E'F 

eaeh parallel to BD, we have the eonstrnu- 

tion just as in Figure 1. 

Cakiilation.—l-a. triangle AED, Case 4, find angle ADE = DEF 

= DE'F = ADE'; then EDB = 180° — ABE = E'DB. 

Liscussion 8. — In Figure 3, when the 
perpendicular J ]&Jusl equal to the sura 
of the radii AG and BR, then D and D' 
coincide at 0, OR {Fig- 3) becomes equal 
to DE or BE, and the maximum and 
minimum lines E'F and EF coincide in 
the common tangent EF, as in Figure 6, 
which makes with ^i? the maximum angle 



Fio. 6. 




APE--=^ABV, 



Disci 
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Phoblem XXXII. — To produce a iioe of a givcD length so that 
the rectangle of the whole line thus produced, and the part produced, 
shall be equal to the square of a given line. (See IV. Prob. 4,*) 



„, (the length of i'2?, to produ( 
Given < ' r 

XthatDAx AD = AB\ 



Analysis. — It is evident that AB is tangent to the civeic whose 
radius GB is half the given line ED, to he produced so that JSA x 
AD = AB\ Whence this 

Gonslruction. — With a radius equal to half the length of the giveu 
line to be produced, describe a circle, as BDE. Draw any radius, as 
GB, perpendicular to which draw the tangeot 5.4;= the given line 
to whose square the rectangle is to he equal. Through A and G 
draw ADGE, the lino required. 

Demomtration.-^^y IV. 30,t EA x AD = AB\ Q. E. D. 

Oalculation.~AG ^"Z AB' + BG"; thou AE = AO+ GB, and 
AD = AG—CB. 

Peoblem XXXIII. — To find a square which shall be to a given 
square in a given ratio, as m to n. (See IV. Prob, 11.) 

the two segments ES and 
FG, to find two lines whose 
squares shall have the same 
ratio as Si-'; FG as m : n. 

Analysis. — Having laid EF and FG, or Jit and n, contiguous on 
the same line EG, on FG describe a semicircle; erect the perpen- 
dicular FH to meet the semicircle in M. Join JIG and SE, and 
produce them indefinitely. Then, drawing KI, parallel to GF, 
anywhere above or below GF, we always have (IV. 11, cor.J) EF: 
FG : : HE' : HG' : : HP : HK' : : HP : HK^ in the given ratio. 

Construction and demonstration are manifest. 

Calculation. — If HK is the side of the given square, then GF: 

FE m n:m:: HK^:HP = - HK\ 

If m\sgiwaa,then EF-.FGo-c m:n:: HP: HE' = ^ IIP. 

^U- n. fill. 3fi. j I. 4T. 
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CONSTRUCTION OF ALGEBRAIC EQUATIONS OP ONE UN- 
KNOWN QUANTITY OF THE FIRST DEGREE, IN WHICH 
EACH LETTER REPEESEN'l'S A RIGHT LINE. 

Note. — In a fraotion, when the svim of the indmes in the numerator exceeds 
the Slim of the indices in the denominator iy one, the fraction will represent 
a line; if by two, it will represent a. xqaare or surfacej if by three, a cube or 

Problem I. — Given, the eqiiiition a;:=a4-&4-c + (?, to find x by 
construction. 



Draw an indefinite line AF, and on it lay the lines a, b, c, and d 
from A to E; then x = AE. 

Limit. — Tbe given lines a, b, c, d, etc. may be of any number. 

Problem II. — Given, the equation a: ^ a + 6 — c + d + e — / — g, 
to find a: by eonsti'nction. 

a b d t 

A\ L-, — i— j 1 T - ■ -■ -J F 

Draw an indefinite line AF, and on it lay all the affirvialice quan- 
tities a, b, d, e successively from A to S, their extremities being 
marked by short lines above the line AF. 

Then, beginning at B, lay all the negative qaantities back from B 
to E, their extremities being marked by short lines helow the line 
AF. Whence we have « = «-}- 6 -f- if -f- e~.{c +f .\-g)~AB^ 
BE = AE. 

lAmit. — The lines <t, b, c, d, e, etc. may be continued to any number. 
When the sum of the negative quantities exceeds the sum of the 
affirmative, E will be on the line to the left of A, and AF will be 
negative, or a minus quantity. 

Problem III. — Given, the equation x=:—, to find a; by con- 
(13*) 
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structioQ. Here, the sum of the indices in the numerator being one 
inore than the sum in the deoominator, the result will be a line. 

Lay the lines represented by the letters, as in the 
annexed figure, AD^d, DF^a, AE=-b. Draw 
BO parallel to AJi, and lay EH^= e, HI= c. Join 
DE, aad draw FG paraJlel to DE. Join EG, and 

draw IL parallel to MG. Then GL will equal -j- = 

X. For we have, by parallel lines, d:a::b:x', and e : 
QL. By multiplying the corresponding t«rms, we havi 



Note. — The figure looks more Bymmetrical when EO is lirnw 
AB, as above, but it may be drawn making any angle with EC. 



-, to find X by construction. 



Problem IV. — Given, the equation 
^ _ a'bcd'efg , 
KHiflmn ' 

Lay the lines represented by the given 
letters, as in the annexed figure, and 
draw the corresponding parallel liucs, 
observing to take the first term, or ante- 
cedent, ia the successive proportions, 
from the denominator, and the conse- 
quenlti from the numerator; and, also, 
that the second consequent or last term 
in each proportion becomes the second 
antecedent or third term, in the next 
proportioQ. 



Then we have the proportions h:a :•. a : x', hence ai 
h:b ::x': x", hence x 




k-.d. 
k:d. 



the corresponding terms of these proportions, and observing that all 
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the tbird terms but the first, and all the fourth terms but the last, 

cancel each other, we have hHkHmn : abcd'efa : : a-.x^r ,,-,^, ^^ ^ 
-^ " hhkHmn 

GE. 

Limits. — The terms may be continued to any number, always 

observiDg that if the sum of the indices in tbe numerator is one 

greater than the sum in tbe denominator, the result will be a line; 

if two greater, a square; if equal, it will be unity; if one less, the 

result will represent unity divided by a line; if two less, unity 

divided by a square, imaginary quantities. 



PAET II. 



OONSTRUOTION OP ALGEBRAIC EQUATIONS OF THE SECOND 
DEGREE. 




Problem V,- 

a^bcd'efgp 



Asii 



the equation 
: by construe- 



last problem, construct the line 

-—7— , and thus obtain OB. Pro- 

hhk'lmn 

duce GE to L, and on GL lay EC = 
p. On ffC describe a semicircle, and 
erect tbe perpendicular EF. Then 
(IV. Prob. 3*) we have EF' ^GE x 
„ a%cd'efgp 

GE ^ P= -^rnr^ = x\ or 

' hhkHmn 

GE = x. 
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f + d' + e' + 




Problem TI. — Given, the equation x^^a' -i- h' 
f -|- g'^ to find a: by construction. 

Draw two lines A B and BCat right angles ; 
m&keAB^a; BG = b; Ci> perpendicular to 
AO = c; DE perpendicular to AD = d; 
EF perpendicular to AE=:e; FG perpen- 
dicular to AF=f; OS perpendicular to 
AO = g,Aa&io'm AH; thea will AShe the 
liae required ;=: a;. For AC' = AB' + BO' ^ 

3=0' 4 b'; AD' = A(P+GD' = a' + b-'+c'; AE' = An' + DE' = 
a' + 6' + c' + d'; AF* = AE' + EF^ = a* + 6' + e" -}- (f + e'; 
AG' = AF' + FG' = a' + b' + c' + d^ + e' +/'; aad^if' = ^(3' 
+ GH' = a' + b' + c'' + d' + e' +/' + g'^^\- whence ic = AH. 

Scholium. — These squares to whose sum x' is to bo equal may be 
of any number. Also, we have AG'^a' + b', and hence AG ^^ 
Va^+b'; AD' = a' + b' + c\ and hence ^2) — V'a' + 6' + eV 
AE'r^a' + &' + (!' +d\ and hence AE ^V a' + b' + '<F+^, etc., 
etc., to any number, greater or less than the number given in the 
problem. 



^' + d'- 



+ 



PaoBLEM VII. — &ivcQ, the equation ^= =; a' -{- 6' 
f — g' -^h', to find X by construction. 

Proceed in the same manner as iti 
Problem VI., and when we come to a 
quantity that is negative (as c') on the 
line (as AG) whose square represents 
the value of all the preceding quantities, 
describe a semicircle, in which apply the 
line whose square is negative (as c); 
join A with this point (as AD), and 
tben proceed as in the last problem. It 
will be observed that producing the line ^ 

applied in the semicircle wiii be erecting' a perpendicular on the iJii'' 
drawn from A to the remote end of the applied line. Thus, CD, 
produced, gives DE perpendicular to AD. Now, we have, as in 
last problem, AO^ = AB' + BC' = a' + b'; AD'=AG'~GD'= 
a' + 6'_eV AE'' = AD^ + DE'' = a' + b' — c' + d'; AF^ = AE' 
— EF'^ = a^ •\-b' — c' + (f — e', etc., etc.; and, finally, we have 
.47= = B= + 6= — c^ + (f' — e' +/■' — ff' + A' =; x'; whence x=AI. 

Scholium. — The squares to whose collected value x' is to be equal 
may be of any uumber. 
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Problem Till.— Giveo, tbe equations x'' -\- ax=^b', aud a:' ax 

=^b^, to find the value of x in each. 

Construction. — Draw two lines AB 
and BD at right angles, and make 
AB = a and BD = b. On AB degcribe 
a circle wliuse centre is C, and draw 
the secant line DEGF; then EF = 
AB=a; and, in the equation x' -{- 
ax^^b^, DE:==^x; while in the equa- 
tion x' — ax^ fi', DF^ X. 

Demonstration.— BE x DF=DB'. 

(IV. 30*}. Sow, if DE =x, DF^ 

x-\-a, and DE x DF= xy.{x-\-a) 

T=x' + ax = DB' = 6'. Also, if DF 

= ar, DE = x — a, and DE X. DF= 

ex (x — a)^x' — ax=^DB'' = b\ 

Limit. — The given lines a and b may be of any length whatever. 

Examples. — 1. Construct the equation a;' -|- ]3.r = 8', and find 





ured from tbe scab 

2. Construct the equation 
from the scale. 

3. Construct the equation a:' -[- 21a:::=I0', 
from the scale. 

i. Construct the equation x^ — Slar -^ 
measured from the scale. 



8^ and find a; := 16, measure* 



TROiiLEM IX. — Given, the equation x'^ — 031 = — 6^ or ax — a:° = 
i', to find the two values of x. 

Construction. — Draw two lines AB and BD at 
right angles, making AB ^a, and BD ^b ; and on 
AB describe a semicircle of which G is the centre. 
Parallel to AB draw DG, meeting the circumference 
in E, and let fall the perpendicular EF on the 
diameter AB ; tlen EF^BD = b, and either BF 
or AF=x. 

Demonstration.Sj IV. 23, cor.,t AF x FB = FH' = BD' = b'. 
Kow, if either BF or AF ia x, the other will be =tt — a-, and we 
always have ^^x FB^^x x {a — x)^ax — i.-'-^ft-. In an equa- 
tion of the form ax^3:''=^b\ there are always two positive values 



of 3 



*■ III. 3B. 



t VI. 8, o< 
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Limit. — BD must always be fess tbsin the radius BC ; that is, 
b must be less than ^ a. 

Examples. — 1, Construct tbe equation a? — 20^:^. — 8', or 20j; 
— a;' = 8", add (iad x = i or 16. 

2. ConstruKt the equation x'' — 393;^^ — 10^, or 29ie — x'^W, 
and find 37^4 or 35. 

Problem X.— Given, the equations x^-\- ax = d, and a;' —ax^ d, 
to find the value of x. 

Case 1. — When d can be divided into j, 

two factors b and o, whose difference is 
less than a, then the equations become 
x'' ~\- ax = be, or a;' — ax^ be. 

Construction. — With a radius equal to 
\ a, describe a circle, the centre of which 
is C, In this circle apply the chord AB 
=^ the difference between 6 and c. Pro- 
duce AB, making the produced part BD 

;= the less factor, then AD = the greater factor. Through C draw 
DEGF; then DE will be the value of x in the equation x' + ax^ 
d = bc, and I>i*'will be the value of x in the equation x' — ax = d 
^bc. 

Demonstration.— ^ov (IV. 3il*) DE % DF^DB % DA —he. 
Now, \? DE=^x, wc have DF^x-{-a. Whence DE y. DF= 
x{x-\-a)=a^-\-ax = bo = d. 

Also, if DF^x, we have DE = x — a, and DE -^ DF = 
(x — a)x = x'' — ax^;bG = d. 

Examples. — 1. Construct the equations a:' + 8a; = 48 = 8 X 6, 
and x' — 8x=iS = S X 6. and find yr^4 and 12. 

2. Construct the equations x^ -^ lOx ^= 24 ^ 6 X 4, and x''—-lQx 
=^24^6 X i, and find x. 

Case 2. — When d cannot be divided into two factors whose 
difference is less than a, then take the square root of a to three 
figures, and, putting this \/d^h, we have d^¥, and the given 
equations become a;'-)- ax^b', and «' — ax=^b^, whence ib is found 
as in Problem VIII. 

Examples. — 1. Construct the equations x^ -\- 6x^1 12, and «' — 
ea;=:112. Now, 112 = 56 X 2 = 28 X 4^16 X T = 14^ 8, and 
the difference of no two factors is less than 6 or a. Hence take 
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V'112=Il).9 = 6; then d= 10.9' = 6'= 112, and we Imve j:' + 6a,- 
= 10.9', and «=— 6a: = 10.9'. 

2. Construct the equatioDs a;=4-10a: = 24, and a:'— 10^ = 24. 
Here ^24=4.90, and the equations become a;' i: 10a;^4.y0', to 
find a; as in Problem VIII. 

Problem XI. — Given, the equation x^ — ax = — d, or ax~~x'' = 
d, to find a;. 

Case 1. — When d can be divided into two factovs 
b and c, whose swm is less than o, then we have a;' 
— (ta; ^ — he, or ax — x''^ be. 

Construction. — With a radius equal to ^ a, and 

centre C, describe a circle, in which apply the chord 

-* D^=the sum of the ^ivon lines b and c. On BH 

lay C^t=to one of those lines, then HF will be equal to the other. 

Through C and .Fdraw the diameter ACFB; then x will be either 

AF or FB. 

Demojiistration. — If either AF or FB is taken as x, the other will 
be a — x. Now {IV. 28, cor.*), we always have AF y. FB — BF 
X FE; that is, x{a — x) = bc, or ax— x'' = bc=d. 

Examples. — 1. Construct the equation i^x — ^=;;^60 = 10 x 6, 
and find a; = 15 or i. 

2. Construct the equation 19a; — a;'^48 = 6 X 8, and Qnd x^ 
16 or 3. 

Case 2. — When d cannot be divided into two factors whose sum 
is less than a. 

Construetion. — Take the square root of d to three figures, and 
put the root ^ 6 ; then \^d = b, or d^ b'. Then x' — ax^^^ — b', 
or ax — x' = b', which construct as in Problem IX. 

Examples. — 1. Construct the equation x' — 23a; = — 112, or 32a; 
_ a;' = 112 = 10.9', and find ic=14 or 8. 

2. Construct the equation 22a; — a;" = 85 = 9.2', and find a;=:17 
or 5. 

Note. — The results of all these numerical eqaatiuns should be yeriCud bj 
Bolving the equations algebraieallj. 

Remark. — The preceding problems under the head of " Construc- 
tion of Algebraic Equations" contain all the forms of equations of 
one unknown quantity of the first and second degrees, which are all 
that can be constructed by Plane Geometry. The resitUs may be 
combined in various ways in a problem. 
» IIL 35. 
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PBOBLEMS 

ILLUSTRATING THE USE OF ALGEBRA 

IN GEOMETRICAL ANALYSIS. 




Problem I. — lu a plane triangle are given the base, the sum of 
the other two sides, and the line drawn from tlie vertex to the middle 
of the base, to determine the triangle. 

the base AB, the sum of 
AG a.Bd CB, and the line 
GB:, H being the middle 
of AB. 

Analysis by algebra. — l^etABC represent the required triangle, 
having AH=HB. Pat b = AH or SB, d=GH, s = ithe sum 
of ^C and OB, and ^ = ^ the difference of AC md GB; then AG 
= s + a?, and GB=is — x. Now (IV. 14*), ^(7+ C£' = 2^fl'' 
-\-^GH'; that is, (s + ar)=4- (s — a;)= = 2&'+ 2(f,- or, by expand- 
ing the two quantities in the first member of the equation, 2s' + Ix' 
= 'ib'-\-M', whence 3;== &= + d' — s',- and we have this 

Gonatruction. — In any straight line take AQ^\he given sum of 
the sides, and ^5 = the given base, and bisect them in the points 
D and H respectively ; then AD ^ s and AH^ b. At H erect the 
perpendicular ML^^d, the given line to bisect the base ; join AL, 
and to a perpendicular at X* apply j4Z=-dZ'; than. DP^: AP — 
AD' = AL-' — AD"- = AH' + HL^ — AD'' = 6' + <f — s= = x'; 
he.ac^x = DL Make DE = DI; then AE = sJt-x, and EG = 
s — X, the two required sides. Prom H &s & centre and a radius 
EL describe an arc LG, to which apply AG=.AE ; join GB and 
CH, and AGB will be the triangle required. 

Demonstration geometrically. — We have to prove onij that B0== 
EG. Now, AE^ + EG'=AD + EE+An — DE' = 2AD' + 
2 DE' = 2 AD' + 2 D7= = 2 AP = 2 AL' = 2 AH' -H 2 HV = 
2 AH^ + 2 CH'=(ir. 14t) AG'+ BG' = AE' + BC'. Hence 
BC' = .EG\ or BG=:EG. Q. E. D. 

• II. A. t !!■ A. 

(141) 
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Calculation.— liycoastruotioii, DE=^DT--=\^ AH' + EL'— AD\ 
^ Theu Ja = AE = ^i) + DE, 

and BG = EG=DG —DE = 
AD — DE. 

Limit. — The sum of the squares 
of AH and CH can never be Jess 
A 11 D E B G ^[jg^jj jjjg square of AD, half the 

eum of the sides. If AH' + Cif = = AD\ then DI== and D S = 0, 
and the sides AG and 5C will be equal, HC will coincide witli HL, 
and ^i will be half the sum of the sides. 

Problem II, — In a plane triangle are given the ratio of the two 
sides, and the segments of the base made by a perpendicular let fall 
from the opposite angle on the base, to determine the triangle. 




the ratio of £0 to ^ C as ui 
to n, and the segments AD 
and DB made by the perpen- 
dicular CD on the base AB. 



•sis by algebra. — Let AGB represent the required triangle, 
having CD perpendicular to AB. Put BD^a, >ii> = 6, Mia; = 
£G, and nx = AC; then BC: AC ■.■.7fuv:na:::m:n; and, since 
BG' — BD'=GD^=AG'—AD\we have £G' — AO^=BD' — 



AD\- 



that i 



~i', whence ; 



"tv^-^ 



= £G, and i 



nV^. 



' v^'i^^:^' 



= AC. 



Whence this 

Construction. — Take DH=n, and apply BG = in; then DG = 
Vm"— fil Apply AE = BD=a; then DE = V^^^\ Draw 
EF parallel to GH. Now, by similar triangles DGH, DEF, DG 

(Vm"_,i=) : GH(m) : : DE (V^T-b') : g.F= "^ f ~ f = the 

value of 5 (7 as found in the analysis ; also DG (Vm' — n') : DH(n) : : 



DE (V'd' — 6') ; DF= 



vVJ 



B value of AC, as found i 
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Apply BC=FJS, and join AC, then ABC will be 
the required triangle. 

De'monstraiion by geometry. — By construction and parallel lines, 
yvahavQEFov BG:FD::GH:nD::m:n; hence we have only to 
proYe that FD = AG. By the analysis, BU' — AC^ = BTP- — AD"" 
= AE' — AD^=I)E^=zEF' — FD' = BC' — FD\ Hence AG^ 
=.FD' and AC = FD. Q. B. D. 

Calculation.— M^ have DG = \^ne—n\ and I)E==Vd' — b'; 
then, by similar triang;les BGH and DFF, we have DGiDE:: 
G il X DE 
DG 
DII X D E 
DG 
Example.— l^ BD = 11, AD=z^, m = GJS=b, n = DH=i, 
tlien J)G = 3, DE = lh, BG=25, and ^(7=20. 

Note. — The same problem can be analyzed gcometricsllj. (3ee Problem 
XSIII. in "Triangles, Quadrilaterals, and Parallels.") 



GH: EF= 



= BG, &ndDGtI)E::Dn':DF or AC = 



Problem III. — It is required to draw a line from one angle of a 
given square so that the part intercepted between the aide and the 
side produced, that meet at the opposite angle, may be of a given 




the square BEFG, and 
the length of the part 
AG oi the line BAG 

1 intercepted between the 
sides EF and GF, pro- 
L ducod, that meet at F. 

-Let BAG represent the required line of 
which the length oi AG is given. Draw GL perpendicular to J C 
to meet BE, produced, in L. and on BL let fall the perpendicular 
CH; then GH=EF=BE, and (IV. 21*) the triangles CHL 
and BAE are similar and equal, having GL = AR z.ndHL^=AE. 
Now, put AG=b,EF=a, EL = x, and GL = y = AB. In 
similar triangles EBA and CBL, we have AB{y):BE{a)::BL 
{a-\ x):BG(h-\-y); wherefore % + y = «' + o^. of 2&y+2/ = 
'la' + lax. Also, BU = BC''+ GL'; that is, (a + xf ^K^ + VY 
+ y\ or a" + 2ax + a^' = 6' + iby + 2y' = (from above) 6= + 2a;c + 
2,a\ From which x' = a' + b\ Whence this 
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Construction. — Oa BG, the side of the given square (produced, 
if necessary), lay S/=the given intercepted line b. Join ET, and 
/ make DL = EI= -^EB' + BV 

= Va" -^V^x. OnSideecribe 
a semicii-cle of which the centre 
is 0, meeting GF, produced, in G. 
Draw BAG; then will AC=B1 
= the given length. 

Demonstration by geometry. — 
Join CL, AL, and OC, and let 
fall on BL the perpendicular Gil; then AC^+ GL" = AL'= AE' 
+ EL' = AE' + EP = AE' + EB' + Br = AB' + BP = GL^ 
+ Br. Taking GL' from the first and last of these equals, we 
have AG'^ BP, otAG = BL Q. B. D. 

Galculation.—'Wiiha.ve,EL=EI=s/EB'-{-Br=\''EB^-^AG\ 
BL=BE+ EL, OC=OL = ^BL, OJJ=\^ OG'— GE\ OL 
— GH=EL = AE, EO^OB — BE^OL-^BE, WC^EH 




= EO^OH, and GG^GF-{-FG, GL = AB = VbE'- 
imii.— The line AG may be taken any length. 



■ AE\ 



Pboblem TV. — In a right-angled triangle are givei 
luse, and the side of the inscribed square, to determin 



the hypothe- 
the triangle. 




[ the hypotiienuse A G 
of the triangle ABC, 
and the side BG of 
the inscribed square 

[bgfe. 



Analysis by algebra.— Let ABC represent the required triangle 
of which the hypothenuse AG aad the inscribed square BGFE are 
given. Draw OL perpendicular to AG, meeting EF, produced, in 
i, and let fall the perpendicnlar GH, which will be equal to GF or 
BE; then (IV. 31*) Ihe triangles GHL and .E^i^are similar and 
equal, having GL = AF and HL = AE. Now.jmt AC=b, EF 
= a. EL = i-:, and CL = y=AF. In similar triangles AFE and 
GFL, we have AF{y) : FE (a) -.: FL(x — a): FC(b — y). Wliere- 
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fore by — y^^ax — a', or — 26i/ + 2)/' = — 'iax -\- 2a'. Also, FL'' 
^FC" + CL^; that is, (fl;_ay = (6_)/)' -|- y', or x' — ^ax + a' 
^b" — 26t/ + 2i/' = (from above) b^ — 2ax -\- 2(x'. Prom which we 
ho.vex' = a.'-\-b\ and this 

Construction. — On BO, the side of the given square, produced, 
lay SZ=the given hypotlienuse. Join EI, and make Ji]L = EI= 
*/EB'^-^ Br' = '^a^-{-b''^x. On FL describe a semicircle of 
wliich the centre is 0, cuttiiJ^ BI'm G; draw GFA; then will AC 
= HI, the given length of the hypothenuse. 

Demonstration by geometry. — Join CL, AL, and OC, and on EL 
let fall the perpendicular GH; then A(P-i~ CL' = AL^ = AE^ + 
EL^ = AE^ + Er = AE'' + EB^ + Br = AE''+EF'' + BP = 
AF'' + BP=CL' + BP. Whence AG^=BP, or AC = BI. 
Q. E. D. 

Calculation.— EL = EI= \^EB'' + Br= VfB' + A0\ FL 
= EL-~EF, OFor OC = ^FL, OH='^OC'— (Jll\- tlicn FH 
= FO+OH=GC, and HL = FO — Oa=AE. Also, ^(7 = 
.BG+ f?(?, and AB=BE + AE. 

Limit, — When the semicircle described on FL does not meet BI, 
the problem is impossible. If the semicircle just touches CI, that 
is, when the radius OG=FO, the triangle ABG will be isosceles, 
having BA^BG, and AC will be the shortest possible line which 
can be drawn through i^to meet BE and BG produced. 

Scholium. — As the semicircle on FL cuts GI in the point C, as 
well as G, if through G' and Fa, line had been drawn to meet BE, 
produced, in a point A', the triangle A'BG' thus formed would Lave 
been equal in all its parts to ABG, having A'G'^AG, A'B-=BC, 
and BC' = AB. 

Problem TL— In a plane triangle are given the base, the perpen- 
dicular height, and the sum of the other two sides, to determine the 
triangle. 



■the base AB, the perpendicular 
Given -^ OP, and the sum of ^C and 




Analysis by algebra— Let ACB represent the required triangle. 
Jisectthe given base AB in D. Produce BA indefinitely, and lay 
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BL = ihe given sum of AC and CB. Let fall the perpendiculai" 
GP. Kow, pat BL = a, AB=b, CP^p, AG = x, and^i' = ;/,- 
then we have BC^a — x, and BP = b — y. And, since (cor, to 
Prob.XXXVIL, "Triangles," etc.) BG' — AG'' = BP'' — AP\ we 
have (a — «)' — x'^fb — yf — y', or a' — 'iax = 5' — Sfci/ ; whence 

y='-r — (sy- — ~a)- ^""^ construct this known quantity ( — — — Y 
J, ^ J. Take a third proportional (IV. Prob. 2, 

eor.*) to 26 and a, and lay it from D to 
S; then 2 ^i? (26) : BL (a) : : BL (a) : 




I)H=^ 



A-xi--- 



= DU~-AD 



^^^iAH. Then, AH being known, erect 
the perpendicular HE to meet a line 
^ through 0, parallel to AB, and we have 

EE= CP. Now, the above equation i/ = -- — ^— — -l becomes 
y = ^- — AH, or ~ = y + AH=AP + AH=PR=J^C; that 



we have — =£(7, c 



r:£JC,- 



or, by inversion, a (BL) : 

b(AB)::EO:x(GA). Hence, if ^F is made equal to BL (a), 
and FG is drawn parallel to AG, we shall have FQ = AB. 
Whence this 

Coiistruction. — Take DH a third proportional to 2 AB aod BL. 
Erect the perpendicular HE = i\\G given perpendicular. Draw .E.f 
parallel imd equal to BL. To EA, joined and produced, apply FG 
^AB. Draw ^C parallel to FG, join OB, and let fall the perpen- 
dicular CP; then AGB is the required triangle. 

Demonstration by geometry.— We have to prove only that AG + 
BG = BL. By parallel lines we have FG {AB) : EF {BL):: A G : 
EG{PH). Hence .45 x PH^BL x ^C,or2SZ x AG = 1AB 
X PS. By construction, 2 AB : BL :: BL: DH; hence BL^ = 
2 AB X Z>ff. Taking the first of these equations from the second, 
we have BL^ ~%BLy.A 0= 2ABy. BE— 2 ^5 x PH= 2 AB 
(DH~~PS) = 2AB X DP = AB x % DP = AB {BP — AP) = 
(BP+AP)y. iBP—AP)=BP^ — AP^ = BG'—AC\ To the 
first and last of these equals add AC, and we have-i'i" — 2 7f T. x 
J(7-|-^ir==BC"; that is, {BL-~AGy^BC\ or BL~-Aa = 
BG. Whence AG -\-BG=BL. Q. E. D. 
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Calculation.— By coaslvuction, 2 AJi: JIL:: BL-.DH; then AH 
= DH— AD. 

1. In triaii'rle HAE. Case 3, find < EAII=::<i GEF. 

2. In triangle EFG, Case 2, find <:EGF=<iEAC; then 
< GAP=im° — (EAH+EAC). 

3. In triangle OAF, Case 1, find ^(7 and^P; then BP = AB 
— AP, and BG=BL — AO. 

Scholium 1. — In applying FG=AB to the line EAI, unless it 
be perpendicular to El, which would be the shortest line possible, it 
will nieef£/in another point, as G". Either point may be used in 
the construction, but in the latter case the line drawn from A will 
be the longer of the two tines, and equal to the present BC. 

Scholium 2. — PC may he any quantity less than \/\ (~^) — 

and each half of BL. 

Scholium 3.~When PC- = (PL^ CPf — AB^ the angle BAC 
will be a right angle. 

Scholium i. — When PC is less than (BL—CP)' — AB\ the 
angle BA C is an acute angle, as in the present problem. When 
PC is greater than (BL—CPy — AB\ the angle BAC is an 
obtuse angle, as in the ease to which the following problem reduces. 

Peoblem VII. — In any plane triangle are given the difference of 
the segments of the base, the perpendicular height, and the sum of 
the two sides, to determine the triangle. 

BP — A'P, the 
perpendicular 
CP, and the sum 
of A'O and GB 
= BL- 

Analysis. — Let A'GB represent the requh-ed triangle, of which 
CP is the perpendicular, and BP and A'P the segments of the base 
whose difference is given. Take PA^PA', and join CA; then 
AB will be the given difference of the segments, and AC = A'G 
(I. 6«). 

Now, in the triangle ACS, we have given the base AB, the 
cular GP, and the sum of the sides A C and GB, to con- 
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Struct the triang'Ie AGB, as in tlic last problem. Then make GA'= 
CA, when FA' will equal FA, aad A'CB will bo the required 
triaagle. 

The construction, demonstration, calculation, aud limitu are 
precisely a^ given in the last problem. 

Problem VIII.— Id a plane triangle ai-o given the base, the per- 
pendicular beight, and the differeaee between the two aides, to 
determine the triangle. 



the base AB, the perpendicular 
height CF or EH, and the difference 
between BC and CA. 




Analysis by algebra. — Let ABC represent the required triaugle. 
Bisect the base AB in D, and lay BL = the given difference between 
the sides BO and CA. Let fall the perpendicular GP. Put BL — 
a, AB = h, CF^p,AC = x, B.aAAF = y; then BOr=x + a, and 
BP = b — y. Since BC^ ~ AC' = BF^—AP\ we have (a + a^)' 
— 3;'^(6 — yY — y'. That gives a'+2fl3;^6' — 26i/. Whence 

y=z{- — --\ — — . iiow, coQStruct the quantity - — —in this 
We 



equation, 
proportional to 26 



AD. Take (IV. Prob. 2, cor.*) a third 

and lay it from D to H. Then <i,b : a : ■ a : 

Hence AH^AD-~DH=-- — %- Then, AH being 



2b 



known, erect the perpendicular HE to meet a line through G parallel 
to AB, and we have HE ^ GF, whence the point E is determined. 



The above equation y^-^ 



26 



V becomes y = AH— 



__', or— =An — y = AH^AF = FH=EC; that is, we have 

b:a::x:EC. Or, by inversion, a (BL) : h {AB) -.-.EC-.x {AC), or 
EC:AO{x)::a{BL):b{AB). Hence, if EF xa raade equal to 
BL, and FG be drawn parallel to AC, then EC'.AC:EF{BL): 
FO, and FG wil! equal AB. Whence this 

Construction. — Take DH a third proportional to 2AB and BL. 
• VI. 11. 
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Ereut Ibe pi'ipeHdinilur IIH ^tho given perpciidicular CI'. Draw 
£F parallel and equal io BL. To EA, produced, npply FG = AB. 
Draw AG parallel to FQ; joio GB, acid let fall the perpendicular 
GP; then AGB is the required triangle. 

Demonstrolwn by geomeli-y. — We have to prove only that BG — 
AG = BL. By parallel lines, FG (AB): EF (BL) : : AG : EG 
(FH); hence Six AG = AB%PH. By constructioa,3 JZf ;fi^.:; 
BL-.DH; hence BL^ = 2AB X DH. To this equation add twice 
the preceding one, and we have BL^ + ^BL x AG = ^AB x DH 
+ 2AB-X. FM ^2AB X (Z)S + PS) = 2ABxDP = ABx 
2nP = (BF+ AF) X (BP—AP) = BP'-~AP^ = BC^-~AC'. 
Add AO^ to the first and last of these equations, and we have BL^ -{• 
'iBLx AG+AO'^BG', ov(BL + AGf^ BC\- whence BL + 
AG^BC,oeBG^AG = BL. Q. E. D. 

Galculalion. — By construction, 2AB:BL::BL:DII; then AH 
= AD—DH. 

1. Iq triangle AHE, Case 3, find angle EAH=FEa. 

2. In triangle GEF, Case 3, find angle EGF^GAE ; then 
angle GAP = EA-H^ GAE. 

3. In triangle GAP, Case 1, find AC and AP; then BG^AG 
-i-BL; also, BP=AB^AP. 

Limits. — I. The given difTerenee may be any quantity less than 
the base. 

2. The perpendlculiir FG miiy be any quantity. 

3. When FC^ = (BL+ CPf — AB\ the ai)gle BAG will be a 
right angle. 

4. When PO" is im than (iJL+ GFy — AB\i\iii angle if/lC is 
an acute angle. 

5. When PC is greater tbaa (BL-{- CPf — AB^, the angle 
iJ^C is an obtuse angle. 

Note 1. — If we have given the difference of the segments of ike base, the 
perpendicular heigiit, and the difiecenee uf the sides of the triangle, then (see 
the figure to the preceding problem) lay /'^ = iM', and join CA; then AB ia 
the given difference of the segments. Wherefore we have to construct thu 
triangle jIBC as just shown in the problem, let fall the perpendicular CF, 
make PA' =FA, join A'C, and A'CB will be the triangle req&iced. 

NoTB 2, — The line EFR, in which the vertex of the required triangle is to 
be, may be aiiy straight line given in position. We must, if ER ia not parallel 
to AB, lay H!=^BL{aiie figure to the present problem), and erect the perpen- 
diculars HE and IF to meet the line ER, given in position, in th"fe points E 
and F. Then, in the demonstration, we have, by parallel lines, FG (AB) : 
AC::FE:CE::IH{BL):PM. Whence BLy:_Aa= ABy,PH,».% before, 
(See Problem XXV. of '■The Circle.") 
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Problem IX.— Given, tbe perimeter of a rectatig-Ie, and its 
irea, to find the sides. 



^tlio sum of AB. BG, CD. and DA. 
Uiveu \ and the area of tbo rectangle ABGD 



Analysis by algebra. — rut the given perimeter = 2a ; then AB 
-\-BG = a. Let le — AB; then a — x = BG. Now, the area of 
ABGD = AB ■>(. BE = x{a — x) = ax — x^ — L^, which can be 
constructed by Problem IX., "Algebraic Equations," or thus: 

Gomstruction. — Malie 4B = a = half the given perimeter, and 
bisect it in F. Erect the perpendicular FQ = L. Apply Git — 
AFov FE. Draw BG perpendicular to AE and equal to BE, and 
complete the rectangle ABGD, which will be the one required, 
having AB ^x. 

Demonstration.— Th'ia.res. of ABGD ^AB X -BG^-iAF+FB) 
X (AF— FB) = AF'' — FB^ = GB' — FB' = FG^ --^ i" = tlje 
given area. Also, AB + BO + GD + DA ^ ^ {AB -\- BG) = 
2 {AB + BE) = 2 AE. Q. E. D. 

Calculation. —FB = VgB'' — EG'; then AB = AF+FB, and 
BC = BE = AF— FB. 

Limit. — L may be any quantity not greater than half AE, or 
half a. When L^\AE, the required rectangle will bo a square, 
having L for one of its sides. 

Problem S. — To construct a square such that the difference 
between the diagonal and the side shall be a given quantity. 



Jin the square ABGD, tho differenoe 
1 between the diagonal AG and side BC. 



Analysis by algebra. — Let ABGD represent the square. Put 
rf^T^the given difference, and ^^the side of the square; then tliii 
diagonal AG:=x-\-d. Now, AB^ -j- B G' — ■ A G'; that is, x'' + x' 
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= (a:-\- (ly = a:'+ 2da: + iP. Wlience x^ ~ Mx = d"; or x' — 2dx 
+ (f = 2(i'. Hence {x—dy=2d\ or x—d = d\/% or x = d\/2 
+ d. "VVbenue this 

GonstnicHon. — Draw two lines AB and AB at rigbt angles. Bisect 
the angle BAD by the line AC, ou which lay AE = d, the given 
difference. Draw i'iJ" peipeadicuiar io AG, meeting ^45 in F; then 
EF=AE = d, and AF= VaE' + FF' = Va^ = d\/2. Now, 
m&keFB = FF = d; thea AB = d\/2 + d = x. Draw £G per- 
pendicular to AB; then, since the angle BAG^haM a right angle, 
BO^AB. Complete the square ABGD, and it will be the one 
required. 

Demonstration by geometry. — Join GF; then the right-angled 
triangles OFF and GBF are equal in all their parts, and we have 
CE^GB. Hence AG— GB = AG — GE = AE ^X)xv: given 
difference, Q. E. D. 

Galculali07t.—AF= \/2 AE'' = AFs/2 ; AB = AF + FB = AF 
•i- AF = AE\/2-j- AE — Xhe sidQ of the square. Also AG — AE 
-\-GE^AE + AB = AE\/-2 + 2AE = AF (\/2 + 2). 

Problem X. — In a right-angled triangle are given one leg, and 
the difference of the segments made by a perpendicular let fall from 
the right angle on the bypotheuuae, to determine the triangle. 

/in the triangle BAG, AB and 
Given -] BF— CF^ BD.FD beiug equal 
(to FC. 



Analysis by algebra — Let BA C be the right-angled triangle, and 
AF perpendicular to BO. Take FD = FC; thea AB, and BD = 
BF — GE, the difference of the segments, are given. Now, put AB 
= a, BD = b, and BF=x; then GF=x — b, and BG = BF->t 
GF=x + x — b^2x — b. By IV. 23,* BF: BA::BA:BG ; 

that is, a; : a : : o : 2aT — b. Hence 2a;' — 6a; ^^ a', or x^ — — a; =; — - 
Whence this 

Gonstrudion.~~Ou the given leg AB describe a semicircle, which 
bisect in H, and join AR and HB ; then AH^ = EB^ = ^ AB^ ^^ 
ia'. {See Problem VIII., "Algebraic Equations.") Lay HM= 

— , the coefficient of x; on it deserihe a circle of which the centre is 
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L, and draw BELT; then Til=x. For (IV. 30*) BE {DI— 
HM):BH::BH:Bt Whence 5/ x {BI—HM) = BH'; tliat 

ia, taking a; = 5/, x {x — -^ = BH'' = '^, orx' — -x=^. Now, 

apply £f — BI; draw if-FC to meet the 
perpendicular AC, and join AF; then 
wili SJ C be the required triangle, having 
^^perpendienlar to BG. 

Demondration by geometry. — We have 
to prove that BD = 2 HM^ 2 IS. We 
have ^£':^25iZ*=(IV. 30t)2fi/^X 
BE==%BI{BI—IE) = %Br~BI y. % IE =iBF^ — BF x 
1IE. Also, AB'={IY. 2SX)BF->i BC = BFx {BF+FG) = 
BFx (BF+ FD) = BF y. (BF+ BF— Bn)=^ BF(2 BF~ 
BI))^2BF''~BFx BD. lUnce2BF' — BF X BI}^2BF^— 
BF >C 2 IE. Wherefore BD — 2IE = 2 HM= the given diflference. 




Calculalion—Wa have BL^=\^ BE' + HL' 



W 



AB' 






Also, BF=BI=BL + LH; then BF-.BA:: BA: BC, nnd ^IC 
= v'iJC^^ — Jif^ (See next problem.) 

Limit. — The given differeneo must bo less than AB, and conse- 
quently HM must be less than the radius A 0. 

Problem XII. — (Jiven, the hypothenuse of a right-angled triangle, 
and the line bisecting one of the acute angles and terminating in 
tlie opposite leg, to determine the triangle. 



II triangle ABC, AB 
.nd BD, ACB a right 
,ngle, and angle ABD to 
le equal to DBC. 




Analysis by algebra.— l.et ABG represent the required triangle, 
in which the hypothenuse AB, and the line BD bisecting the angle 
ABG, are given. On AB describe the semicircle AGB ; produce 
BD to meet it in F; and join AF,- then (III. 18, cor. 1§) angle 
FAC= FBG=FBA. Hence arcs ^i^'aiid FG sre equal, and the 
triangles AFD, AFB, and BCD are similar. 

• in. 36. t III. 38. X VI. 8, cor. ? HI- 21. 
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Now, put AS^a. BD = b, BF=x. and AFr^^y. Then, in 
similar triangles AFD and AFB, wu have BF{x): AF{y):: AF 
{y) •.FD{cn — b); hence y^ = x' — bx. Also, a' = x^ + y' --= x' + a;' 

— 6j; = 3a;' — 6a;; hence a;' — -3;=:--, and we have from this 

equation (see Problem VIII., "Algebraic Eqnations") the following 
Gonstruclion. — -Take if, the middle point of the semicircle AHB, 

and join ^IT and HB ; then ^H' or ££'== M-2' = |- On AH 

lay MP = — ^ ^ the given bisecting line BD. On HP describe a 

circle PEHI, of which the centre is L. Draw BELI, and apply 
BF^BI. Make the arc FO=FA, and join ADO and BG, and 
ABC wiil be the required triangle. For (IV. 30*) BI{x) : BE:: 

BH: BE (BT~ HP); that is, BI% BE^ BIF, or x v. {x — ^) ^ 
—, which gives j;* — —3;=^—. Hence BF or fi/ equals a: in this 

equation. 

Demonstration geometrioally. — Since the ares AF and FG are 
equal by construction, the angles FBA and FBG are' equal, and BD 
bisects the angle ABO. It remains to prove only that BD^^BS 
^2 IE. 

In the similar triangles FAD and FBA, we have BF:AF: : AF: 
FD. Hence AF'' ^ BF ->(. FD ^ BF y. (BF— BD) ^ BF' — 
BD X BF; then AB^=^ BF^-i- AF^= BF' + BF' — BD X BF 
^ 2 BF^ — BD-x. BF. Also, AB' = 2 BH' = (IV. SOf) 2 Bl x 
BE = 2BI->C {BI— IE) = 2 ii/= — BIx2IE^ (by construc- 
tion) 2 if^— £i^ X 3Ji?. 

Wherefore we have %BF'' — BD X BF=2BF'~BFx % IE. 
Whence BD = 'iIE = '2, PH= the given bisecting line. Q. !■;, I). 

Calculation.— la triangle BEL, we have BL^VbIP^HIl' 

[aW 



=V^ 



Also, ^i^=V^iJ'_ifi'"; and FD = BF—BD. Then, by 
similar triangles BAF, FAD, and I>£C, we have BF:BA: : AF: 
AD, and AD: AF:: DB: BG, mi AD: DF::D£: DO; then we 
have J (7 = ^1) + i>C. 

Note. — This problem and the preceding one depend upon the same princi- 
ples, and result in like equations, us msiy be seeii. 

!2 in. 36. t Iir, :16. 
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PROBLEMS ANALYZED BY THE DIFFERENTIAI, CALCULUS 
AND OONSTIiUOTED AND DKMONSTEATKU BY PLANE 
GEOMETRY. 

PaBLiMiKAKY REMARKS. — Tlio differential of x is written d.x, or 
simply dx; of y, dy; of z, dz; tbe letter d being merely a symbol 
for differential. 

To find tiie differential of any power of an unknown quantity, 
multiply by the indes denoting the power, diminish this index by 
unity, and nmltiply by the differential of the root, and the product 
of these three quantities will be the difierential required. A con- 
stant or known quantity has no differential; and wlien a quantity 
is a maximum or a minimum, its differential is 0. 

Examples. — I. ai° being equal to 1, a constant quantity, it has uo 
differential; that is, rf.a;" = 0. 

2. The differential of x', or d.x'' = l x a;'-' x dx—-3^-)(. (ix = 
\ % dx = dx.* 

3. d.x^ :=2 y. x' X dx=^ 2xdx ; and d.xy = xdy + ydx. 

i. d.x^ =S y. x^ X dx = 3x^dx ; and d.xhf — x'y. d.y^ + y' '>i 
d.x' ^= 2x'ydy + ^y^xdx. 

5. d.ax* = a X d.x* = ay.ixx^X.dx^= iax^dx. 

6. d.Sax^ =: Ibax'dx. 

1. d. (ax' + ia^-ir bx*) = ^axdx + 12x'dx + iOx'dx = (2ax + 
12*' + 20a:') dx. 

8. d. (by' + Sy+a — i) = 2bydy + Bdy = (2by + 3) dy. The 
constants, 3 and — 4, have no differentia!. 

ititj or root, as is shown in algebra, La 



* The div 


isioa of powe, 


■s of the sama 


Bffeeted by 


subtracting th 


lo index of the 


obtain the ii 


idei of tha qu 


olienl; that i?. 
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—Sada! 



. d.— = d.ax-'' = —% X a 



^ y. dx = 



—Ma^'dx = - 



10. <iVa' + ie' = d. (tt' + fl;')i = i y. (a' + x'yi X ^xdx = 
xdx ___ xdx 



'"W 



2iKrfa; = 



+ x 
oxdx 



oxdx 



Note 1. — The term employed for this process is to differentiate, differen- 
tiating, or differentiation, according to the connection, in wliicli tha tarm is 

Note 2. — In problems involving the calculus, the letter d is not usually 
employed by matbomaticians to denote a quaniiiy. 

NoTB 8. — The quantity which dn is multiplied by is called the differeniial 
m-effieient, as 2b>/+3 in Ei. 8. 

Problem I. — In a plane trianj^le are given tbe base and tlie 
vertical anglo, to construct it sucli that the sum of tlie other two 
sides shall be a maximum ; that is, the greatest amount possible. 




Given ■['■^^ ^'^^^ ^-B, the angle AGB, and -4C + 
t CB to be a maximum. 



Analysis by Ike differential calculus.* — Let ^.BC represent the 
required triangle. On AG, produced if necessary, let fail the perpen- 
dieulav BD. Put the given angle ACB — 0, the given side AB = 
a, the side AG^x,a.nA BO = y. Then GD^y cos 0. 

By IY.\%\ AG^ + BO^ — 'i.AG y. DO=AB^; that is, ic' + y' 
— 2in/ cos fl = a'. By the problem, ic + y ^ max. By fiifferen tinting, 

« A Btndent who hna not yet studied the oalouluB may omit (Se aaalytis by that 
method, nnd just employ the results for the eonelriicfion, nnd ohpervo how beautifully 
the geoDietrioal domoustrstiou vcriSea the r«sn1t obtnined bj the cnloulus, and how 
entirely the different processes of mathematiofll inveBtigatioD harmonize with eaeii 
other. Then nhen lie studios the ealDnlDB be will feel iuereaBed eonfldenee iu the 
results of its dctorni I nations. 

t IL 13. 



Hosted byGOOgIC 



156 GEOMETRICAL ANALYSIS. 

2a:dx + 2ydy — 2y cos Odir — 2ic cos P dy = 0, and dx + dy = 0, or 
dy =^ — dx. Tor dy put its equal — dx in the other differential 
equation, and we have 2xdx — 2>jdx — 2y eos Sdx + 2x cos 8da: = 
0. Or x(\ + COS C) =1/(1 + COS d). Whence a; — »/. That ia, the 
sum of jiC and C5 will be a ■maximum when fei/ are equal to each 
other. Whence this 

Construction. — On AB describe an arc to contain the given angle, 
which arc bisect in C. Join AG and BC, which will evidently be 
equal, and ABG will be the required triangle. 

Demonstration geometrically. — Produce AC, 
F. making GE = GB, and join EB ; then AE = 

AG + GB, angle AEB (I. 11 and 25, cor. 6*) 
= ^ACB; and since C is the centre of a semi- 
circle that would pass through the points A, B, 
and E, the angle ABE is a right angle. Kow, 
take any other point, as F, in the arc A CB ; join 
AF aaA FB, and produce -4^ till FG — FB. 
Join OB, and on it, produced, let fall the per- 
pendiculai- AH. Then AG = AF •!(■ FB, and the sngX&AGE, being 
half AFB or ACB, is equal to AEB. Hence the triangles AEB 
and AGHare similar. But the hypothenuse AB, which is the base 
of ABE, is greater than the leg AH, which is the base of AHQ. 
Therefore AE, which is the sum of JC + CB, is greater than AG, 
the sum of AF-\- FB, the sides of any other triangle. Q. B. D. 

Calculation. — In the isosceles triangle ABG, find AC and BG, by 
Case 1. 
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PaOBLEM II. — In a plane right-angled triangle the hypothenase is 
given, to determine the triangle sucli that the base added to twice 
Ike perpendicular shall be a maximum. 




("the hypothcnuse AB of the right- 
i-lan^Wed triangle ABC, and AG + 



Analysis by the differential calculus. — Let ACB represent the 
required triangle. Put JB=a, AO = x, and BC — y. Then 
^s ^ ^s _. (ji^ ay£( g. _^2y T= max., the differential of each of which 
is 0. Hence 2^ia; + Sj/di/ = (', and dx-^My—d. Or dx = —2dt/. 
Putting — My for dx in the other equation, we have — ixdy 
-f. 2ydy ~ 0, or y — 2x. That is, in order that the sum of J C + 
2 GB may be a, masimum, BG must equal twice AG. Whence this 

Gonsiruction. — On AB describe a semicircle, and erect the per- 
pendicular BF='iAB. Draw AGF, and joia BG. Then, in the 
three similar triangles ABF, ACB. and BCF (IV. 23*J, since BF 
= ^AB, we have BG=:%AC,&»A CF=2iBG = iAG. 

Demonstration by plane geometry. — Since GF=2BG, we have 
AF=AG + %BG, which we have to prove is gi-eater than the sum 
of one side and double the other side of any other right-angled 
triangle formed on AB. 

In the semicircle ACB take any other point, as E, and draw AE 
and EB; then we have to prove that the sum AG + 'iBC is 
greater than AE + 2 BE. Produce AE so that EQ = 2 EB ; join 
GB, and on it. produced, let fall the perpendicular AD. Then, 
emce EG = 2 EB and £i^=2^j?, the triangles GEB smd ABF, 
and consequently GAD, are all similar. But AB is greater than 
AE. Hence AF, which is the sum of ^C + 3 BG, is greater than 
AG, which is the sum of AE + 2 BE. Q. E. D. 

Galculation.—AF='>/AB-' + BF''^'^hAB^ = AB\^5. Also, 
AG=iAE=iAB\/5,a.nd BO-^2AG = %ABV5. 
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Schohum — If the 
dicuW weie to In. i 
similar to the abrive 




The demonstration 
using n instead of 2. 



f the btse added to n times the perpen- 
! solution would be precisely 



Pit 4£^a AG = x,&udSC^^; then 
x' + y''^^ a', and a: + ny = raax. By diEfer- 
entiating, we have 2xdx + 2ydy = 0, aod 
dx + ndy = 0, or dx = — ndy. By substi- 
tution, — 2na;dy + iydy = 0, or y = jia;. 
Whence BG:^n times AG, and we have 
this 

Construction. — Make BF=n times AB; 
draw AC:^', and join BC; tlien ABG is the 
reqaired triangle. For, since BF^n .AB, 
we have BC = n.AG, aad GF^n.BC = 
n\AG. 
ind calculation are precisely as in the problem, 



Problem IH. — To determine the a 
of whose sine and versed sine, or the 
versed sine, shall be a maximum. 



I given circle, the a 
mce. of whose sine i 



("the circle C—ADB, to find the point E s 
ivenJthat the sum EF+FA, or the differe 
(eF—FB, may be a maximum. 



Analysis. — Suppose E to be the required point; join EG, and let 
fall the perpendicular EF. Then, since the radius AGifi a constant 
quantity, AF + FE will he the greatest when GF + FE is the 
greatest; that is, by Problem I. of this chapter, when CF^^FE. 
Hence, if the quadrant BD be bisected in E, AE will be the arc 
required, having EF+ FA, the sum of the sine and cosine, a 
mawimum. 

Again, FB=BG—CF. Hence EF— FB = EF— {BG — GF) 
^EF+ OF—BG. Wherefore, since BG is a constant quantity, 
EF—FB will be the greatest when EF+ GFis the greatest; that 
is, by Problem I., when EF and GF are equal. Hence, if the 
quadrant BD be bisected in E, BE will be the arc required, 
having EF — BF, the difference between the sine and cosine, « 
maximum. 
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Calculation. — Since the quadrant BD is bisected in H, the arc 
BE = ho.\f a quadrant ^= 45°, and the arc ^i;=^ three-fourths of a 
semicircle =^ 135°. 

Also, OF=F£;=VfO^' = 's/fClf'. Then AF^AG+ CF 
= C5 + Vi Oif , s.nABF=CB—OF=GB-^VYGB\ 

Problem IV. — From a given point within a given circle, to draw 
a straight line which shall make the least possible angle with the 
circumference. 

Note. — The angle which a straight line makea with the cireumfereiice of a 
circle at any point is the same as tliat made with a tangent to (he arete at that 




the point P in the circle AEB, of 
which C is the centre, to draw PD 
so that the angle PDG shall he a 
minimum, DG being a tangent to 
the circle at tlie point D. 



Analysis by (he differential calculus. — Through the given point 
draw the diameter APGB. Suppose PD to represent the required 
line; draw the radius CD and taugent DO. Then angles CDP + 
PDQ^^W"; eoBsequently, when the angle FDO is the least possi- 
ble, or a minimum, the angle PDG will be the greatest possible, or 
a wweirnvm. 

Now,pnt CD^r. CP^a, and the angle CPD = 9. Then »■: 



;;sinC: 



iPDG = 



■ siQS = max. Hence, i 



>nstant 



quantity, sin O^zaax. By differentiating, we have cos 8.d0=0, or 
cos 0=Q; whence ^^ 90°. That is, PD must be perpendicular to 
AB. Whence this 

Construction. — Draw FD perpendicular to AB, draw the radius 
CD and tnngeut DG; theu will the angle PDG be the greatest 
possible, and consequently its complement PDG, which FD makes 
with the circumference, the least possible. 

Demonstration geometrically. — On the radius GD describe the 
circle GPD, which will touch the given circle at the point D. From 
the point P draw any other line, as PE, to the circumference ; draw 
CFE. and join PF; then we have to show that the angle PDG is 
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greater than PEO. By III. 18, cor. \*mgleFI)C = rFC, which 
ia greater than PUC (I. 25, cor. ef). 

Calculation. — In triangle PDG, Case 2, 
find angle Pi>C; then angle PDG^'i'i° — 
PDG. 

Scholium I. — If the tangent GD he pro- 
duced to G', PDG' win be the maximum 
angle made by a line from P with the cir- 
cnmferoncc. 

Scholium 2.- — At the poirtts A and P the 
angle CDF vanishes; that is, becomes 0; 
Lcnee at these points PA and PB make au angle of 90° with the 
circumference. 

Scholium S.—PB may be drawn to the right or left of AB. 

Fboblem V. — Through the points of intersection of two given 
circles, to draw the longeBt possible lines terminated by the circnm- 
ferr nces of the two circles. 



r CD, and the radii GP and PD, 
I to draw through P or P' the 
I longest possible line ITPI or 



Analynis. — Let C and D he the centres of the two given circles 
which intersect in P and P'. Join CD and PP'. Through P draw 
aTiy line, aa APB, terminated by the circu inferences, and on it let 
fall the perpcndicnlars CM and DF, which will respectively bisect 
the chorda AP and BP ; hence EF^^ 4 AB. Draw DO parallel to 
AB; then DG = EF=\AB. Now, in order for AB to he the 
longest possible, DQ, its half, must be the longest possible, which 
will be the case when DO coincides with DC, and the line APB 
becomes parallel to CD. Whence this . - 

Construction. — Parallel to CD, through the points P and P', 
draw HPI and MP'L, and they will be the lines required, each 
being the longest line possible through the point through which it 




Demonstration. — Through the centres C and D draw the peipen- 
diculars^Cff and QZ>0, and they will respectively bisect the equal 
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chords HP and MP', and P/and P'L; tben II1 = ML = 2RQ = 
•2 NO = 2 CD, whieb is greater tliau 2 DG, and heneo greater than 
aS^'or^PJJ, which is any other line than Iff/ drawn through the 
point P. Hence HPI is the longent line possible, or maximum line. 
Q, B. D. 

Galoxilalion.—HI= ML = 2 CD. In triangle OP D, Case 4, find 
Cy and S-D; then PS=VCP''-~ GS'. And PP' = 2PS, IiP = 
2 CS, PI=2SD; and iyir, iJA^, PP', QO, and Z//are all parallel 
and equal. 

Scholium. — If a line be drawn through P', parallel to APB, and 
terminated by the circumferences, it will be equal to twice DG or 
twice EF, and will, consequently, be equal to AFB. If the euda 
of these equal lines in each circle be joined, there will be a parallel- 
ogram formed. Now, of all the parallelograms which can be thus 
formed by lines drawn through the points P and P', the rectangle 
HILM is the greatest possible, because its area is equal to MI x. 
PP', and EI is longer than any other line through P, and PP' is 
longer than a perpendicular between any other two parallels through 
P and P'. 



Problem VI, — About a given triangle to circuraseribe the grealetst 
possible triangle, which shall have its angles respectively equal to 
the angles of a given triangle. 



Note, — The angles of the required ti 



the triangles DDF 
and jTCTO.to circum- 
scribe about DBF 
the mascimum tri- 
angle ABC, which 
shall be equiangular 
to the triangle MNO, 
or have its angles re- 
spectively of given 
uuahtities. 



Analysis. — Suppose ABC to be the required maximum triangle 
circumscribed about DBF, having the angle A equal tol^e angle M, 
the angle B equal to the angle N, and, consequently, the angle G 
equal to the angle 0. Through the points F, A, D and F, B, B 
suppose segments of circles to he passed whose centres are G and 
It 
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II rospeetively. Join GH. Then, since the triaugie ABC ia, hy 
hypothesis, the greatest possible triangle tliat cun be circumscribed 
about DEF and be equiangular to MNO, AFB must be tbe longest 
possible line that can be drawn through the point F and terminate 
in tbe circular segments FAD and FBE. "Wherefore, by tbe last 
problera, AFH must be parallel to the line OH, joining tbe centres 
of these segments. Whence this 

,, Construction. — On DF 

and FE {III. Prob. 16*) 
describe segments to con- 
tain the angles M and N 
respectively, of which the 
centres are G and S. Join 
GH, parallel to which draw 
AFB, and let fall on it the 
perpendiculars (?/aud HK 
Join AD and BE, and 
produce them to meet in G. Then ABO is tbe maximum triangle 
required. 

Demonstration. — Since, by last problem, AFB is longer than any 
other line, as PFQ, it is tbe greatest possible side, and ABC is the 
greatest possible triangle. Q. B. D. 

Calculation.— Join GF aad HF; then (III. Prob. 16*) the angle 
DFO is equal to the difference between the angle M and 90°, tbe 
angle EFH is equal to the difference between tbe angle N and 90°, 
and the angle DFE ia given because The triangle DEF is given. 
Hence we know the angle GFH^DFQ + DFE + EFH. 

1, In triangle GFH, Case 3, find GE=KI; then side AB^ 

2e:i=2gh. 

2. In triangle ABO, Case 1, find the sides AC and J)C. 
Note 1.— See Theorem 18, Scholiuma 3 and 4. 

Note 2. — This problem and the last are placed here as belonging to tlio 
general subject, although they do not strictly eome under the proposed mods 
of analysis. 
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Problem VII.— In a right- angled triangle there is given the side 
of the iuscribed square, to determine the sides when the hypothenuse 



Given ^^^^ square BEFG, and the hy- 
Ipothenuse AFG to he a minimum. 



Analysis by the differential calculus. — Let ABC represent the 
required triangle. TatAB^x, B0 = y,3.nA BGov BE ^a; then 
AE =^.r — a, and, by similar triangles, we have a: — a{AE) ■.a{EF) 
I ■.x(AB):y(BC); hence xy — ay^^ax. Also, by the problem, a;' 
+ y^ T= AG* ^ mia. By differentiating these two equations, wo 
have xdy + ydx — ady = adx, aud ^xdx -f "iydy = 0, or dy = 

— — ■- Putting thia ior dy \a the first differential equation, we 

, a-^dx , axdx , ,„, 

have — f- ydx + ■■ — ^^adx. Whence, — *' + !/ + ax^^ay, 

or y' — ay=^x' — ax ; wherefore, by the " Properties of Equations," 
x^y* That is, the hypothenuse or line AFO will be the shortest 
posaible vfhen AB^^BG ^2 BG=^ 2 BE, aoA the four constituent 
triangles are al! equal. Whence this 

Construction. — Join BF, and draw AFG at right angles to BF; 
then angle A — angle C — ^ a right angle. Hence BG = BA. 

Calculation. — AC= VaIF+BC'^ = V(2 BE)' + (2 BOy ^ 
\^8BE'=2BE\/2. 

Solution geometrically. — Referring to the figure to Problem IT., 
"Analysis by Algebra," EL will always equal £/when BI=^\hii 
hypothenuse AG. Now, as BE is constant, EL or EZ will be the 
shortest when BI is the shortest, and vice versa.' But EL is a 
minimum when FL is a rctiiiimum, that is, when OC is a minimum, 
or when OG is perpendicular to OI, and, hence, when OG=:FG = 
GG; and, consequently, AB = BC = 2 BG = 2 BE, B,^hc{o\-e. 

"Thia eqnality maj also bs ehown thus; To eaoh side of tlie eqantion j= — aij-=x' 

— ax afld Ja", and ne have 'J'~ay + h'^= iC — ax + Jn'. Tuke the aqulire ruot oC 
eacU roember of thia equation, aud wa have f/ — in = or — Jn ; whetioa y = x. 
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Problem VIII. — In a rig'ht-angled triangle there is given tl 
of tbe iDseribed square, to deterniine tbe triangle when the s 
tho two legs is a minimum. 



f ihG square BEFG, and the sum of 
\aB -{- BC tdhe the leaxt possible. 



Analyi^is by the differential calculus. — pQt BG or BE^a, AB 
= X, and BO = y; then AE = x — a, aad, by similar triangles, we 
have j:~a(AE):a(SF)::^:(AB):y(BC); heace xy — ay = 
ax; also, by the probJeiii, a; + y = min. By differentiating, xdy + 
ydx — ady = adx, smUdx -J- d(/=;0, or dy = — dx. Putting — dx for 
its equal dy ia tbe preceding diffureutiiil equation, we have — xdx 
+ ydx -f- adx = adx; whence — xd^e + ydx ^^0, or x = y. Hence 
AB + BG will be a minimum when AB = BC^2SG or 2 BE. 
Whence the 

Construction and calculation are precisely as in tbe last problem. 

Solution geometrically. — Keferring to the figure to Problem IV., 
"Analysis by Alg«bra," AB + BO will evidently be a minimum 
when^S+ GO = lain.; that is, when EL + FS=mhi., or wbeu 
iiX=zmin., which, as shown iu the geometrical solution to last 
problem, is when AB = BO ^2 BG, or when AB + BG = i times 
the side of the given square. 
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Problem IX. — It is required to find a point in the base of a given 
right-angled triangle, from whieb if two lines be drawn, one to one 
extremity of the hypotbennse, and the other parallel to the perpen- 
dicular to meet the bypothenuse, and from the point in which this 
line meets the bypothenuse a line be drawn parallel to the base to 
meet the one drawn to the extremity of the bypothenuse, the length 
of this last line shall be a maximum. 

r the right>angled triangle ABC, to find the 

point P such that if FA he joined, and 

Given ■} FE be drawn parallel to AB, and EF to 

BO, the length of EFiDa.y be the g 




Analysis by ike differential calculus. — Let ABG represent the 
required triangle, and F the required point in the base, from which 
a line is to be drawn to A, and FJS he drawn parallel to AB, and 
EFto BC. It is evident that the triangles ABF and FA'F are 
similar. Now, put AB = a, BO=b, and GF = x; then BP = b 
— x; and, by similar triangles, we have BG: GP :: AB: FE: : BP: 

i^ max. By differentiating, bda: — 2xdw^0, or i ^ 2^, whence x 



-')" 



('-!)> 



e this 

Gonsimction. — Bisect BG in P, which will ho the required point. 
Join PA; draw FE parallel to AF,, and EFto BG. 
Demonstration geometrically. — We have found above that EF== 

Dp V P P 

^-z; , which is to be a maximum. Now, B G being a given line, 

and bence constant, SJ'will beamaximum when BP x (7P is a maxi- 
mum. But the rectangle of the two parts of a given line is greatest 
when those two parts are equal (II. 5, Euclid*). Hancc F must be 
the middle point of BG. Q. E. D. 

»Thi3 property may bo proved thus: Let P he tlio O ■?—— £ S 

middle of ibe Wne II a, &Dd oiiy ofSei- point In the Hue; 

then C0X0B={CP+P0)X{0P — P0)^CP' — PO'; that is, CP'^COX 
OB-^-PO: Hence OF' or CPXPB is greater thaa the rectangle of any other two 
parts of the line b; the sc[UBje of the diference betneea the middle and the other 
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Problem X.- 

t possible rectangle. 




I rigbt-angled triangle to inscribe the 



("the right-angled triangle ABO, to 
Given 4 inscribe therein the majcimum rec- 
t tangle. 



Analysis by the differential calculus. — Put AB^^a, BC^b, 
BF=x, BD^y; then OF=b — x. By similar triangles, b — x 
( GP) : y {FE) ■.■.h(BC):a {AB) ; whence ab — ax = by. Also, by 
the problem, s^y = m&x. By differentiating, — adx = bdy, or dy^= 

— -— . AxiA xdy -\- ydx 



equal 



adx 






In this last equation, for dy put its 
axdx 



(from above) ah — 



IIcDce 2ax = ab, o 



r = 0; whence by — 
-i6, andy- 



Ja. Wherefore the aides of the maximum rectangle are respectively 
halves of the sides of the given triangle. Whence this 

GonsfrucHon— Bisect BO in F; draw FE parallel to AB; then 
GE=EA; and draw ED parallel to BG; then AD = DB, and 
the triangles ADE and EFC are equal, and each half of BDEF, or 
^ABG. 

Calculation.— A.vea. of BJDEF^ BFx BD = ^BG x ^AB = 
iBG X AB = hAlf the area of the triangle ABO. 

Demonstration geomelricaUy. — By similar triangles, AB : BO :: 
BO 



<. AD> 



But 



BG 

AB 

maxiumni when AD X t 

last problem, when AD ■ 

EO. Q. E. D. 



: AD. The area BDEF= 
BG . 



BFxBD^ 



8 constant. Hence BDEF will be a 

Z3 is a maximum; that is, by foot-note to 
-BD. Then, also, BF=FG, and AE = 




Scholium. — In a jiy triangle, the maximum 
inscribed rectangle is half the triangle, For 
(in adjacent figure), put BO = b, AD = a, 
EH or DI==x, and EF or'GH=y; then 
AI^=a — X. By similar triangles, b(BG): 
a{AD)::yiEF):a — x{AI); whence ab 
^bx~ay; a,ho, xy =^ mux. By differen- 
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tiating, we have — bdx =; ai 

Putting, in this last equation, for dy its equal . -, we have 

— — '- dx + ydx =; ; whence ay ^ bx ^ (from above) ah — bx. 

Wherefore 26aT^a&, oraT = ^o, and y^— ^^h. Wherefore the 

sides of the maximum inscribed rectangle are respectively halves of 
the base and perpendicular heig^ht of the triangle, and, consequently, 
its area is half the area of the triangle. Whence this 

Construction. — Bisect AD in I. Parallel io BG draw EIF, and 
parallel to AD draw EH o.'aA FO. 

Demonstration geomelrically. — By similar triangles, -^O : ^C: : 
BO 



-efore JSFGS will he a 



■kAI 



when ^fx ZD is a max. ; that is, by foot-note to Inst problem, wher 
AI^ID. then EF^^BC, and Mea EFGH^^BC X iAD = 
^ABG. Q. B. D, 

Problem XI. — To inscribe the greatest possible rectangle in f 
given semicircle. 



P3 



("the semicircle AIB, to inscribe there- 
in the greatest possible rectangle 

Lefgd. 



Analysis by Ihe differential calculus. — Suppose EFGD to be the 
required rectangle. Erect the perpendicular CHI, and join CD. 
Put CD = r, EC or CF=x, and ED or FO = y; then we have 
ic' + y' =; r', ixy =:; max. By differentiating, %xdx + 2ydy ==^ 0, and 

2xdy + iydx = Q, o- -'■'— ^ 






= _-^ — . By substituting this value of 
=;0; whence 3;' = !/', or a; — i/-,-^that is, in 



the maximum rectangle CF= 
right angle = 45°, and the a 
this 



-^ CE = ED, the angle AGD = half a 
c AD = \ the quadrant AI. Wheuoe 



Hosted byGOOgIC 



ftxTl 



168 GEOMETRICAL ANALYSIS, 

Construction. — Bisect the quadrantal are AI in B; draw DHG 
parallel to AB, and BE and GF parallel to GI. 

Bemonsiraiion geometrically. — On CB let fall the perpendicular 
EL. The area of UFOB^^EG X EB^ 
2 Ci> X EL. Now, since 3 CZ* is a con- 
stant quantity, EFGB will be a max. when 
EL is a max. ; that is, evidently, when L is 
the centre of a semicircle described on the 
radius CD, and LE ^LC = LB, or when 
CE = EB, and angle ECB=^b°. Q. E. D. 

Calculation. — We have 2EG''^ CB^^ the area of the maximum 

rectangle EFGB, EC=^ = ^ CD\/2 = FD, md EF=2EC 

= CB\/2. 

Scholium I. — The square DEGB is the maximum rectangle 
inscribed in a given quadrant. For the exen oi BEGH^EC y. 
EB=: CB X EL. But CB X EL is a maximum, as shown in the 
demonstration, when EL is a maximum; that is, when LE^LG 
= LD, or when CE^ED, and sugle AGB=ib°. 

Scholium 2. — If the circle were completed, and another maximum 
rectangle inscribed in the other semicircle, it would be equal to 
EFGB, and the sides perpendicular to AB would be equal to BE 
and OF, or they would be DE and OF produced. Hence each of 
these chorda would =2D£ = 2 (?.F=Z>(?, and the whole rectangle 
would be a square. Hence the maximum rectangle inscribed in a 
given circle is its inscribed square, the side of which = BG ^ EF 
= CZ>\/2, as in the calculation. 

Problem XII. — Having given the base and vertical angle of a 
plane triangle, to construct it when the rectangle of the sides 
including the given angle is a maximum. 

( the base AB and the vertical angle ABB, 
Given -I to construct the triangle such that jiZ) X 
(.DB shall be the greatest possible. 

Analysis by the differential calculus. — Let ABB represent the 
required triangle. On AD let fall the perpendicular BE. Put AB 
= a, BD:=x, AB^y, and angle ADB = 0; then DE = xcosS. 
And (IV. 12 or 13*) AB'= AB' + BD- — ^ JD X BE? that is, 

"11. 12 or 13. 
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a' = y' +sn^ — 2ifs:cos0. Also, by the problem, a:y^= nmx. By 
differentiating, ^ijdi/ + 2xdx — 2x cos Ody — %oosfl(te^O, and 

xdy + ydx = 0, or dy^=~^- — '-• Substituting this value for dy in 

, 'iii/'^dx , „ , , ^xycCMiOdx 
the preceding equation, we have — + 'ixdx -\- — 

2)/ cos C (ic ^ 0, By reduction, — y' -^ x' •\- xycosO — xy':osO= 0; 
whence x'=y^, or x:=y. That is, in order for AD x DS to be a 
maximum, AD and DB must be equa!, and the triangle ADB must 
be isosceles. Whence this 

Gonstruction. — On the base AB (III. Prob. 16*) describe a eir- 
cular segment to contain the given angle. Bisect AB in G ; erect 
the perpendicular GD, and join AD and DB; then AD=^DB. 

Demonstration geometrically. — By Problem I. "In Relation to 
Areas," the double area of the triangle ADB^AD x DB x sin 
ADS. But {IV. 6t) the double area of ^Z>B=^Sx Ci^. Hence, 
as AB is constant, AB x CD will be greatest when CD is greatest. 
Now, DC ia the greatest perpendicular that can he let fall from a 
point in tbe circular segment ADB upon AB, and, consequently, 
ADB is the greatest possible triangle that, can be formed on AB 
with its vertex in the segment ADB. Hence, since AD x DB x 
smADB^AB x CD, and AB x CD = max., we have AD X DB 
X sinjaZ>S = mas. But sin ADB is a constant quantity; there- 
fore AD X DB will be a maximum when the area is a maximum; 
that is, when AB x GD is a maximum; that is, when GD is a 
maximum, or wheu GD is erected from the middle point of AB, and 
consequently when AD-:^DB. Q. E. D. 

Galculation.—ln triangle ADB, Case 1, find AD, DB, and CD; 
then the a.vQS.^\AB x CD. 

«in. 33, tVi. 1. 
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PROBr.EM XIII.— On a given line to describe two circles touchiDg 
each other, sucli that twice the area of one circle added to the area 
of the other circle shall be the least possible. 

f the line ADB, to dcscrilie on 

j it the circles AFD and DGB, 

riven \ touching each other, such that 

I livice DGB added to AFT) 

shall be a minimum. 



Analysis by the differential calculus.— -l^ct AFD and DG D 
represent the required circles. Put AB=^a, AD = x, DB^xj, and 
put p^. 78539+; then we have x-\-y^a, and pj:' + 3/3i/' = 
miD., or, since p is constant, iK' + 2y^min. By differentiating, 
dx -i-dy = Q, or dy = — dx, and 2xdx + iydy^0. By putting, 
in this equation, — dx for its equal dy, we have 2xdx — iydx^^d; 
whence x = ^y, and hence x + y^Sy^AS, or y=s^AB^DB; 
that is, DB = ^AD = ^AB,a.nAAD = %AB. Whence this 

Construction Divide the given line AB into three equal parts 

io the points C and D. On AD and DB describe the circles AD 
and DB respectively; then will AFD + 2 DGB z=m\n. 

Dcmonslration geometrically. — Area AFD=^p. AD', and area 
DGB = p.DB\ Hence AFB + 2DGB =p. AD' + 2p. DB' = 
min. Wherefore, as p is constant, AD'' + 2 DB^ = xaiti. This is 
equal to i AC + 2 DB^ = 'iA(P + 2 0Z»* + 3 D5' = miii. Hence 
A0'+ CD' +DB''= mm. Now AD = AG+ CD. Hence AD^ 
= ^C=+ CD' + 2 AC X CD. RenceAC + 01)'=:= AD' — 2 AG 
X CD. Wherefore, in order for AC Jf CD^ to he a minimum, 
2 jiC X GD must be a maximum ; that is, by foot-note to Problem 
IX. of this division, when AO=CD. 

In hke manner it may be shown that, in order for CD' + DB' to 
be a minimum, CD must be equal to DB. Hence, in order that 
AC' + CD' + DB' = min., or AD' + 2 DB'=: min., AG, GD, and 
DB must ail be equal, and each =^AB. Q. E. D. 

Corollary. — To divide a given line into any numher of parts such 
that the sum of the squares of the several parts shall be a minimum, 
the parts must all he equal. 
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Feoblem XIV. — Given, the sum of tlie liase ami pevpeiidicular 
of 0. right-angled triangle, to construct it such that the squai-u of the 
Lypotheuuse added to the square of the base shall be a minimum. 

^^1 [" in the right-angled triangle ADB, 

^^ g.^.^j ,' thesuinof^Z' + i>B = J£^.and 

^^^ \ '^*^" 1 AB' + JiZl'tobotiie/easipo.ssi- 



fefe. 



s,AD 



Anaiyaia. — Let ADB represent the required triangl 
+ Z>£ = the given line AE, and AB' + BD' = mln. Now, AB' 
= AD^+BI>'; hence AB'' + BD' = AD' + ^ DD'' = a-,in., which, 
by tlie last problem, will be When AD = 2 fiZ> = 2 DB, and hence 
ED = i AE, the given sum. 

Problem XV. — Having given the perimeter of a triangle, to con- 
struct it such that the sum of the squares of the three sides shall be 



rlhe sumi;C-f- CD + DB 

i} = AE,3,udBC'-j- CD' + 

( DB' to be the least possible. 



Analysis. — liCt BCD represent the required triangle. Produce 
CD both ways, and make CA = OB, and DE=DB ; theu AE = 
the given perimeter, and BC + CJD^ + DB^=AC' + CD^ + DE' 
= min„ which, by Problem XIII., cor., will be the cas« when AG, 
GD, and DE are all equal, and each ^^AE. Hence tlie required 
triangle BCD is equilateral. 



ivide a given 11 



Peoblem XVI. 

times the area of the circle di 

of the circle described on the othei 



le such that the sum 
ine part, added to the 
shall be iiiinimnm. 



of Jl 




r the lino AB, to divide it in D so 

I that the sum of n times the area 

Given -^ of tli(' circle described on i)S, added 

to the area of the circle described 

[ on AD, shall he the leasl-po^sible. 

Analysis by the differential calculus.— V»t AB = a, AD = 3:, 
and D']l = y. Then, putting fi = .7853!)-{-, the area of the circle 
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I BB^^py'', and the area of the circle on AD:=px^. Hence we 
iivc^j;'-J-!ij>y = min.; tl)atis,a;'+ n3/' = niiii, auda; + t/ = o.. By 
^ differeDtiatiDg, 2xdx -j- 2nydy = 0, and 

dx -\- dy^ 0, or dy = — dx. Tor dy 
substitutiug its value — dx in the preced- 
ing equation, we get ixdx — 2nydx^Q. 
"Wlieuee x^ny, and x-{-y^ny -^-y=i 

(n+l)y = AB,m^y = ^^. 

Construction. — Divide AB into w -(- 1 
equal parts in the points D, F, G, etc.; then AJD^n times DB. 
On 1)B and AD describe the circles DSB and AGD respectively, 
and they will be the circles required, having the area of AGD + n 
times the area of D3B, a miniraum. 

Demonslration geometrically. — AD ■=:nDB, and AD^^n'DB'. 
Now, pAiy + ^pDB' = niin. Hence AD' + nDB' = n'DB' + 
nDB^ = n (nDB''-\- i)if'} = min. And, since n is constant, nDB* 
+ DB'=m\r>. But nDB^^DF" -\- FC' ^ OF' + ^A% clc. to n 
terms. Hence nDB^ + DB^ = DB' + DF' + FC + CF^ + etc. ; 
that is, is equal to the sum of the squares of the n-\- 1 parts into 
which the given line AB is divided, which is to be a minimum, and 
this, as shown in corollary to Problem XIIL, will be the case when 
the n + 1 parts are all equal. Q. E. D. 



Problem XVII From two given points to draw two lines t 

meet in a straight line given in position, such that the sum of thet 
two lines may be a minimum. 




{the points C and D, the line AB. and the 
perpendiculars GA and DB, to draw the 
lines GB aijd DF such that the sum of 
GP and DP shall be the least possible. 



Analysis by the differential calculus. — Suppose GB and DB to 
he the required lines whose sum is a minimum. Fiit AG^a, BD 
= b, AB = c, AP=x, and BP = y; then CP = vV+V, and 
PD^Vt'-f-!/'. Hence we have Vo' -|- ar"-]- V^ii' -|- j/';=min., and 
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x4-yz=c. By differentiatinff, we have -J[ +- /^''^ ■■■ — 0, 

and dji-f- dy^O, or dy -= — ite. By substituting — dx for its equal 

d'j, we ohtani -■ ■ = — y ■ ^ 0. whence — ^ ^ 

V a^ + ic' V 6= + y' Va' -j- a;= 

■ > ■ - , or ^= — ~ — ■ By clearing of fractions, b'x"- + xh/ 

V6' + y^ a" + a;' ft' + y^ 

^^a^y* -\- x^y^, which gives bV^a'y', or bx^=ay; that is, a:b:: 
3--:y, Of AO:BD::AP:BP; wherefore (IV. 20*) the triangles 
AFC and BPD are similar, having the angles APC and ifPiJ 
equal, and, if the triangle BPD be revolved about BP so that D 
comes to F, CPF will be a straight liae. 

GomtTuction—^raAacn DB so that BF=DB; draw CPF, and 
join PD; then P is evidently the point required. For angle DPB 
:= (I. 5f) angle i^PB^^angle APG, because they are vertical 
aQgles. 

Demonslraiion geometrically. — We have DP^PF; iicuce GP 
-(- DP=CP-^ PF=. GF. Mow, in tiie line AB take any other 
point, as P' , and joiu P' with the points G, D, and /■; then HP' = 
P'F. Hence Ci" + DP' = CP' + P'F, which are j/reafer than 
the straight liae GP, or thau its equal GP -\- PD. Q. E. D. 

Calculation. — From similar triangles GAP, DBP, we have AG: 
BD::AP: BP. By composition, AG -\- BD:AG :: AP ^ BP {AB) 
AG-X. AB ^j^^^ AC+BD:BD::AP + BP (AB) : BP 



_ BDx AB 
~ AG + BD 



J GP = \^'a 6" + AP^, and DP = \^B1'P + BP\ 



Note 1.— Since the angle APC= the angle BPD, if ^B ware a reflecting 
surface, a ray of light from G, moving in the direction CP, would be reflected 
from P, along PD, to D. Hence the reflected ray, in passing from one point 
to another, goes through the shortest posaihle distance. 

NOTB 2.— If CA be produced to meet FE, drawn parallel to AB, in E, the 
two last proportions in the calculation may be obtained direcily from the 
similar triangles CEF, CAP, and BPD. 

* VI. e. t !■ i- 
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PaoBLEM XYIII. — Id a riglit line are given three I'uiiilri, .iiiiJ 
from one of the extreme points a perpendicular is erected. It is 
required to draw from the other two points two lioes to meet in this 
perpendicular, such that the angle between them at the point where 
thcv meet shall bo a 




the three points A, £, aud G in the fight 
line A G, to wbiel) GD is drawn perpen- 
dicular; it is required to draw AP aud 
BP to meet in GB, such that the angle 
APB shall be the greatest possible. 

Analysis by the differential calculus. — Let P represent the 
requii'ed point, and joiu AP and BP. Put AC^a, BG=^b, and 

CP=^x; then tangenl^angle GPB to radius unity ^: —, and tangent- 



GPA = -- Heiiee, since (Plane Trig., Art. XXV.) tang 

ff (tang a — tang i 
M^ + tang a x taug 

by the problem. But, as the n 



(»_(,) -^-^; ""g'' -'"'''' „e tavo, taking' «=, 1, tan- APB 



1+5 1+^ 

a — b oi this fraetion is constant, for the fraction to be a maximum 
its denominator a; -f- — must be a mini'mum. Differentiating, wo 

have da; — 5^ = 0, or 3;' = a6; that is, CP'^CA x GB; where- 
fore (IV. 30*) CP must be a tangent to a circle passing through 
the points A and B. Whence this 

Gonstruclion. — Oq the middle of AB erect the perpendicular EF, 
to which apply BO = EG, and with centre O and radius OB or 
EG describe a circle, and it will evidently pass through the points 
A and B, and touch CD in P. Join AP aud BP. and A PB will 
be the maximum angle required. (It is evident (IV. SOf) that 

GP^^CA X GB; that is, that a5'' = <i6.) 
Demonstration geometrically. — In GD take any other point, as 

P', and draw AP' and BGP', the latter cutting the circumference 
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of the di-de at G. Join AG; tben (III. 18, cor. 1*) angle APB 
= angle AGB. But (I. 25, cor. Cf) the angle AOB is r/re.ater than 
AP'B. Heuee the angle APB is greater than AP'B, and tiierefore 
the angle APB is greater than any other angle dravm as required, 
or it is the mami'mum a-ngle. Q. E. D. 

Galculation. — Join OP, which is equal to EG or OB. In triaagle 
QBE, OE'=GP'=OS'—BI!'=EC' — BE''=(EG+EB) x 
(EG—EB) =CAx CB. lu triangle GPB, Case 3, find BP, and 
angle CPB. In triaagle CPA, Case 3, find AP, and angle Gi'J. 
Tben the maximum angle vJi'^ ^ 6'P^ — C-PiJ. 



Peoblem XIX. — From two given points in a given right line to 
draw two lines to meet in another right line giveu in position, so 
that the angle included between these lines at the point where they 
meet shall be a maximum. 




AE, BE, and the angle AED, to draw 
from the given points A and B the lines 
AP and BP to meet in ED, such that 
the angle APB may be the greatest 
L possible. 



Analysis hy the differential calculus. — Let P be the required 
point at which the angle APB will be a maximum. Put AE~a. 
BE=b, EP = x, and angle E — 0; then, letting fall the perpen- 
dicular PG, EG=xcosS, P(7 = icsinfl, and BC^b — w cos 0. 

_BG_ 

'PC 

= ---.— " — ^cos jJigQ^g )jy 'YTig., Art. XXV., the tangent of 
PO a;Siny ■ j n: .7 o 

a — x coaO h — xco>iO 

their difference, APB ^ - " " " 
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Now, since the numerator a — J is eocistant, for 
the fraction to be a maximum its denomiuar 
lor must be a minivium. Heuce x s'm -\- 
(a — arcosg) X (b — a; cos g ) _ 



which reduces to - 
x^ (ain' 8 + cos' ff) + (< 



sin' + ab- 



sO — bx cos -\-x'' cos' _ 



x-\ -, a COS fl — 6 cos fl 



Ilcnco, omitting con- 



stants, X -\- ~ :^=niiQ. By difFerentiating, we have dx — ■ ^0; 

whence «' = a6. Ths.t is, UP' = AE y. EB. Wherefore (IV, 30*) 
ED is a tangent at the point P to a circle passing through the points 
A and B. Whence this 

Construction. — By Problem IX. of "The Circle," through the 
points A and B describe a circle, touching the line ED in P, tbus : 
From the middle of AB erect the perpendicular ID ; let fall the 
perpendicular IG ; join DA, and to it, produced, apply IF=^IG; 
draw ^O parallel to IF, anS OP parallel to IG ; then OP=OA = 
the required radius. For, by similar triangles, we have DI: IF or 
IG::DO:OA or OP; whence OP=OA ov OB, and a circle 
described witb as a centre, with the radius OA, will pass through 
B, and touch ED ia P. 

Demonstration geometrically In ED take any other point, as 

P'. Draw BP' and AMP', the latter cutting the circumference of 
the circle at B. Join BE; then (III. 18, cor. If) angle APB = 
AHB. But (I. 25, cor. ej) angle ASB is greater than AP'B. 
Hence angle APB is greater than AP'B, and APB is the maximum 
angle required. Q. E. D. 

Galculation.~Bj lY. 30,§ we iiavo EP = VaE~x~EB. Then, 
Case 1, find EG and PC, thence BC, AO. and angles BPG, APC, 



'" III. 3 



t III. 21. 



i III. 3( 



Ho..tedbyGOOglC 



ANALYSIS BY 'THE D IE PEllENTI A L CALCULUS. 177 

wlien we have angle APJi =^ APO ~ BFC ~-^ maximum angle 

Problem XX. — Given, the perpendicular height and the vertical 
angle of a plane triangle, to determine it, such that the base, and 
consequently the area, shall be a 



r the perpendicular CD, and the angle 
p. J ACB, and the base AB, to be the 
j least possible, and hence the triangle 
L A CB to be the least possible. 

Analysis by the differential calculus. — Let ABG represent the 
reqiiit'ed triangle. Put the given angle AGB = 0, GD = a, AC = 
x, and BG = y. On AG, or reproduced, let fall the perpendicular 
HI; then CI= CBcosO = ycose. Now (IV. 12*), AB'^AG^ 
+ BG'' — 2AG X GI = a:^ + y''—2coB0a:y= minimum by the 
problem. Also, aiy sin <* = twice the area of ABG = AB x GD=^ 
a Vfl;' -\-y^ — 2 cos xy. Hence, since the quantity nnder the radi- 
cal sign is a minimum, being equal to AB, its differential is equal to 
0; consequently, a times that differential is 0, and therefore the 
differential of its equal xy sin S, or of xy, ^= 0, Puttiug the differ- 
ential of x^-\-y^ — 2 cos e xy and of xy =^ 0, ive have 2xdx + 2ydy 

— 2 cos e xdy — 2 cos fl ydx ^^ 0, and xdy -f- ydx = 0, or dy = ~^— ■ 

n the preceding differential equation, 

^ , 2y''dx , 2 cos Oxydx „ „ , „ , , 

we have 2xdx — ~ — + ■ — -^— — 2 cosCi/(7a; = 0; whence x^ 

^y', or x^y. That is, for AB to be a minimum, AG and GB 
must be equal. Whence this 

Gonslruction. — Draw CD bisecting the given angle AGB, and 
equal to the given perpendicular. Through D, perpendiuuiar to 
CD, draw the base ADB; then will AC^GB, and ACB will be 
the required triangle. 

Demonstration geometrically. — Take any other triangle, as £GF, 
h&viug ioigle JEGF^ AGB. On C^ and C£, produced if necessary, 
let fall the perpendiculars EH and FQ. Then, since angle .E CF= 
ACB, taking EGB from each, we have angle EGE = FGQ. 

« II. 12 and 13. 
H* 13 
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Hence the triangles 
E AH a,n.d FBQ a 



s ECHs.uA FGG are similar. Also, the triaDgles 
i similar. But, sincy 0B= GA, CG is greater 
than Clf; heoce FO is greater than Fff, 
and FB greater than FA. Add EB to 
each, and we have EF greater than AB. 
Hence AB is the shortest line posaible. 
Q. E. D. 

*^ Calculation.— la triangle ACE, Case 1, 

lincl.diJand^6'; then BC^AC, and AB = 2 AD. 

Corollary 1. — With centre C and radius CD describe the are 
LDO. Then, to draw the minimum tangent to the are LDO, which 
shall have its extremities in the radii GL and CO produced, it must 
touch the arc LDO at its middle point D, when AD will be equal to 
DB. and CA to GB. 

Corollary 3. — If AGB is a right aagle, then AD is the tangent 
of A CD, and BD is the co-tangent of A CD. Hence, to And an arc 
the sum of whose tangent and co-tangeut shall be a 
see that the tangent and co-tangent must bo equal, i 



md henco the 



arc be half a quadrai 



rl5°. 



Problem XXI. — The vertical angle of a triangle is given in 
maguiiude, and the vertex of the triangle is in the circumference of 
a circle given in magnitude and position ; also, the base of the triangle 
a straight line given in position, and one extremity of the base 
;en in position. It is required to determine the triangle when 
ise is a Tnini'mum.* 




the angle A CB, the vertex G to 
be in the circumference of the 
given circle 0—F'E', the posi- 
tion of the line EABF, and the 
point ji, to construct the triangle 
ACB, sucIj that the base All 
. shall be a minimum. 



Analysis— Let F'CE' be the given circle, whose centre is 0, 



"Prise 



ti tbo fou. 



MathesiMieal Siary, edited by Robert Adraio, in 1826, and the abov. 
givan at the time by tbe author of this work, and published the next m 
page 132, and it abated the prise with the late Dr. Chatlea Fareiubar, 
indrin, D.C., and J. II. Swale, of Liverpool, England. Dr. Bowditch au 
were eorreEp on dents of the same mathematieal pariodioal. 
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EF"* the line given in position, A tlie given point in EF to be one 
extremity of the base, and FAD equal to the given vertical angle. 
Draw AH and OL at right ang:les to AD and EF respectively. 
Then it is evident (III. Prob. IBf) that the centre of tiae circle dr- 
cumscribing the required triangle will lie in AH. In HA, produced, 
lay AI {in a direction from the perpendicular OL) equal to the 
radius of the given circle. Join 10, and draw AG parallel thereto, 
jilso, draw 00, and produce it till it meets -dfi" in G; then (IV, 15J), 
since AI=^ 00, the radius of the given circle, we have GA = 00. 
Hence, with the centre G and radius = G^ or GC, describe the 
segment 4 C-B, and join GB; then will -iC^ be the triangle required, 
having its base AB a minimutn. 

Demonstration.— By III, Prob, 16,§ the angle AGB = BAD = 
the given vertical angle. Now, since the radius of any other circular 
segment whose centre is in AH, to pass through tlse point A (as 
must be to make the contained angle equal to FAD) and meet the 
given circle, must necessarily be greater than QA, it is evident that 
AB is the least possible base, Q, B. D, 

Calculation. — Since the position of the line EF, and of the point 
A, are given, if we join OA, t!ie triangle OAL is given in all its 
parts. Hence, angle 0.4(?^0Ji + i-d(?. In triangle 0,4G, find 
angles, and OA=GG. In triangle AGB, Case 1, find AB; then 
(III. 18||) angle ABG=i AGO. In triangle ABO, Case I, find 
^C and iiC. 

Corollary. — If the point A coincides witb L, AI may be laid 
either way, and there will then be two similar and equal triangles 
formed with the shortest possible bases. 

PitOBLBM XXII. — Having given the two parallel sides of a 
trapezoid, and one diagonal, to construct it such that its area may 
be a maximum. (See figures to scholium under Problem LXIV., 
"Triangles, Quadrilaterals, and Parallels,") 

^_ '-' [■ the parallel sides ,.^5 and CiJofthetrapc- 

~. J zoid ABCD, and the diagonal AC, to 
j construct it such that its area shall be the 
L greatest possible. 

Analysis. — The trapezoid is made up of the two triangles A OB 

• If UiB corresponding marked or " prime" letters are aaed, the ai 
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and AOD, the bases AB and CD of which are given, and hence 
constant quantities. Therefore, the greater the perpendicular heights 
of these triangles, the greater will be their areas, and, hcnco, the 
area of the trapezoid. But, evidently, their altitudes will be greatest 
when the diagonal AC ia perpendicular to AB, and, consequently, to 
BC. Whence this 

^ p Construction. — In any straight line lay BA 

= one of the given sides, and AE=^ the length 
of the other side. Erect the perpendicular AG 
:^ the given diagonal. Draw CD parallel and 
equal to AE, and join DE, DA, BD, and BG; 



then ARCD will evidently he the maximum trapezoid required. 

Calculation.~T)ia area ot ABCD = \AGy. {AB + GD), The 
side CB^VaE' + AC^, the side AD^'^/CD^ + AG\ BE== 
BA + AE, and BD = \^B.E' + ED' = V BE^ + A G\- whence the 
angles may be found at pleasure. 

CoroUarj/.— The triangle i)^S = triangle CEB = i {AB + AE) 
X AC = ^{AB+ GD) X ^i7 = tho area of the trapezoid ^5 CD. 

Note.— See note to Problem TI. of this divkion, as alike applicable to thfsso 
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AREAS AND THE DIYISION OF SURFACES. 



Problem I. — To find the area of a triang'lc when two sides and 
the ineludcd an^le are given. 



Given •? 



the sides AB and AC, and tbe included 



Calculation. — Let fall the perpendicular 07). In triangle ACD, 
Case 1, find CD; then the area of ABC ^^{AB x CD). In 
practice, the following method is convenient: 

Sin D or rad. : am A : : AG : CD : : (multiplying the last couplet 

by AB) AB y. AG: AB y. CD = 2 s.r&a.\ that is, ^ ABC = 

sinjl X AB X AC ■,■■.>, , j , j- ,i 
— -T ; or rm. : sm included angle : : product of the 

sides including that angle : double the area of the triangle. 

Problem II.— In a triangle the area, one angle, and a side adjacent 
to that angle are given, to find the other adjacent side; that is, in 
the above figure, are given the area of ABC, the angle SAC, and 
the side AB, to find AG. 

Calculation. — By the last problem we have rad. : sin ^ : : AB X 
.dC:2area. Hence rad. x 2area=:siii^ X AB X AG, where all 
the terms are known but jiC, which is determined by eonvertiag 
this equation into a proportion so as to have ^C for the fourth term, 
thus:— sia.d X AB-.re.A. :: 2 area: AC; that is, as sin given angle 
multiplied by the given side : rad. : : 2 area ; the other sidS adjacent 
to the given angle. 

Note 1.— The double area of a triangle being oqua,! to tin! product of the 
<181) 
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liiisa by the altitudo or perpend iciilur height, the altitude will be found by 
reducing the double area to the same denomination as the base and dividing 
the result by the base Hence, in the triangle ^BCthe perpendicular CD^= 
2 area ABO divided by AB, and the figure for this problem is readily 
con^truuted 

NoTB 2 — Since the area of a parflllelogram is double the area of a triangle 
of the lame ba e anil altitude, we have sin given attgUy^ given aide; rad. ; : 
area of parallelogiam : the other side of the parallelogram adjacent to the given 
angle 

NoTB 8. — The perpendicular height of a parallelogram is equal to its area 
divided by the base, tlie area and base being rednced to their respective units 
of the same name. 



Peoblbm III.- 
to Gild Lhe area. 



n the angles and o 



"£ 



.he triangle ylRC,allthe!i 
! -4fi, to And the arcii. 



Calculation. — Let fall the perpendicular BD from one extremity 
of the given side on one of the other sides, as AC ; then we have 
sin C : sin B::AB: AC. 
Also, sin D (rad.) : sm A : : AB : BD. 
By multiplying the corresponding terms of these proportions, we have 
rad. X sin C:sin ^ x sinS: lAB^-.AC X BD = the double area of 
the triangle ABG. That is, the product of rad. X sin angle oppo- 
site to any side: the product of the sines of the other two angles:: 
the square of that side : double the area of the triangle. 
We have the three proportious, 
rad. X sin (7 : sin Ay. sin .S : 
rad. X sin B : sin A -K s'm G 
rad. X sill j1 : sin B x sin C 
Corollary. — The fourth term in 
evidently the area of a parallelogr; 
AB and AC and the included angle . 



AB':2&KB.ABG. (I.) 
-d(7:2area^BC7. (2.) 
5C";2area.iB{7. (3.) 
each of these proportions is 
atn constructed with the aides 



Problem IV. — Having' given the angles and area of a triaogle, 
to find a side. (See above figure.) 

Calculation. — Take the proportions in the preceding problen:! by 
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inversiou. To find any side, take the sin 
to that side for the first term. Thus; 
To find AB, we lave 

sin ^ X siQ -B ; rad. x sin C : : 3 ai 
To fiod AG, we have 

sin ^ X sin C : rad. x sin iJ : ; 3 ai 
To fiDd BC, we have 

Bin B % smG: rad. x sin j1 ; : 2 ai 
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s of the angles adjacent 

a.ABGiAB\ 
a ABC: AG'. 
&ABG:BC\ 



Nora. — The area will always be in 
the side as the area. Thai is, if the 
or feet, the side will be in linear chains, perches, yards 
side is in linear chains, perches, yards, or feet, the 
chains, perches, yards, or feet. 



denomination as the side, and 

square chains, parches, yards, 

and, if the 

e in square 



Problem V. — Having given the angles : 
triangle, to construct it. 




e angles 


A 


B 


and C, 


BDd 


the 


;a of the 


tr 


aug'le ABC 


to 


con- 


uct it. 













Analysis and construction. — Draw any line AST, and make the 
angle MAK^^tlia given angle A. Let the given area, reduced if 
necessary, be in chains, perches, or some denomination of which 
tberc is a linear unit, and make ^Z>=; the square root of the given 
area. On AD describe the square ADIE, which will then eotitain 
the given area. Let the side SI, produced if necessary, cut AK in 
L, and join LD. Then the triangle ALD, being equal to half the 
square {IV. 3, cor. 1*), contsuns half the given area. Lay LG^ 
AL, and join GD ; then, since the bases AL and LG are equal, 
the triangles ^IJi and LDG are equal, and ADG = 2 ADL = ihe 
square ADIH^=the given area. At G make the angle AGF=the 
given angle G; then the triangle AGFwiW be similar to tEe required 
triangle. Now, we have to construct a triangle siwular to one 
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triangle, and equal in area to another, both iiavitig the same altitude ; 

tbat is, to construct ABG similar to AFO, and equivalent to ADG 

(IT. Prob. 15*). To do which, find a mean proportional between 

^ their bases AF and AD by describing a 

q/ semicircle upon the greater base AF, at 

D, the end of the lees base AD, erecting 
a perpendicular to meet the semicircle in 

E, and joining AE, which will be the 
mean proportional required (IV. 23|). 
Lay AB ^= AE, aud draw BC parallel to 
GF; then AUG will be similar to AFG, 
and equivalent to ADQ. 

Demonstration. — By IT. 25,| we Lave 

^ AFG ■.ABC::AF':A1}-':: AF' -.AF':: 

AF^ lAFx AD:: AF: AD : : AFG : ADG (IT. 6, cor.§). That is, 

AFG:ABC::AFQ:ADG. Whence ABC^ADG^I. ADL = 

the square ADIS^^ihe given area by construction. 

Calculation. — By Prob. IV. A.., that is, the last problem, find the 

Scholium. — Since (IV. 23, cor.,|| and the above demonstration) we 
always have AF'' : AE' : : AF: AD. AF' : FE'i: AF:FD, aud AE*: 
EF^::AD:DF, and similar figures being to each other as the 
squares of their homologous sides, we have AF:AD : : flg. on AF: 
Sim. fig. on AE or its equal AB, and AF: FD : : fig. on AF: sim. fig. 
on FE or its equal, and AD : DF: : fig. on AE : sim. fig. on EF or 
their equals. 

Bemark. — The precediug five problems 3,v& fundamental problems 
in areas, and the principles involved in them are in so frequent 
requisition that the student will find it to his advantage to he familiar 
with them. In solving the following problems they will be referred 
to, when used, as Prob. I. A., Proh. II. A., Prob. III. A., etc.; that 
is, Problem I. in Division on "Areas," Problem II. in Division on 
" Areas," etc. 
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1 VI. — To bisect a given triangle by a Iiiib drawn from a 
given point id odb of the sides. 

p f the triangle ABC, and the distance BP, 

// V/X Given -J to draw the line PJTso that PFB shall 

/ \/\_ X (be equivalent to AGFP. 

Analysis. — Suppose PF to be the required line dividing thu 
triangle ABC into two equiil parts. Join GP; bisect AB in £, 
and join CE; then, since BE = ^AB, the triangle BGE=^BCA 
= BPF. Take triangle BEF from the first and last of these equals, 
and we have the triangles EPF and EOF equal; hence (IV. 2, 
cor, 2*) EF\& parallel to CP. Whence this 

Gonstruotion. — Bisect AB in E ; join CF; draw .fii^parallei to 
GP, and join PF and CE; then PF will be the division line 
required. 

Demonstration.— By IV. 2, cor. S.f the triangles BPF and EOF 
are equal. To eacb add BEF, and we have BPF= BEG ^^ BAG. 
Q. E. D. 

CoicMZttfiore.— By parallel lines, BP : BE :: BG : BF; then Ci'"'= 
iJC— BJi', andB^:^a:;Si':P#. 

Limit^.—li BP= BE = ^AB, the line Ci* will coincide with 
GE and be the bisecting line. If BP were less than BE, the point 
would fall on the line AC, but the method of construction and cal- 
culation would be the same. 

Problem VIL — Having a square given, it is required to construct 
a rectangle which shall have the same perimeter as llie square, and 
contain half the area. 



! square ABCD, to construct 
p . J the rectangle AEFG to be equal 
™""' half ABCD, and have the sidca 
'^AO+GF^AB + BO. 



Analysis. — Let ABCD be the given square, of_ which the 
diagonals are A G and BD, and AEFG the required reefangle. In 
AG, produced, take GH=GF; then ^if=half of the perimeter 
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of the rectaDg'lo = (by the problem) half the perimeter of the square 
= AJi + BC; hence BH=BG. Again, the area of AEFG = 
AG X GF=^AQy. GH=(AB + B0) X (AB — BG) = AB' — 
BG^^(hy the prohlam) ^ AB''== BO'' or A 0\ Wherefore BG^ = 
BO\ or BG = BO; and we hare this 

ConslrucHon. — Havingdrawnthediag- 

■^ " ^__'^ onals AO and BD to the ijiven square, 

\ / I intersecting in O, produce the side AB, 

\( making BH=AB; then AH^^ the 

y \^ perimeter of the required rectangle. Oa 

1^ / _1J^ Jiu lay BG = BO, erect the perpendicu- 

lar GF~ GB, aud draw FF parallel to 
AS; then AMFG will be the rectangle required. 

Demoniitration.—We have J(?+ GF=AG-\- GH=AH~AB 
-\- BC. Hence the perimeters are equal. Also, area AI1FQ = AG 
K GF=AG-X GJI=(_AB + BG)X (AB — BG)^AB' — BG' 
= AB' ^ BO' =^ AG' ^ ^ AB'. Q. E. D, 

PkOBLEM VIII.— Having given tiie position of three canseeutive 
zigzag lines, and the lengths of the first two, to draw a line from the 
starting-point to the third line so as to cut off equal triangles in the 
two given angles. 



r the angles ABGaad BCG, and the lengths of the 
Given < sides AB and BG, to draw the line AED to make 
( the triangle ABE = E CD. 



Analysis. — Suppose the line AED so drawn as to make the 
triangles ABE and EOD equal. Join AC. Add the triangle AEG 
to each of these equals, and we have the triangles ABG and ADG 
equal. Whence (IV. 2, cor. 2*) BD is parallel to A G ; and we 
have this 

ConstrucHon. — Having drawn AB, BG, and GG as given, and 
joined AG, draw BD parallel to AG, meeting the third side CO in 
Z*. Join AD, which will be the required line. 

Demonstration. — By IV. 3, cor. 2,* the triangles ABC and ADG 
are equal. Take AEG from each, and we have tire triangles ABE 
aud EGD eqaal Q. B. D. 
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Calculation. — 1. In triangle ABC, Case 3, find AG, and angle 
ACS. 

3. In triangle CBD, Case 1, find CD and BD. Angle ABD = 
ABC+ CBD. 

3. In triangle ABD, Case 3, find AD, and angle ADB. 

4. In triangle BED, Case 1, find DE and £i^. Thon AE'-=AD 
— BE, GE-=BG — BE ; and we lino w every line and every angle, 
and can readily find the areas of the equal triangles AEB and GED 
by Prob. I. A. or II. A. 

Note.— When 4B snd CG nre paiallel, CD ma%\. aqtai AB, R-<id.AD=CB, 
and the trianglea AEB and CBD will be equal in all tlieir parts. 

Proelbm IX, — To divide a given triangle into any number of 
equal parts by lines parallel to one of the sides. 



(the triangle J£(7, to divide it into any 
inumber of equal parts, say four. 



Construction. — In accordance with Problem V. A., scholium, 
divide AB into the same number of equal parts that the triangle is 
to be divided into, in the points 1, 2, 3, etc., and at these points 
erect perpendiculars to meet a semicircle described on AB, in the 
points D', D", D'", etc. Join AD', AD", AD'", etc., and make 
AB'=.AD', AB" = AD", etc., and parallel to BC draw B'C, 
B"C", etc., and they will divide ABC as required. 

Demonstration. — By scholium to Prob. V. A., ABC:AB'G', 
AB"G", %ic.: : AB : A\, A2, etc.; hence the parts AB'G', 
B'C'C"B", B"C"G'"B'", etc. are all equal. Q. E. D. 

Calculation.— AB' = AD' ^ V AB x A\, AB" ^ AD" ^ 
\^AB % M, etc. Also, AB: AB' -.: BG: B'C. and AB:AB":: 
BG:B"G", etc. 

Note, — If it is desiied to have the piirts of tha triangle in any given ratio, 
riivide AB in ihat ratio, and proceed as above. 
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Problem X. — To divide a given circle into any numbei' ol' giv 



fthe circle whose radius is OA, to 

Given -? divide it into any number of conceti- 

( trie rings whose radii are GG, GH,Gt(3. 



Gonntruclion. — Divide GA into the same numlicr of equal parts 
at the points B, D, etc. that the given circle is to be divided into, 
and at B, D, etc. erect pevpendiculars to meet the semicircle on the 
radius GA, in E, F, etc Join GE, GF, etc., and with these lines as 
radii, and centre G, describe circles, and they will divide the given 
circle as required, as is evident from scholium to Prob. V. A., and 
the preceding problem. 




, — If it is dcsirKci to have tlio 
ratio, iind proceed as above. 



to, divide tlie radius 



Problem XI. — In a quadrilateral figm'e there are given the foui 
angles, and one pair of the opposite sides, to 3ud the area. 



Given, the angles A, 
B, G, and D, and the 
sides AB and CD, to 
find the area. 




Analysis. — Let ABGD (Pig. 1) represent the quadrilateral figure, 
of which AB and GD are the known sides. Produce the unknow?i 
sides BO and AD till they meet, as in F. Draw FF parallel to 
DC, and CJ" parallel to DF; then FF=FG, and the angle AFF 
= the given angle ADC. Whence this 

Gonstruction. — Draw -dB^^the longer given side, and make the 
angles EAB and .d££^=the given angles A and B respectively. 
At the point E where these lines meet, make the angle AEF^ths 
given angle D, and lay EF equal to the shorter given side. Draw 
FC parallel to AE. and CD parallel t« FF, aztd ABGD will be the 
quadrilateral required. 

The demonstration is evident from the analysis. 
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Caloulalion. — By Frob. III. A., in triaugle AEB, we have rad. X 
sin A' : Bin -i X siu £ ; : -i£' ; 2 area -dfi£, and in trianjjle DEC, 
rad. X BinS:Bi[iD x sin C::DC^:2area DEC. Half the differ- 
ence of these two results gives the area of ABGD, ia the same 
denomination as the sides AB and CD. 

If the lengths of the sides AD and iiOare desired, in the triangle 
AEB, Case 1, find AE and BE; and in triangle DEC, Case 1, find 
DE and CE ; then AD = AE — DE, &aABC = BE~ CE. 

Limits. — If the two given sides AB and CD are parallel, as in 
Fig. 2, tbe problem ia unlimited; for, if we draw any line, as CD', 
parallel to CD, the quadrilaterals ABG'D' and ABGD will be 
equiangular, and have tbe sides AB and CD' respeetively equal to 
AB and CD, and hence either of them will fulfil the conditions of 
the problem. 



PaoBLEM XII. — In a quadrilateral are given two angles, and the 
three including sides, to find the area. (See above figure, where the 
angles A and B and the sides DA, AB, and BG are given.) 

GonetrucHon. — Draw AB ^^ to the second given side, and make 
the angles A and B = the given angles. Lay AD = the frst given 
side, and iiO = the third, and join CD, and ABGD will evidently 
be the figure required. 

Calculation. — In triangle ABE, by Prob. Ill, A. and Case 1, find 
double area, aad sides AE and BE; then ED=^AB — DA, and 
EC = BE — £G. Also, in triangle ECD, Prob. I. A,, find double 
areaBCi?; ihea ABCD = ^(2ABE — 2 ECD). 

Limit.— V,'hea BG and AD are parallel, as in Figure 2, let fall 
the perpendicular BI, and in triangle ABI, Case 1, find BI; then 
area^^Ci> = i7^7x {AD + BC). 
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PaoBLEM XIII. — Having given tho position of three consecutive 
eigzag lines, and the length of the second one, to draw a line making 
a given angle with the first side and cutting off eqnal triangles ia 
the two given angles.- 



(the angles FB G aad S 01, and the side 
BC, to draw AD, making the angle 
i?^2)cqual toaglveuangle, andsoasto 




I. cut off equal triangles ABE and U OD. 



A>ial>/sis. — Suppose AD to be the required line, jiiakiug BAD = 
the giveu angle and cutting off the equal triangles ABE and EGD. 
Produce the first and tliird sides, BA and DC, to meet in F. To 
the equal triangles ABE and ECD, add the figure AECF, and we 
have the triangles FOB and FDA equal. Draw GG parallel to 
DA; tben the triangle FOG is similar to FDA. Now, we must 
construct the triangle FDA similar to FGG, and equal to FOB, 
they having the same altitude. 

Gonslruclion. — (See Prob, V. A.) Having drawn the three sides 
FB, BG, and GI, making BG its given length, and FBG and BGl 
^= the given angles, aud produced the sides BF and IG to meet in 
F, draw CG {Prob. XVIII. "Triangles," etc.), making the angle 
^GC^^the given angle BAD; find a mean proportional FH 
between the bases FB and EG; make FA = FH, and draw AD 
parallel to GQ, which will be the line required. 

Demonstration. — The angle BAD = BOG = the given angle. 
By Prob. V. A., the triangles FDA and FBO are equal. Take the 
quadrilateral AEGF front each, and we have the triangles ABE 
and EGD equal. Q. E. D. 

Galcalation. — 1. In triangle FBG, Case 1, fitid FB and FG. In 
triangle FGG, Case 1, find FQ aad GG ; then FA = FR= 
VFB X FG, and AB = FB^ FA. 

2, In similar triangles J'ffC and i^-^A we ha,V6-F0 : FA : : FG : 
FD; then GD = FD — FG. Also, FG:FA::GG: AD. Now.ia 
triangle ABE, Case 1, find AE and EB, and by Prob. Ill, A., the 
area of ^iJiJ^area GED; then GE = BG — BB, and DE = 
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AD — AE, aod we know all the sides and angles, and the area of 
each triangle. 

KOTE.— "When C/iaparalleltof B, bisect BCiQiJ.BndthrougliEdraw^Ei) 
(Prob. XTIII. ■'Triangles,"etc.),makingtlieangle B^I> = the given angle; 
then BA will be equal to CD, and the triangles ABE and ECD equal in every 
respect. 

Problem SIV. — To divide a given triangle into two parts having 
a given ratio to each other, by a line drawn parallel to one of the 



fthe sides and angles of the triangle ABG, 
Given -J to draw D(7 parallel to B Cm that AUG : 
iBDOG-.-.m-.n. 



Analysis. — Divide AB in F so that AF maj be to FB in the ratio 
of m:n (IV. Prob. 1*). Join GF; then AGF and BGF are to 
eacb other as m to n, and hence AGD = ACF, and BDGG=BCF. 
Wherefore we have to construct a triangle AGD similar to AGB 
and equal to AGP, they having the same altitude. 

Construction.— (See Prob. V. A.) Find AE a mean proportional 
between the bases AB and AF, make AD^AE, and draw BG 
parallel to BC, and it will be the division line required. 

Demonstration.— By IV. 25, f ABG lADG :: AB': AD^:: AB' : 
ABy.AF::AB:AF::ABG:AGF. ^ence AEG ^ AGF. Take 
each from AGB,s.M we h^ve BEGG — BGF. Therefore we have 
ADG:BEQG:AGF:BCF::AF:FB::m:n by construction. 
Q. E. D. 

Calculation. — By eonstniction, min::AF:FB. By composition, 

m.-k-n:m.::{AF -Jr FB)AB : AF = ^^- X AB. Also, m + n: 

n::AB:BF^ 

AbJ—^^- Then BB=^An — AD, und AB:AG:iAD:AG,AB: 

BG::AE:BG, and CG=^AG — AO. Now, urea. AEG = -^^ 

X area^5G, and area BDOG= "_ X area^^C." 

Scholium.— If on AB, BD were laid equal to BE, and EG drawn 
• VI. 10. t VI. 73. 
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parallel to A G, the triangle would be divided in the given ratio by a 
line parallel to A C. 

If the dividiQg line is to be parallel to AB, the semicircle must be 
described on one of the other sides, AG or BG. 

When the triangle is to be divided into equal parts, AB must be 
bisected in F. 

Problem XV. — To divide a given triangle into two parts which 
shall have a given ratio to each other by a line which shall make a 
given angle with the base. 



( the triangle AB G, and the angle ABE, 
Given ) to draw DE so that the ratio of ADE 
( to EDBG shall be as m to n. 



Analysis. — Suppose DE to make the given angle with AB, and 
to divide the ir\&a%\^ ABO mXhaX ADE: EDBG:: m:n. Divide 
the base AB in F so that AF: FB::m:n, and join CF; then {IV. 
6, cor,*) AGF:FGB::AF:FB::m:n. Hence AGF and FOB 
are equivalent to the required areas ADE and EDBG. Parallel to 
ED draw GG; then angle ^G'C = angle ADE, and we have to 
construct a triangle similar to ACG and equal to ACF, both having 
the same altitude, by Prob. V. A., thus: 

Gonstruction. — Through G (Prob. XVIII., "Triangles," etc.) 
draw CG, making with AB, produced if necessary, the angle AOG 
;=the given angle ADE. Make AD=AH=s, mean proportional 
between the bases AG and AF, and draw DE parallel to GG, and 
it will be the division line required. 

Demonstration.— Sj I. 20, cor. 3,t the angle ADE^angX^ AGG 
= the given angle by construction. By Prob. V. A., A GG : AED : : 
AG' : AD' : : AG' : AG ^ AF :■. AG : AF : : AGG : ACF. Hence 
AED ^ AGF. Taking each from ^ OS, we hs^ve EDBC= FGB. 
Wherefore AED: EDBG:: AGF: FOB:: AF: FB::m:n by con- 
struction. Q. B. D. 
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AB. Also, in triangle ACG, Case 1, (iad AG; then AD = AH-- 
*/AG X AF, and DB = AB — AD. In triangle ^i?E, Case 1, 
find ^E and ^Z); then Et7 = JO — J£; area J EZ) = ^^^-^ X 
area J Cfl, and area ED OB = ■■ "— X area ^ GB. 
Limit. — AS must be less than AB. 

Problem XVI. — One side and the two adjacent angles of a 
quadrilateral figure being given, to lay off a given area by a line 
which shall make given angles with the two unknown sides. 
Fig. I. Fi"- 2. 



Given, the line 
AB, the angles 
^ BAFanAABJS, 
and the angles 
FDOandEOD. 



■«. — Produce the lines EB and FA, either way, to meet in 
P. Divide twice the given area, reduced to the same denominati(i!i 
as AB, by AB, and on AB erect the perpendicular BI, in Fig. 1, 
and AI, in Fig. 2, equal to the quotient; draw Til parallel to All, 
and join HA; then (IV. 3*J the triangle ABU contains the given 
area, and is equal to the quadrilateral ABCD. Consequently tlie 
triangles PAH and PGD are equal. In Fig. 1 draw MO, and in 
Fig. 2 AG, parallel to CD, meeting the lines EB and FA, produced 
if necessary. Then wo have to construct a triangle PGD equal m 
PAH, and similar to PHG in Fig, 1 and PAO\a Fig. 2, both havin- 
the same altitude, by Prob. V. A., thus : 

Goniitructwn. — Having made the triangle ABH to contain llr 
given area, as in the analysis, and drawn HG (Fig. 1), making tin 
angle Bif(7 = the given angle ECD take PD-^PL, a mean pn - 
portional between the bases PQ in 1 PA and draw DC parallel to 
HG. Then ABCD will cmtan the given area:^JfiH^. The 
construction of Fig. 2 is piecisely sim hi 

DemonstraMon.—{Vi<i\i V A) lie triangles PGD omA PAU 
• VI. 1. 
I 13 
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Calculation.— In triangle PBA, Case 1, and Prob. III. A., fliid 
FB and FA, and area PBA; whence the area of tlie triaiij^le FGD 
is known by adding or subtracting the given area to or from PBA. 
In triangle FDG, Prob. IV. A., find side DG, and thence, Case 1, 
the sides PD and PC, from which AD and BG arc obtained by 
eubtraction. 

Scholiuvi I— When CD is to be parallel to AB, HG, in Fig. 1 
mnst be drawn parallel to AB, and AG, Fig. 2, need not be drawn, 
O coinciding with B. 

Scholium 3.— When AF and BE are parallel, bisect AH in 0, 
and through Odraw aline CD, making the angle i/CK— the given 
angle, and it will be the division line required. For the triangles 
AOD and HOG will be equal (I. 5*), and consequently ABGD — 
ABH=^ the given area. 

Probi.em XVIT. — To divide any given quadrilateral figure into 
two parts which shall have a given ratio to each other, I>y a line 
which shall make given angles with the two sides it inteigi'cts. 



r the quadrilateral fignre AI'GD, 
J and the angles AFE and BKI'', to 
" 1 draw FH so as to divide ABGD 
Lin the ratio of m;«. 



Analysis. — Produce the sides GB and DA which llio diviai 
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FE is to cut, to meet in P. Tlien reduce the quadrilateral ABCD 
to an equivalent triangle by Joining (7^4, drawing BG parallel to 
C^, and Joining CG. Tlien (IV. 3, cor. 2*) triangle ^ffC = ^50. 
Add ^C2>toeacli, and wehave GCD^ABCD. Divide the base 
GB in-f so that G/may be to ID in the given ratio of m to n, and 
join CI; tiiea triangle GGIi IGD:: GI: ID::m:n. Hence ABEF 
mustequal GC/, and i^A'C-D must equal 7£?i>. Draw C^" parallel 
to tbe division line EF; then we have to make a triangle PEF 
equal to PC/ and similar to FOS, both havidg the same altitude, 
by Prob. T. A., thus: 

Construiiion. — Make the angle P(7S'=the given angle PEF, 
and let GS meet AD, produced if necessary, in H. Take PF=^ 
PL = a mean proportional between the bases P/Taud PI, and draw 
FE parallel to CH, and it will be the division lino required. 

Deinon>ilration-—yie have (Prob. V. A.) PGH-.PEF:: PB'i 
FF'-.-.PH'-.PHx. PI::PH:PI::P0I1:PGL Hence PEF^ 
PGl. Take each from PCD, and we have FEGD=IGD. But, 
by the analysis, Ali CD ^= G CD. Hence, taking equals from equals, 
we have ABEF^GGI. But GGI: ICD ■.-.m-.n. H<'uce their 
equals ABEF otid FECD are to each other as m to n, in the given 
ratio. Q. E, D. 

Calculation.— la triangle PliA, Case 1, and Prob. III. A., fitid 
PB and PA, and area PAB. In triangle PGD, find area. Then 
area ABCD^^lhi! difference of these areas; and since m:B:; 
ABEF-.FECD, we have, by composition, m -\- n:m::ABCD: 

ABEF, and m ■\-n:n:: ABGD-.FECD. Whence wc have — ^ 

X area ^BCi) = area of -47J£;/', and — ~ X area ABGDr^axaa. 

FECD. Aiso, area PEF = PAB + ABEF. 

Now, in triangle PEF, by Prob. V. A., find EF, and thence, Case 
1, 6nd PE and PF; then, by subtraction, find AF, FD, BE, and 
EG. 

Sclwlium 1, — If the given quadrilateral is a parallelogram, divide 
either of tbe sides which the division line is to cut, in the ratio of m 
to 71, and through the point thus obtained draw a line parallel to one 
of the other sides, and this line will divide the given parallelogram 
into two parallelograms whieh have to each other the given ratio of 
m to n. Now through the middle point of this dividing lino draw 
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FE (Prob. XVI3I., "Areas," etc.). nmkiug the angle AFE=^\ha 
given angle; iheu I'E will be the division line required. 

Scholium 3. — If only the lioes BC and AD which the division 
line is to cut are parallel, divide each of 
these lines in the ratio of m to Ji, the parts 
corresponding to m in each beiog adjacent 
to AH. Join the points of diviriioa, and 
this line will evidently divide the given 
trapezoid into two partial trapezoids 
which shall have to each other the ratio 




of 7. 



to (( 



Then, as before, through the middle 

point of this dividing line draw FE, 

making the angle AFE = the given angle, 

and FE will be the division line required. 

Scholium 3.— If ^5 and CD are parallel, and iJC and ^D, which 

the division line is to cut, are not parallel, it is the same as this 

problem. 

Scholium 4.— WhenSFis to be parallel to GD, Off mil coincide 
with CD, and the semicircle must be described on PD, and GD 
must be divided in I so that (?/: IB-.-.m-.n. 

Problem XVIII. — To divide a given trapezium into four equal 
parts by two lines, one of which shall be parallel to the third side, 
and the other cut the second and fourth sides. 




the sides and angles of the 
trapezium ABGD, the 
sides being numbered in 
the order of the letters, 
-^ -iSbeingthefirst.todivide 
it into four equal parts by 
the lines EF and IH, of 
which BF is to be parallel 
to CD. 



Analysis. — The same as in the preceding problems. 
Construction and demonstration. — Produce AB and DC to meet 
u K, and DA and C£ to meet in G. By last problem, scholium 4, 
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divide ABGD into two equal parts by a line EF parallel to GD, 
thus : — Joiii CA, draw BJ parallel to it, and join CJ; then JCD 

— ABGD. Bisect JD in L, and join CL; then JCL-^LGD^ 
^ABCD. Now, make a triangle GEFeqaal to GOL, and similar 
to GOD (Prob. V. A.), by describing a eemioircle on the greater 
base GD, erecting a perpendicular LN from t!ie ead of the less base 
to meet the semicircle, joining GN, making GE = GN, and drawing 
£^ parallel to CD; then EF is one of the required division lines. 
For (IV. 25*) GGD:GFE::GD^:GE':: GD^: GN^:: GD': QD 
% GL::GD:GL::GGD:GGL. Hence GFE=?GCL. Take 
each from GQD,&\i&yi^\^^iQ EFGD = LGD = \ABGD. Taking 
these equals from the equals JGD and ABGD, we have ABFE=^ 
JGL^\ABGD^EFCD. 

In a similar manner, precisely, divide ABGD into two equal 
parts by the line PO parallel to AD, and divide ABVE into two 
equal parts by the line RQ parallel to AE. Join OQ, and produce 
it to meet AB in /, draw PR parallel to IQG, and join IR, which 
will be the other division line required. For triangle IRQ = IPO. 
Add .^/ODtoeach, and we have AIRD^ APOD^\ ABCD. 

Now, putting ^at the point where the division lines EF ».wA IR 
intersect each other, we have (IV. 25t) IRO : IZQ ■.-.lO*: IQ' : : 
IPO-.IRQ. BatIRO = IPO. Hencs IZQ = IPQ. Add AIQE 
to each, and we have AIZE = ASQE =^^ ABFE = ^ABGD. 
Hence IBFQ, FGHZ, and EZRD are each equal to ^ ABGD also, 
and the trapezium ^5 CD is divided into four equal parts, as required, 
by the lines EF and IR. 

Caicwidiion.— Through Q, parallel to AB, draw QY, meeting 
OP in Y; then PY^RQ. 

1. In triangle GBA, Prob. III. A. and Case 1, find area GBA, 
and 05 and GA; then GG^OB + BO, and GD==^GA + AD. 

2. In triangle 0GB. Prob. III. A., find area GOD; then area 
ABGD ^ aOD— GBA, ABFE :^^ ABGB,a\i<l GFE=GBA-^ 
ABFE. 

3. In triangle GFE, Prob. IV. A,, find FE, and thence, Case 1, 
GE and GF; then AE = GE— GA, ED = AD — AE, BF= GF 

— QB, and FC = BG—BF. 

4. In triangle KBO, Prob. III. A. and Case 1, lind area KBC, and 
sides KB and KG; then KA ^ KB + BA, and KD ^-j?C + GD. 

5. In triangle EPO (_=KBO + ^ABGD) find (Prob. IV. A.) 
PO, and thence. Case 1, EP and KO; then AP = EA — KP. 

* VI. 19. t VL 19. 
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MUF, Prob. III. A. aad Case 1, find area MBF, 
A MF; then MA. = MB + BA, and ME^MF + 

T. In trianfe'le Jfff<>(=.TfBF + 
\ABGD) find BQ, and thence, 
Case 1, MR and MQ; then -4if = 
JJf^ — jyjj. Now, OY=OP^ 
^g,and QY=FR = AP — AR; 
then {IV, 18*) OY: YQ::OP: 
PL And AI=AP — PI. Also, 
IB = AB — AI, and KI^ KB + 
flZ. By similar triangles EIO, 
KPH, we have EI : KP : : KO : 
KlI. Then 1?!?= KB — KII, and 
6'ir=C-D — i),ff. 

8. In triang-le KIH, Case 3, find 
angle KIH, and side IH; then, by 

parallel lines, we have KI : MI: : IH: IZ, and KI: MI: : KH: MZ; 

and thence, by subtraction, we have ZH, FZ, and ZE, and then all 

the sides, angles, and area of each of the four equal parts are 

known. 




Problem XIX. — Through a given point within a, given trapezium 
to draw a line which will cut off a given area adjacent to the first 




the trapezium ABGD, 
of which ^jB is the first 
side.theangiej<5i', and 
the distance BP, to draw 
RPQ, cutting off the 
area ABR Q equal to i^ 



Analyuis, construction, and demonstration. — Produce the sides DA 
and CB to meet in F, and through the given point P, parallel to 
FD, draw an indefinite line EPH. Now, to the line FE apply a 
parallelogram FENM, equivalent to the triangle" ,fJS J, thus: — 
Bisect i^,4 in (?, and join Bt?; t\iGn FBG = ABG = ^ FBA. Join 
EQ, draw SJf parallel to EG, and join EM; then EMG^EBQ 
•VI. 4. 
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Add FEG to each, and wo have triangle FEM^FBG=^FBA. 
Draw jHfif parallel to EF; thea parallelogram FFNM(1. 28, eor.*) 
= 2 FEMz^ 2 FBG = triangle FBA. 

Next, to the line MN apply the parallelogram MNHI to coatain 
the given area of ABBQ = L', thus: — Perpendicular to MN draw 
MS=i, and also on MN\&y ML = L. Join ifS, draw LT parallel 
to NS. and T/S" parallel to j»f^. Then, by similar triangles K.VS 
and ML T, we have MN: MS (L) : : MS (L) : MT. Hence MN x 
jKTCwhich is the area of the parallelogram MNHI {lY. 1, cor.f)) = 
i' = the given area. Lastly, we must draw QPB so as to make 
the triangle FBQ = the parallelogram FEEI; then, since FENM 
= FBA, MNHI-w\\\ he equal to ABEQ. To do this, observe that 
of the three similar triangles lOQ, EPB, and FOE, the first two, 
lOQ and EPM, are portions of the triangle FBQ, but not of the 
parallelogram FEHI, while the third, POH, is part of the parallelo- 
gram, but not of the triangle; hence the first two, lOQ and EPB, 
most be equivalent to the third, POS, and (IV. 2T, cor.J) their 
homologous sides EP, PH, and IQ will form a right-angled triangle, 
of which PH'\s the hypothenuse. Wherefore, perpendicular to FD 
draw IK^EP.ttoia fi" apply EQ = PS, and draw QOPB. which 
will be the line required. For, since the homologous sides JQ, EP, 
and PSfoTra a right-angled triangle IKQ, by construction, we have 
(IV. 2r, cor.§) JOQ + EPS = POK To each add FEPOI, and 
we have FBQ^FEMl Take the equals FBA^FENM from 
these, and we b.s.\e ABBQ^^ MNHI=^ L^^ihe given area to be 
cut off. Q. E. D. 

Calculation. — 1. In the triangle FBA, Prob. III. A. and Case I, 
find area FBA, and the sides FB and FA ; then FG = i FA. Angle 
EBP^EBA + ABP. 

% In triangle EBP, Case 1, find EB and EB; then FE = FB 
— EB^MN. 

3. In similar triangles FEG, FBM, we have FE : FB : -.FG : FM. 

4. In parallelogram MNHI, we have MN, the area, and angle M 
= F, to find ilf/(Prob. II, A,, Note 2), thusr— siu ilf.W/x MN: 
mA.::&ve3,MNHI:MI; then FI=FM + MI::^EH, adA PH= 
EH—EP. 

5. In triangle IKQ, IQ = '</KQ'— IK^== \^PH' — EP\- then 
FQ = FI+IQ. &ih\AQ=FQ — FA, also QI)=AH^AQ. 

6. Area J'Qfl=^,f'5A -f -iS5t3, the giveu area. In triangle 

* I. 34. t VI. 1. t VI. 31. I VI. 31. 



Hosted byGOOgIC 




aUU GEOMETRICAL ANALYSIS. 

FQM, Prob. II. A., tiiid FB, and tlience, Case 3, find BQ; then 
BB^FR — FB, AadBG = BC — BB. 

1. Iq triangle BBB, Case 3, find BB; then PQ = BQ—BB. 

Pkoblem XX. — Having giveu the area of any triaugle. and tie 
sides and included angle of its inscribed parallelogram, to determine 
the ti'ianglu. 



r the area of the triangle ABC, and the 
^. J sides AF a.nd AD and the angOe A of 
[ its iDscribed parallelogram ADEF, to 
I. construct the triangle. 



Analysis. — Produce AF and AD indefinitely to B and 0. Divide 
the given area by AD, draw DK perpendicular to AD and equal to 
the quotient, and through K, parallel to AD or FF, draw GLH; 
then the parallelogram ADGH^^^ihe triangle ABC. Hence the 
triangle ELO, which is the part of the parallelogram without the 
triangle, must be equivalent to the sum of the two triangles HLB 
and DOE, which are the parts of the triangle without ffie parallelo- 
gram. Now, these three triangles are manifestly similar; hence 
(IV. 21, cor.*) the homologous sides HB, DE, and EO will form a 
right-angled triaogle, of which EG is the hypothenuse. Whence 
this 

Construction. — At J/ erect the perpendicular Hl = AF^ DE ; 
from J apply IB = EG or FH, and through B and E draw the liue 
BLEG, and ABO will be the triangle required =^i>G^. 

Demonstration. — Since the homologous sides DE, EG, and HB 
of the similar triangles CDE, EGL, and LHB are such as to form 
a righ^angled triaogle HIB, of which .Bff^^the hypothenuse IB, 
we have (lY. 2T, cor.f) LHB + CDE = EGL. To each add the 
irregular figure AHLED, and we have the triaugle ^56'=the 
parallelogram ADGH^^t\\G giveu area. Q. K 0. 

Calculation.— Bj Prob. II. A., Note 2, wc have ^Z>xsin^: 
given area ADGH: : rad. : AH; then HI= AF, IB = FH-^AH— 
AF, and HB = '^IB' — Hl\ Whence AB^A~fi -if JIB, FBr^ 
FH+HB, and FB: AB::FE: AG. 

Limit. — FH can never be less than AF. If FH is equal to AF, 
» VI. 31. t^i-3'- 
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^JS^will be the base of the required triangle, of which one side AB 
would equal twice AF, itod Lbe other A equal twice AD, and the 
area of the triacgle A£G would be equal to twice ADEF. 

1'koblbm XXI. — Having given the difference of tho radii of two 
concentric circles, to determine them such tbat the area of one shall 
be double that of the other. 



(BD, the difference of the radii OB 
II -J and GB, and the area of IBQ to be 
(uqual twice ADS. 



Analysis. — Let ADHanA IBO represent the two circles, of which 
the area of IBG = 2 ADH, and BD = tlie given difference of their 
radii. Now, since the area of IBG =2 ADR, we have 0B^ = 
2 CD'. Make the angles BOA and GBA each equal to half a right 
angle; then GA ^ AB, and CB'= GA' + AB'='2 0A^= 2 CD\ 
^enca OD^GA = AB. Lay BE = BA; thea CH^ BD. Erect 
EF perpendicular to GB; joiu BF; then, since BA^^BE, AF^ 
FE = EC^BD, the given dift'erence. WheDce this 

Gonstruction. — Draw an indefluite line, in which take CE^the 
given difference of the radii. Erect the perpeudicular EF=EG, 
join GF, and produce it, making FA ^= FE. Erect the perpendicu- 
lar AB to meet the line GE, produced, ia B; then AB = AG. Join 
BF, and with the centre and radii GA and GB, respectively, 
describe the circles ADH and IBG, aad they will he the circles 
required. 

Demonstration. — We have jiiJ = ^C; hence GB'' = AB'^ + AC 
= 2.4C". Wherefore the circle IBG = 2ADR. Again, since AF 
^ FE, the triangles BAF and BEF are equal ; hence BE = BA — 
GA=CD,and BD== GB— CD = GB — BE =CE= the given 
difference of the radii by construction. 

Calculation. ~-CF=\^ GE' + EF' = V2GE'= GE\/2, and 
GA = CF-\-FA^GF+ GJH = GD. And CB = CD J- DB ^ 
GF+2FA==GF+'iBD. 

Scholium. — BA is a tangent to the circle ADS at the point A. 
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PROiiLEM XXII. — Having fjiveii tiie diifereace of the sides of two 
concentric squares, to determine tiiem such that the area of one absil! 
be double that of the other. 







^ 




X 


^ 


' 


\ 



("the difference bctwcon the si 
II \ GF, and the area of the squar 
(bo twicoFOHE. 



es AB and 
ABGB to 



Analysis. — Suppose ABCD and FGHE to be the concentric 
squares required. Draw the diagonals FH and QE, and produce 
them, and they will form the diagonals AG and BD, both pairs of 
diagonals intersecting in the common centre 0. 

Now, since ABCD^'iFGHE, AB' must equal 2FG\ But 
AB'^AO' + B0^ = 2B0\- hence FG^BO. Make BLr=BO 
or FG, erect the perpendicular LM, and join BM; then, in triaaj^'lea 
S0-3f and BLM, since BO = BL, we have 0M=ML = AL^i\\6 
given difference of the sides. Whence this 

GonstrucHon. — Draw AB and AD at right angles, aaAAG bisect- 
ing the angle BAB. Lay ^i^^^the given differeuce of the sides, 
erect the perpendicular LM, lay 310^ ML, and erect the perpen- 
dicular OB; then AB will be the side of the larger square, and BO 
or AO equal to the side of the smaller square. On AB describe the 
square ABGD, and produce AO and BO, forming the diagonals AG 
and BD, and ABGD will be the larger square required. Now, take 
BL = BO, bisect AL in I. through /, parallel to AD, draw IFEP, 
draw FQ, GH, and HE parallel to AB, BG. and GD respectively; 
then FGHE will be the smaller required square. 

Demonstration. — It is evident that ABGD, FGHE are concentric 
squares. We have to show tb&t ABGD = 2 FGHE, and that -iiJ 
— FO = AL^2AI=2IF. 

In triangles BOM and BLM, since MO=ML by construclion, 
we have BO = BL. Also AB= BL + AL^BL +% AI= BL 
-I- %1F. But IP, which is equal to AB, = FF+ IF+ EP = FF 
+ 2IF. Hence BL^EF, and AL = AB — BL^AB — EF; 
that \ii,AB — FG^AL = 'iAT='i IF. Also, AB' = BO' + AO-" 
= 2 iiO== 2 .Si^^ 2 FQ'' = 2 EF^; hence area ABlJD^^ FGHE. 
Q. E. D. 

Galculatvm. — AM =^VaL' + LM' ^ A Ls/i. Also, AO = 
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AM-\-MO = AM^ATj = EV^.GF. And An = BL-\- AL = 
AO-\-AL=Qi'-\- AL. 

Problem XXIIL — Having given two paralJelogranis with a 
common vertical angle, it is requireil to draw a line from tbe remote 
extremity of a side forming the common angle, cutting the other side 
of that paralJelogTani, and holh the sides produced of the other 
parallelogram, so as to form two equal trapezoids. 

r the parallelograms ABGD and 
„. J EBGF, to draw the line GIL so 

1^^' ■ I as to make the trapezoids ADC I 

'-f l and lEFL equal. 

Analysis Suppose GIL to bo the required line, making ADGI 

^lEFL. Kow, if from the larger parallelogram ABGD we cut 
off ADMH=EBOF, we shall have IB6L = IHMG. To each 
add IBG, and we have the triangle GGL = BMMG. Whence 
this 

(7ons(n(C(ion. —Take DM such that AD: BE:: BG: DM, and 
draw 3/^3" parallel to AD; then (IV. 24 and 2*) the parallelograms 
ADMH and BEFO are equal. Now, we have to make the triangle 
GGL = BHMG, to do which, take GG : 2 BH: : GB : OL, and draw 
GIL; then (IV. 24 and Sf) COL = BHMG, and GIL is the liue 
required. 

Demonstralion. — By construction, ADMH^BEFG, and CQL 
= BHMG. From these last equals take the common part GBI, and 
we have IBGL = IHMG. To these, respectively, add the equals 
BEFG and ADMH, and we have tbe trapezoids lEFL and ADGI 
equal. Q. E. D. 

Galculatim.—Bj construction, AD: BE ::BG : DM; then BS 
= GM=CD — DM. Also, GG:2 BH:: BG: OL; then FL = 
Fe+ GL. And, by similar triangles GOL, GBI, we have GG: 
GL::GB:BI; then EI=EB + BI, and AI=AB — BL In 
triangle GG L, Case 3, find GL ; then GG:CB::GL: GI, and IL 
= GL — GI. 

■SVI.M. fVr. 14. 
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pROBT.EM XXIV. — (Jiveii, the base of a piano triangle, and one 
angle at the baBO, to coDstruct tbe triangle such that its area sball 
he double the area of its ioscrilred square. 




(the base AB, tho angle ABO, and the 
n ■< area of the triangle ABC to be double 
(.that of the inscribed square GHIL. 



Analysis. — Suppose the triangle constructed as in the adjacent 
figure. Let fall the perpendicular GPB; then, aa tho triangle ABG 
is equal to twice tho square GHIL, the four small triangles ALO, 
GPG, BIH, and HPG must together be equal to the square. The 
first two of these triangles are similar, and the last two are similar; 
and when CP^PD, tbe first two are equal, and ea«h half of 
OPDL, and the last two are equal, and each half of PHID. Also, 
AL^GP = LD, and BI=MP = ID, and hence AS^2GH= 
2LI = 2PD= CF. "Whence this 

Gonstruction. — Make Jii^the given base, and angle ABO^: 
the given angle. Erect tbe perpendicular BE — AB,Ari\M ECF 
parallel to AB,io\a AG, let fall the perpeudicular GD, and bisect it 
in P. Through P, parallel to AB, draw GFH, and through Q and 
H. parallel to GD, draw GL and HI; then ABG will be the triangle 
required, and 6HIL its inscribed square. 

Demonstration.— Bmc^ CD = AH and CP^i GD, wc have GH 
= ^AB = \CD=GL; hence (?ifJi is a square. 

Also, area ABG = AB Y. ^GD = % LI -a LI = ^ Lr= U\\cq 
the area GHIL. 

Calculation. — 1. In triangle BDC, Case 1, find BG. 

% In triangle ABG, Case 3, find AG. 

LI=IH = ^AB. Area ABC =\ABy. BE^.^AB^ area 
GH1L = ^ABG = \AB\ 

Scholium. — In any triangle in which a square is inscribed, we 
have CDiAB:: GP: GH. By composition, J£ + GD:AB::GH 

AB '< OB A R' 

+ GP (or CD) : GH= - .„^^., = {when GD -^- AB) - 



' AB + CD 



' 2AB 



^AB=^iGn. 
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Problem XXV.— In a plane triangle are given its area, the 
vertical angle, ami the length of the line drawn from the vertical 
angle to tie middle of the base, to constrnct the triangle. 

f the area of ABC, the vertical an^le AGB, 
■] and the line CD drawn from C to B, the 
(middle point of AB. 



Analysis.— Jjtit A CB represent the required triangle. Complete 
the parallelogram A CBE. Perpendicular to CD draw GDF, meet- 
ing AG and BF, drawn parallel to the diagonal CE, in O and F 
respectively. Now, since AD =^DB, the triangles AOD and DCB 
are equal, and each is equal to iialf the given area of A GB. Herjce 
each of the perpendiculars DG and DF is equal to the given area 
of ^£G divided by CD. Also, the diagonal 011 = 2 CD, the given 
line, and the angle CBE = the supplement of the given angle AGB. 
Whence this 

Construction. — Draw (7.ff = twice the given line, and through D, 
its middle point, draw the perpendicular GDF, making DO and DF 
each equal to the quotient of the given area o! AOB divided by the 
given line CD. On CS (III. Prob. 16*) describe the circular 
segment GBF to contain the supplement of the given angle A OB. 
Draw FB &nd AG parallel to C£, join AC, GB, BE, and EA; then 
will AGB be the required triangle. 

The demonstration is evident from the analysis. 

Calculation. — On CE let fall the perpendicular BI, and join B 
and B with 0, the centre of the arc CBE. Then, supposing the 
circle completed, it is evident (III. 18, and cor. 4f) the angle EOD 
= the given angle AGB. 

1. Id triangle ODEl, Case 1, find OD and OE=OB; then 0F--= 
OD + DF. 

3. In triangle OFB, Case 2, iiad FB = DI; then GI= CD + 
DI, and EI=ED— DI. 

3. In triangle GBI, GB=\^~GP^ni\ and in triangle EIB, 
BE = \^EP + IB' ^AC. 

i. Also, in triangle DIB, DB = '\^DP + IB\ and AB^% DB. 

Scholium. — The triangle AEB is similar and equal to AGB in 
every respect, as is evident from the properties of a parallelogram. 

* III. 33. t III- 20 and 22. 
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Problem XXTI. — Given, tbrec poiats in a right line, it is required 
to find a fourth point in tbat line, such that the rectangle of the 
distances of the fourth poiut from the first and second points shall 
be equal to the square of its distance from the third point. 



the three points A, B, and 
G in the right line A 0, to 
find a fourth point P auch 
that P£ X PA shall equal 
PC. 



Analysis. — Suppose the thing done, and that, in the above figure, 
PB X PA ^= PC- On A£ describe a semicircle, to which (Prob. 
II. of "The Circle") draw the tangent PE; then (IV. 30*) PE^=^ 
PB y. FA = PC^ by the problem. Hence PE = PG; imd we 
have this 

Construction. — Erect the perpendicular GF= OB, join OF. and 
on it describe a semicircle FCEO, cutting the semicircle on AB in 
E. Draw OE and FPE ; then will P be the point required. 

Demonstration. — In similar triangles PGF and PEO, since FG 
= E0, we have PG^PE, and PC= = P-S= = {IV. SOf) P^ x 
PB. Q. E, D. 

Calculation.— T}^^ triangles OEF and OGF are equal in every 
respect; hence F^— OC, and the angle C()F=OFE. 

1. In triangle OGF, Case 2, find angle GOF= POF; then angle 
OPE=OFP + POF^ 2 GOF. 

2. In triangle OPE, Case 1, find OP and PE^PG; then PB 
= £C— CP, and PA = PB + B A. 

Scholium. — If we wish CP'' to be to PB x PA in a given ratio. 

Bay as m' to n^, take n:m:: OE : GF ^= — x OE, then proceed as 
above. For, m:n:: CF: OE : : (by similar triangles) GP : PE = 
- X GP. Ilcncc -., X GP' = PE' = PB ■:< P^, and we have to=: 
n' : GP'' : PB X PA. 

* III. SG. t III. 3S- 
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Problem XXVU.— To divide a given line into two parts such 
that tlie square of one part shall he equal to the rectangle contained 
Y the other part, and a given line. 



f the lines OB and BA, to find the 
Q-] point P in OB such that FB'' = 



Analysis. — Let the given linos GB and BA be placed contiguous, 
forming the straight line GA, and suppose P to be the required 
point Bisect BA in 0. Then, since PB^= OP X BA, we have 
GP:PB::PB: BA. By composition, OP -^PB: PB :: PB -\- BA: 
BA ; that is, GB: PB:: PA: BA. Hence GB X BA = PAy. PB 
= {PO + OB) X {PO — OB) -^ PO' — 0B\ Wlience this 

Gonsh-uotion. — On OA describe a semicircle, erect the perpen- 
dicular BD, bisect BA iu 0, join OD, and make OP == OD; then P 
will he the point required. 

Demonstration. — By analysis and construction, GB x BA = BD^ 
= DO' — OB'' = PO' — OB' = (PO + OB) x (PO — OB) ^ PA 
y. PB. B.en(:eGB:PB::PA:BA. By dWision, GB— PB: PB :: 
PA — BA:BA; that is, GP:PB:: PB: BA. Bence P B' =^ C P X 
BA. Q. E. D. 

Galculation.— Join OD; then OP = OD ^^"^^'3' + BO' = 
Vgb X BA^i^^ABy. And PB=OP — BO. and GP = GB — 
PB. 

Problem XXVIII. — la a plane triangle are given the area, aa 
angle at the base, and a line from the vertex to the middle of the 
base, to determine the triangle 



fthe area of ABC, the augle 

I BAG, and the line GD from 

Given -j the vertex to the middle of the 

I base, to construct the triangle 

[abg. 



Analysis. — Suppose ABG to be the required triangle. On GD 
erect the perpendicular GU to meet A E drawn parallel to GD ; then 
(7£ is kaown, being equal to the double area of .4Z>6' divided by 
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GD, or equal to the giveo area of ABO divided by GD. The angle 
DAG is also known. Whence this 

Construction. — Draw CD equal to the givea bisecting lino, on it 
(III. Prob. 16*) describe a circular 
segment, of whicb the centre is 0, to 
contain the given angle; on GD erect 
the perpendicular OiJ;^ the given area 
divided by GD; draw EA'A parallel 
to CD; join GA and AD; produce the 
latter until DB = AD, and join GB; 
then A GB will be the required triangle. 
Demonstration.— Siaae AD = DB, area AGB = 2AGD= GD y. 
OS =^ the given area by construction. Q. E. D. 

Oaloulation.— Join OA, 00. and OD; on GB let fall the perpen- 
diculars OF and AG, and draw OH parallel to OD; then AO^ 
EG. 

1. In triangle OGF, GF^^GD, and an^le OOF = the given 
angle BAG; find. Case 1, OG, and OF=HO; then AH=AG — 
HG. Also, OS=s/a O' — AW = FG, and OG = OF -^ FG.^-aH 
DG = DF~FG. 



2. GA=VgG' + AG\ and AD==^Da' + AG% and AB = 
iAD. 

3. In'triangle iB Ca e 3, find GB. 

Scholium. — If Ah 1 b en taken instead of A as the end of the 
base of the irle at h h the angle is given, and OA' and A'D 

had been jonel a d the latter produced until DB' should equal 
A'D, and CB been jo n d we should Lave had another triangle 
A'GB', fulfill ng all the onditions of the problem, in which GA' 
would ^AD, A'D^AG, and A'B'^2AG. 
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Problem XXIX. — GiveD, four consecutive sides of a survey in 
length and position, it is required to draw a line from the remote 
extremity of the fourth side to cut the second aad first sides such 
tbat the triangle formed by the first part of this lice, the fourth side, 
and the adjacent segment of the third side, shall be equal to the 
quadrilateral formed by the remainiog part of said line, the sceond 
side, and the adjacent segments of the lirst and third sides. 



in length and position, the four lines 
LA, AB, BG, and CD, to draw the 
Hue DGF such that the triangle 
BCG shall be equal to the quadri- 
lateral ^iJ(?/'. 



Analysis. — Suppose the figure constructed so that iJOG = ABGF. 
Producing DO and AL to meet in 0, and adding OFGG to each of 
these equal quantities, we have the triangle ODF^^ the quadrilateral 
OABG, a given quantity. Whence this 

Gonslruction. — First reduce the quadrilateral 0J£0 to a triangle, 
thus: — Join OB, draw AH parallel to OB, and join OH; then 
OHB=OAB. Add OCB to each, and we have ORG = OABG. 
Now, it remains to make the triangle ODF= the triangle OHG. To 
do this, join HD, draw 08 parallel to HD, and SF parallel to OD, 
and draw DGF, the line required. 

BemonstraUon.—3cAa DS; then (IV. 3, cor. 3*) ODF= ODS 
= 008+ 8CD= 008 + 8GH= OHG = OABC, as shown in 
the construction. Prom the first and last of these equals take the 
common part OFGG, and we have DGG = ABGF. Q. E. D. 

Oalculation. — 1. In the quadrilateral OABC, we have all the 
angles, and the sides AB and 5(7, to find the area, and the sides GO 
and^O; then OD = DG+ GO. 

2. In the triangle ODF, we have the area= OABG, the angle O, 
and the side OD, to find 0-f(Proh. II. A.), and thence the side BF, 
and the angle ODF; then AF, FL, and LO are known. 

3, In the triangle GBG. Case 1, find OG, BG, and the area of 
GBG = ABOF; then BG and G'i''arc known hy subtraction. 
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Pkoblbm XXX. — To construct a lune that shall be equivalent ia 
irea to a giren isosceles right-aagled triangle. 



(the isosceles right-aagled triangle 
iiveaiAGB, to construct a lune AEBF 
(equivalent to the triangle AGB. 

Analysis. — On the hypotlienuse AB of the given isosceles right- 
angled triangle AOB describe the semicircle AFB, and with centre 
C describe the quadrantal are AEB. Now, since the area of tbe 
luue AEBF is to be equal to the area of the triangle AGB, by add- 
ing the segment AEBA to each, we have tbe area of the semicircle 
ABF=the area of the quadrant GAEB. Whence this 

Gonstruction. — With centre C, and radius GA or GB, describe 
the quadrantal arc AEB, and on AB describe the semicircle AFB; 
then AEBF will be the lune required. 

Demonstration. — Complete the semicircle ABD, and join BD; 
then AB = BD. Now, since AB^ = ^AD\ the semicircle AFB = 
^ the semicircle ABD = tbe quadrant AGB. Take the- segiueat 
AEB A from each, and we have the lune AEBF^= the triangle 
ACS. Q. E. D. 

Scholium. — A lune caa be constructed equal in area to any recti- 
linear figure by reducing the 6gare to an equivalent triangle, then 
forming an isosceles right-angled triangle equivalent to this triangle, 
and, lastly, constructing the lune as in the problem, equivalent to 
this right-angled triangle. 
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DEMOSSTRATION OF SOME THEOREMS. 



THEoaiiM I. — Thf) lines drawn from each of the three angles of a 
plaue triangle to the middle of the opposite side, intersect in the 
same point; also, the distance from the middle of either side to this 
poiot is one-third of the distance to the opposite angle. 

r the triangle ABG, and D, E, F 
,. J themiddlepointsofthesides; then 
"'^''"1 AD, BF, and GE intersect at a 

L common point 0. 

Demonstration. — Let ABC be a triangle, D, E, and F the middle 
points of the sides BO, AB, and AG respectively; then, \i AD. BE, 
and t/ii" be joined, they will intersect in a common point 0. Pro- 
dnco BC both ways, making GG and £/ eacb equal to BG. and 
join AG. AI; then DG = DI, and (IV. 16*) AG is parallel to GE, 
and AH.0 BF. Also, DB = ^DI, and DC = ^DG. 

Now, in the triangle ADI, whose sides are cut by the parallel 
BF, since DB^=\ DI, we have the distance from D to the point iu 
which BF cuts AD equal to ^DA. Also, in the triangle ADG, 
whose sides are cut by the parallel GE, since DC=^\DG, we have 
the distance from D to the point in which GE cuts AD equal to 
^ DA. Hence BF and CE cut AD in the same point, which call ; 
then all the three bisecting lines intersect in the common poiot 0, 
B.aA DO = ^ DA. 

Alsojoin DF. FE, and DE; then DF^^AB, FE=^\BC, and 
DE^^AG. Now, in similar triangles COB, EOF, since FE = 
^BG, we have FO^^OB=^^FB, and EO = ^OG^^EG. 
Q. E. D. 

Note, — Sue Scholium 8, Theorem Til. 

Corollary 1. — Since AD bisects BC, it bisects all lines parallel to 
BC; hence the centre of gravity of the triangle ABC is in the line 

"> VI, 2. 

(211) 
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AD. jilso, since GE bisects AB, it bisects all lines parallel to AB; 
wherefore tbe centre of gravity of the triangle ABC is in the line 
GE. Consequently, as the centre of gravity is in both the lines 
AD and GE, it must be at their intersection 0, and A0^\ AD, 
GO^IGE, and BO = \BF. 

Corollary 2.— If the points F, E, and 
D be joined, the lines will be respectively 
pai-allel to tbe sides of the triangle ABG, 
and each side of the triangle DEF will 
be half the length of the side in the tri- 
angle ABC to which it is parallel, and 
these lines will divide the given triangle into four equal triangles, 
all similar to each other and to tbe whole triangle. Moreover, eacb 
side of the triangle DEF is the base of two equal rhombuses, which 
have their upper bases halves of the side to which it is parallel in the 
triangle ABC, and each rhombus is half of ABC. 

Theorem II. — If a straight line be bisected and produced to any 
point, the rectangle of the whole lino thus produced and tbe part 
produced, with the square of half the line bisected, are together 
equal to the square of the lino which is made up of the half and 
the part produced.* 

/"^ /V"--. f ^^^ -^-^' ^'^ bisected in G, and produced to D; 

'-__/ )^^^ j) J then will AD x DB + CB-= GD\ or CB' 

(==CD'^ADx DB. 



Demonstration. — With centre G, and radius CB or CA, describe 
a circle, to which draw the tangent DE by describing oa DC & 
semicircle DEC, and join GE ; then (IV, SOt) AD x DB=DE\ 
To each add GB' = GE\ and we have AD x DB + GB' = DE' + 
GE''=GD\ or GB'= CD' — AD x DB. Q. B. D. 

* This theorem is the Sixth Proposition of the Second -Bouk of Buolid; but, as it 
Ib not in Legendre's Geometry, and the properly ia a very useful one, it is iuaerted 
hero with a diObreiit demonstration from that given in Euolid. 

t III. 36. 
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OF SOME THEOREMS. 



; — If upon the radius of a quadrant a semicircle I 
described, any radius drawn iu the quadrant will intercept equal an 
on the semicircle and oa the quadrant 




rDraw the radii APO and Apg ; then the 
■]arc3 AP and EG are equal; also the arcs 
( Pp and Gg, and pD and gD. 



Demonstration. — Since tbe quadrantal arc EGD and the semi- 
circle APD are equal in length (V. 11*), we have, 90° : angle EAG:: 
arc S(?2):arc EG. Also, 180°: angle ACP::&vc APD:&vc AP; 
that is, 90° : A ^ CP (= ADP ^EAG):: arc APD (= arc EGD) 
excAP. Hence arc EQ^&vc AP, and, consequently, arcZ'ff;= 
arcZJP, and, in like manner, the arc-4Fp = arc EQg, and arcZ'p = 
&KDg; then Pp=Gg. Q. K. D. 

Theorem IV. — If in an isosceles triangle a circle be described, 
and a tangent be dravvn to the circle parallel to the base, then the 
diameter of the circle will be a mean proportional between the base 
and the part of the tangent which is intercepted by the sides of the 




f Let the tangent A"'ii'(? bo parallel Ui AB ; 
tthen FD'' = AB X EG. 



Demonstration. — Let be the centre of the circle ; join OB and 
OG, and let fall the perpendiculars CFD and 0//on the sides AB 
and BC respectively; then if will be the point of contact. Now, it 
is evident that the angles FGS and DOH are equal, because they 
are respectively the supplements of the equal angles EGO and 
DBH. Hence their halves OQF and DOB are equal, and the right 
angled triangles Offi^and D05 are similar, and we have OJ:fG:: 
BD:DO; whence 3 OF: 2 i^ff :: 2 SIP : 2 Z)0; that is, FD:EGi: 
AB : FD. Hence FV = AB x EG. Q. E. D. 

s I. Supp. B. 
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Theorem V. ("Theoreoi of Pappus.")— In any triangle, any 
pai-allelograms described upon the two sides are together equivaleat 
to a parallelogram described on the base, and limited by the opposite 
aides of the parallel ograraa described oa the sides of the triangle, 
and by parallels to the line which joins the vertex of the triangle 
and their point of concourse. Prove this, and show how I. 41 of 
Euclid (or IV", 11, Legendro) can be deduced therefrom, 
Fio. 2. 





Demonstration.— het ABG (Fig. 1) be any triangle, ABED be 
any parallelogram described at pleasure on AB, and BCFG be any 
parallelogram described at pleasure on BG, and let DE and FG be 
produced to meet in P, which will be their point of concourse. Draw 
PBH, and draw ^Jand GL parallel thereto, meeting DE and FG 
in the points / and L, and join IL. Then, since the opposite sides 
of a parallelogram are equal, we have AI^BP, and GL = BP; 
hence AI= CL, and IL is parallel to AG, and AILG is a parallel- 
ogram described on the side AG, and we have to prove that AILG 
= ABED + BGFG. Now (IV. \*), ABED = ABPI=AHOI. 
Also, BGFG = BGLP=CLOK Therefore, AILC=AIIOi: + 
GLOH= ABED + BCFG. Q. E. D. 

Kext, lot the triangle ABG (Fig. 2} be rightangled at B. On 
AB and BG describe the squares ABED and BCFG, and let the 
sides DE and FQ he produced and meet in P, which will be the 
point of concourse. Draw PBH. Then the triangles GBH and 
FBE are evidently equiangular, and angle BHG = BEP — 8, right 
angle, and hence BBS is perpendicular to AC. Draw AI and GL 
parallel to PBH, meeting DE and FG in the points 1 and L, and 
join IL; then AI=BP= GL. Whence IL is parallel to AC, and 
AIL C'lSB, rectangle. But the triangles ADI and AB G are evidently 
similar, and since AD = AB, AI^: AC, and AILG is a square 
d on the hypothenuse j1(7, and we have to prove that AILG 
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= ABED-\-BCFG. Now (IV. 1*). ABED = ABPI=AEOI. 
Also, BCFG ^ BCLP = CLOU. Hcuue AILC = AUDI + 
GLOH= ABED + BGFG. Q. E. D. 

Thboeem TI. (From Ladies' Diary.f) — If through any point 
withia a triangle lines be drawn from the three angles to cut the 
opposite sides, the product of the three alternate segments, beginning 
at any angle, and going round in one direction, will be equal to the 
product of the three alternate segments, begianing at the same angle, 
aad going round in the opposite direction. 

r Through the given point H, in the 
I tria,ng]e ABC, draw the three lines 
\ AEB',BI!G',md CEA'. Prove 
t\ia.i AA' V. BB' % GG' = AG'-X 
[ GB' X BA'. 

Demonstration. — Through C, parallel to AB, draw a line meeting 
AB' and BC', produced in S and T. Then, by similar triangles 
TCE and BA'E, we have TG: GE:: BA' : A'E. 

By similar triangles HGE and AA'E, 

we have GE: GS::A'E:AA'. 

By multiplying the corresponding terms, 

we have TGiCS:: BA' -.AA'. (A). 

Again, by similar triangles ABC' and 

Cr<7', wehave TGiAB:: CC'-.AC. 

Also, by similar triangles ABB' and 

SGB', we have AB-.CS:: BB' : GB'. 

By multiplying the corrc- 

spondii!gtems,wehave2'C:CS::BB'x CC'-.AC'y. CB'. (B). 
Hence, the first couplet being 
the same in proportions A 

and 5, we have BA' -.AA' :: BB' X CG':AG'->i GB'. 

Wherefore, by equating the products of the extremes and means, 
we have AA' x BB' X GG'=AG' X GB' X BA'. Q. E. D. 

Theorem VII. — Conversely, when the product of the three alter- 
nate segments of the sides of a triangle, taken by going round in 
one direction, is equal to the product of the three alternate segments, 
beginning at the same place, and going round in the opposite direo 

t Sea EiniiVa' Mathematical Diary for !7So-6, Leybourn's Collection, vol. i. p. 2ia. 
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tion, then the three lines drawn from the opposite ang^les and forming' 
these segments pass through the same point. That is, if AA' x 
BB' X CG' = AG' X GB' X BA', then the three lines AB', BC, 
and CA' pass through the same point. 

Demonstration. — Let AB' and OA' be two of those lines intersect- 
ing at E; then, if the third line 
does not pass through E, when the 
products of the alternate segments 
taken in opposite directioQS are 
equal, let it have another direction, 
as BF. Now, in this case we have, 
by the hypothesis, AA' x BB' X 
AK A A' ^ UTi' 
CF=AF->i OB' X BA', and hence — ^= ^ „■ ° 77- Join B^E, 
CF CB' X BA' 

and produce it to cot J C in G'; then, by Theorem VI,, A A' X BB' 

AC A A' '^ H R' 
y.OC' = AC' yi CB' X BA'. Hence 7;^,= „„, ° r,- Where- 

fore— =^^^, and we have AFt AC -.-.CF: CG'. But AF is 

less than AC, beiog a part of it; hence CF must be less than its 
part GO', which is absurd. Whence the given relation can exist 
on^ywhen £,F coincide a with BEG', and the three linespass through 
the same point. Q. E. D. 

Scholium 1. — When the three linen AB', BC, and GA' bisect the 
three angles of a triangle respectively, they pass through the same 
point. 

Demonstration. — Let the three lines AB', BO', and CA' bisect the 
angles A, B, and C respectively; tbeo we have (IV. IT*) 

AC: GC::AB:BG. 

OB':BB'::AG:AB. 

BA':AA'::BC:AC. 
Whence, by maltiplying the corresponding terms of these propor- 
tions, we have AC Y. CB' % BA' : OC x BB' X AA'::AB'X. AC 
y. BG:AB X AG X BC-.-.i-.i. Hence ^G' x C£' x BA'=GC' 
X BB' X AA', and, by the theorem, the three lines pass through 
the same point. 

Scholium 2. — When the three lines AB', BC, and CA' areper- 
pendicular to the opposite sides respectively, they pass through the 
same point. 
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DemiynstraHon.~\n similar right-angled 
AA' C, we have A C : A A' -.-.BG': CA'. 

In similar right-angled triangles BA'C and BB'A, we have BA' : 
BB':: CA':AB'. 

In similar right-angled triangles GB'A and GG'B, we have GB' : 
CG'::AB':BG'. 

Multiplyingthese proportions, we have JC X GB' y. BA'-.AA'x 
BB' X GG'-.-.AB'x GA'xBG'-.AB'y GA' x BG' ■.■.1:1. Hence 
AA' X BB' X GG'^AG' X GB' x BA', and (Ae three lines pa>is 
through the mme point. (See Prob. XXVI., "Triangles," etc.) 

Scholium 3. — When the three lines AB', BC', and GA' bisect the 
opposite sides respectiwly, they pass through the same point. (See 
Prob. XI., "Triangles," etc.) 

Demon!ilration.—Vi}e: here have AA' = BA', BB' = OB', and GG' 
7= AG'; hence, by multiplying these three equations together, we 
have AA' X BB' x GG' = AG' X GB' x BA'; wherefore, by the 
theorem, the three lines pass through ike same point. (See 
Theorem I.) 

Theorem VIII., being an extension of the property of Theorem 
VI. — If a straight line be drawn to cnt any two sides of a triangle, 
and tbe third side, one or all the sides being produced if necessary, 
thus dividing them into six segments (a prolonged side being taken 
as one segment, and its prolongation as anoihttr), then will the pro- 
duct of any three of these segments, vihtch are not adjacent, be equal 
to the product of the other three. 

FiQ. 1. Fro. 2. 





[ in either of the three ad- 
[ jaceni figures, the triangle 
ABG, and the points A', 
Jiven < B', and C' taken ia the -^ -*'\,,^^\ 

sides, or the sides produced, ^\\ 

I in the same straight line, b- 

I to prove that ^^' x BB' X GG'^AG' X BA' x GB'. 
Demonstration. — Through C, parallel to AB, draw GS, meeting 
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,nd C iiTe situated, 

e have BA':BB':: 
liavc AC % BA': 
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the straight line in which the points A', B', 
in S. 

Then, hy similar triangles C'AA' and CCS. 
CC : GS' 

Also, by similar triangles A'B'D and OB'S, ■ 
CS : CB'. 

By multiplying the corresponding terms, w 
AA'y. BB': :GC: CB'; whence ^^' x BB' ) 
X CB'. Q. E. D. 

Theorem IX.— Conrersely, if in the three sides of a triangle, or 
these sides produced, three points be taken such that the product of 
any three of the sis segments not adjacent, into which the sides with 
their prolongations are divided, shall be equal to the product of the 
other three segments, then will the three points so taken be in the 
same straight liTie. 



CC 



= AC' % BA' 




Demonstration. -~Wo have to prove that if AA' X BB' X OC = 
AC X BA' X OB', then the three points A', B', and G' will be in 
the same straight line. 

Parallel to AB draw 08 to meet the line in which the two points 
B' and C are situated, in 8. Then, if this line does not cut AB in 
A' fFig. I), suppose it to cut AB in some other point, as F. Then, 
by Theorem VIIL, AF X BB' y, CC' = BF X CB' Y. AG', 

AF GB'XAC 
''" " BF~ BB' y CC' 
OB'XAC ^,_,„„ X 



Bat from the 



!5 hypothesis - 



BB' X GO' 



BF BA' 



and AF : AA' :: BF: BA'. 
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But AF is greater thaa AA', wherefore SF is greater thao BA', a 
part greater tbaii the wbole, which is absurd. Wherefore the pro- 
portion AF: AA' : BF: BA' can lie true only whea ^'coiueicles with 
A'. Hoiiee the three points A', B', and C are iu the same straight 
line. The same may be proved ia like Qtanner by either of the other 
figures. 

Note. — It will be observed in each of the figures under Theorems VI. and 
VIII. that each side has two segmeuts ; and bearing in mind that when u side 
is produced Ihe uihole line thus formed is one segment, iind the produced part 
is the other segment, then taking the sides in order, and beginning at any 
angle (as j1), take the segment (AA'j terminating there of the fi.rst side; then 
the segment (BB'} of the second side, terminating at B; then the segment 
(CCy) of the tliird side, terminating at C, and place their product oqnal tu the 
product of the remaining three segments [BA' X CB' X AC), and we have 
AA' X SB' XCa^ BA' X CB' X AC. By a little attention in tliis manner, 
the order in which the segments are to be talien to form the equation in any 
case, may be readily fixed on the mind of the student. 

Theorem X.* — If a quadrilateral figure be ia any manner divided 
into two quadrilateral figures, and diagonals be drawn to the whole 
quadrilaterals, and also to the two partial ones, then the points of 
intevaeetion of these three pairs of diagonals will be in the mine 
straight line. Eequived, the demonstration. 



FlQ. J. 





Demonstration. — We bave to prove that the points G, H, and /, 
wbicii are the intersections of the three pairs of diagonals of the 
quadrilaterals ABED, AGFD, and BCFE, respectively, are in the 
same straight line. 

Case 1. — When the lines /J .F and .^ fare parafe^ (Fig- !)■ 



r triangles BIG and FIF. \ 
hence BI X £!F= FT X BO. 

In similar triangles FBD and CIZA, \ 
hence FHX AG = AH XDF. 



Oilleepia' 



d Suni^^i, 



■I of Sci. 



s Bl:Fl::BG:EF; 



eFH-.AH-.iDF-.AC; 
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In similar triangles AGB and SGD, we have AG: EGw.BG : 
DG. 

By compoaitiou, we have AG: AE:: BG : BD ; heuce AGy. BD 
= AEXBG. 

SiDce triangle A£G is ent by the line CLD, we have, Tbeoi-em 
VIII, ALXBCX DG^AGX BD X GL. 

Since triangle DEG is cut by tbe line AKF, we have, Tlieoreni 
VIII, OEX-OFX AE^DKXEFXAG. 

Since triangle AGK\% cut by the line HLD, we have. Theorem 
VIII, ^iTX GLXDK=AL X-.DGXHK. 





By multiplying' the terms on each side of these sis equations 
together, ami observing that the twelve terms i?^, AG, AG, BD, 
AL. BO,DG, DF, AE, AH, GL, and DK on one side cancel tbe same 
quantities on tbe other side, we have BIX FEX GE=IFX BG 
X BE; whence, by Theorem IX., the points G, H, and I are in the 
■same straight line, the triangle whose sides are cut being EBF. 

Case S—Whcn the sides iJ_Fand AG are not parallel (Fig. 2), 
let these sides be produced, and they will meet in some point, as B. 

Then, since triangle BFF is cut by the line GIE, we have. 
Theorem VIII, BIx EFX GP = BCXIFX EP. 

Since triangle AFP is c«t by tiio line GHD, we have, Theorem 
VIII, ACxFHy,DP = AHxDFX GP. 

Since triangle ABG is cut by ihe line GLD, we have. Theorem 
N\\\.,AhX-BGXDG = AGy.BDX GL. 

Since triangle DEG is ent by the line BAP, we have, Theorem 
VIII, BDXEPXAG = DFXAEX BG. 

Since triangle DEG is cut by the line AEF, we have. Theorem 
VIII, DFXAEX GE=DKXEFXAG. 

Since triangle AGE is cut by the lino DLIT, we have. Theorem 
VIII, AHX GLXDK = ALXDGXHK. 

By multiplying the terms on each side of these six equations 
respectively together, and observing that tlie fifteen terms EF, GP, 
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AC, DP. AL, BC, DG. BD, EP, AG, DF, AE, AH, GL, DK, on 
ooe side, cancel the same quantities on tlic oiher side, we have BI 
XFHxGK=IFxJiGX-BK; wheiR^e, by Theorem IX., the 
three points O, H, and / are in the same straight Hue, the triangle 
whose sides are cut being KBF. 

NoTB, — The in.lereeting propsrty involved ia tliia theorem was contaiiicii in 
a problem proposed for demuiistratioii about the year 1830, in tbo !ast number 
of the Mathematical Diary, a monthly periodical, commeaead by Prof. Robert 
Adrain ia 1825, and afterward.s eonduoted by Jamea Ryan, of New York; 
but, tha work being discontinued, no demonstration was published. 

Theorem XI.*— -If iu each of the three sides of a plane triangle 
a point be taken at pleasure, and circles be described through each 
angular point of the triangle, and the points taken in the two sides 
forming that angle, these tliree circles will intersect one another at a 
common point. Required, the demonstration. 

Let ihe points D, E, F be taken at pleasure 
in the three sides of the given triangle 
ABC; then if the cireles passing through 
- the points A. D, Fa,aA F, C, E intersect 
each other in the point P, the circle pass- 
ing through the points E, B, D vvlll pass 
through P also. 




Demonstralion.—iom DP, EP, and FP. Then, since ADPF 
is a quadrilateral inscribed in a circle, its opposite angles A and P 
are equal to two right angles (III. 18, cor. 4f ). For the same reason, 
the opposite angles C and P of the quadrilateral FGEP ai-e equal 
to two right angles. Whence these four angles A, G, DPF, and 
FPE are equal to four right angles. But the three angles DPF, 
FPE, and DPE are equal to four right angles. Whence the angles 
A + G + DPF + FPE = DPF + FPE + DPE. Wherefore 
DPE =A+G. To each add the angle li, and we have DPE + 
y=4+ C + B^two right angles; consequently the points D, 
P, E, and B, which designate the quaiirilateral DPEB, are in the 

is In seefcing a. mode of demon Blrati an for Theomn XIV., following, wlileh was 

Benjamin Shoemaker, now of Qermnntown Diattiot, Philadelphia, who aaa mj aludent 
in 1826, 1 discovered the interesting properties in Theorema XI., XIl., and Xril. 
The esme properties may, however, hare been previously difeovered by some one with 
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circumference of a circle, and hence the circumference of a circle 
which passes through the three poiiita D, B, and E must pasa 
through the point P, the interseutiou of the circles through the points 
A, D. F, and F, C, E. Q. E. D. 

Corollary. — The angle DI'F^ the sum of the angles B and C, 
the angle FPE^i\ve sum of tlio angles A and B, and the angle 
DPE = the sum of the angles A aad C. 

Theorem XII. — If in each of the three sides of a plane triangle 
any point be taken at pleasure, and a circle be described through 
each au'j;ul»r point of the triangle and the two points taken in the 
sides that form that angle, the triangle formed by jomiog the centres 
of these three circles will be equiai^gular aud similar to the first 
triangle. 




Prove that the triangle HOI formed 
by joining the centres of the circles 
ADPF, GFPE, and BDPE is 
similar to the triangle ABC. By 
Theorem XL, the three circles pass 
through the sarae point P. 



Bevwmlralion.—lha a-rc LP {in. U*) is half the arc J'i/', and 
the arc PS is half the arc PSD; hence the whole arc LPS, which 
measures the angle H, is half the whole arc FPD. But (III. ISf) 
the angle A is measured by half the sajiie arc FPD; hence the angle 
S of the triangle HIG is equal to the angle A of the triangle AS C. 

In like manner the are BP is half the are DEP, and the arc PO is 
half the arc FOE; hence the arc BPO, which measures the angle G, 
is half the arc DPE. But the angle B is measured by half the arc 
DPE; therefore the angle Q of the triangle MIG is equal to the 
angle B of the triangle ABC. 

So, also, arc KP = IFKP, and arc PQ=^PQE; hence arc 
KPQ, which measures the angle /, is equal to half FPE. But 
\FPE measures the angle G. Therefoi-e the angle /of the triangle 
HIG is equal to the angle of the triangle ABC. Consequently, 
the two triangles HIG and ABG are equiangular and similar. 
Q. B. D. 



« III. 3. 



t" 
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Theobbm XIII. — If in each of the three sides of any plane 
triaiigie any point be taken at pleasure, al! triangles whose sides 
pass through these points and terminate in the circuliir arcs passing 
through the angular points of the triangle and the points taken in 
the sides which form that angle, will be equiangular and similar. 




if the points D, E, and F are taken 
at pleasure io the sides of the tri- 
angle ABG, and the arcs FAD, 
Z>ifA',and^Ci''deseribed, then any 
oifter triangle, as KLM, whose sides 
pass through the poiols D. E, and 
F, and are terminated by the circular 
arcs, will he similar lo ABG. 



Demonsiration. — Through the point D draw any line KDL, and 
through the points F and E draw the lines KF and LE, and let 
them be produced to meet in a point, aa M. Then, since ia the 
triangles ABG and KLM (III. 18, cor. 1*) the angle K= angle A, 
they being in the same segment, and the angle L = the angle B for 
the same reason, the angle M must be equal to the angle G, and 
consequently the point M is iu the circular are FGME, and the tri- 
angle EML is equiangular and similar to ABG. Q. E. D. 

Corollary. — Join the centres H, I, G of the circular arcs forming 
the triangle EIG ; then, as the triangle HIQ, by Theorem XII., is 
similar to ABG. all the triangles formed, as KLM, will be similar 
to HIO and ABG, and hence similar to one another. 

Scholium 1.— Of all the sides drawn through one of the points, aa 
J", and terminating in the circular arcs FGE and DAFth&t iniei-eect 
at that point, the longest or maximum line will be that {KFM) 
drawn parallel to the line HI, which joins the centres of those arcs. 
For let arty other line, as AFG, pass through F, and on it let fall 
the perpendiculars HP and IQ. Also, on KM let fall the perpen. 
diculars HN and 10, and draw HB parallel to AG. Then, in the 
right-angled triangle Hill, HE is less than the hypothenuse HL 
Now (in. efj AF=2PF, and FG=2FQ; hcuco AG=2PQ = 
2HS. Also, KF=2NF, and FM=2F0; whence KM=.%NO 
= 2^7. And, since i?/ is greater than 2/7?, we have .ffJf (^ 2fl/) 
greater than AG (='i. HR). Q. E. D. 

» iir, 21. t III- 3. 



Hosted byGOOgIC 



Scholium 2. — I 
Then, \,y tbe tbec 




DEMONSTRATION 

ED and ME, aud produce them to meet in L. 
the point L will be in (he circular are DBE, 
and the triangle KLM v/'\\\ be similar 
to ABC. But EM is longer than 
any other side, as A C, drawo through 
F. Hence the area of the triangle 
ELM is greater than ABC, or than 
any other triangle whose sides pass 
through the points Z), E, F, and ter- 
minate iu the eircnlar area DAF, 
FCE, and EBD, and it is therefore 
the niaximum triangle which can be 
drawn similar to ABC, and having 
its sides to pass through the points D. E, and F. 

Scholium 3. — If the lines EL, LM, and MK be drawn through 
the points D, E, and F, respectively piirallel to the sides HG, GI, 
and 7Zf of the triangle GIH, the angular points E. L, and M will 
bo in the circular arcs DAF. FCE, and EBD. 

For (IV. 21*) the angles L. M. and E in the triangle LMK arc 
respectively equal to the angles O, 1, and H in the triangle GIH. 
But, by'i'iieorem XII., the angles Q, I, and .ffare respectively equal 
to the angles B, C, and A of the triangle ABC. Hence the angle 
L must equal the angle B. the angle M= angle C, and angle K^- 
angle A, aud the point K must be in tlie circular are DAF, M iu the 
arc FCE, and L iu the arc EBD. 

Scholium 4. — Hence the maximum triangle ELM has its sides 
parallel, respectively, to the sides of the triangle HIG, formed by 
joining the centres of the circular arcs DAF, FCE, aud EBD. 
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Theorem XIV, (Proposed by BoDJamin Sboemaker.) — ^If on the 
three sides of aay place triangle equilateral triangles be doserihed, 
the triaugle formed by joining the centres of tbese equilateral triangles 
will be an equilateral triangle. 

Demonstration. — On the three sides 
of the triangle DEF describe the equi- 
lateral triangles DBF, FA E. and E CD. 
Bisect the sides BD and DF in the 
points and P, and Join the points 
FO and BP by lines intersecting at S; 
then will H be the centre of gravity of 
tbe triangle DBF, and henco its centre. 
But FO and £P are perpendiculars 
from the middle of tbe lines BD aod 
U.f respectively, and hence their inter- 
section JI is the centre of a circular arc passing through the points 
D, B, and F. With the centre H and radius EB or HF describe 
tbe arc DBF. Id like manner describe the arcs FAE and EGD, 
whose centres J and O will be the centres of the triangles FAE and 
EGD respectively. Join the points H, I, and G ; it remains to be 
shown that EIO is an equilateral triangle. 

Through the point D draw any line, as EDL, and draw EFM and 
LEM, and the point M, where they meet, will, by Theorem XIII., 
be in the arc FAB, and tbe triangle ELM will be equiangular to 
DIG (cot. to Theorem XIII.). But angled (III. 18, cor. 1*) = 
angle i? = an angle of an equilateral triangle. For a similar reason 
the angles M and L, which are equal to the angles A and C, are 
each an angle of an eqoilateral triangle. Hence ELM is an equi- 
lateral triangle, and, consequently, the triangle HIG, which is 
similar to ELM (Theorem XII.), is an equilateral triangle also. 
Q. E. D. 

Scholium. — This theorem resolves into Theorem XII., wherein 
the given triangle ELM, corresponding to ABG in Theorem XII., 
is equilateral. 
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Theorem XV.^The three perpendiculars, or these perpendiculars 
produt-ed, let fall from the angular poiats of a triangle on the oppo- 
site sides, produced if necessary, will all intersect in a common point, 





Demonstration. — Let AB C (in either figure) represent the triangle. 
Let fall the perpendiculars BE and GF on the sides AC and AB 
(produced if necessary), and let these perpendicular lines (produced 
if necessary) meet in 0. Join AO, and let it (produced if necessary) 
cut BO, or BO produced, in D. Thea, since the angles AFO and 
AUO are right angles, a circle described on JO as a diameter will 
pass through the points F and E. Let such circle be described, and 
join the points f and E. 

Now, because the angle FOB = EOG, and the angle L'FO = 
CEO, each being a right angle, the two triangles FOB and EOC 
areequiangular.and wehave(IV. 18*) OF: OE:: OB -.00. Hence 
(IV. aOf) the triangles FOE and BOG are equiangular, and we 
have angle CBO = EFO = {lU.. 18, cor. \X)EAO. Hence in the 
two triangles BOD and AOE, we have au angle DBO {GBO) = 
EAO, and angle BOD = AOE; wherefore angle ODB = OEA. 
But OEA is a right angle by construction. Hence ODB is a 
right angle, and AOD is perpendicular to BG, and the three perpen- 
diculars intersect in a common point 0. Q- E. D. 

Note 1.— Bee Pcublcm SSVI., "Triangles, Quadrilaterals," cfc. Also, 
Scholium 2, Theorem Vil. 

Note 2. — For another and a very neat mode of demonstrating this tlieorein, 
and also Theorem I., see Propositions 42 ftnd 43, Book I., iif Uhauvenet'a 
Treatise on Geometry, an admirable work published in 1871, by J. B. Lip- 
pincott & Co., Philadelphia. 



•VLi. 



tVLB. 



i nr. 31. 
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Property I.— Join FD and UD. Since BDO and BFO are right 
angles, a circle described on BO as ft diameter will pass through the 
points BDOF. For the same reason, a circle descrihed on CO as a 
diameter will pass through the points CDOE. Heoee, since vertical 
angles are equal, and angles in the same circular segment are equal, 
we have ^n^Xe SDF^ BOF=EOC = EI)C,s^aA angle iJi^i) = 
BOD = AOE = AFE; also, a.x\g\Q AEF=AOF=GOD=CED. 

Therefore, since BDF^ EDC, a ray of light proceeding from 
any point in the line ED in the direction of that line, and impinging 
on the side BG at D, making the angle of reflection equal to the 
angle of incidence, would be reflected to F; and then, since angle 
AFE = BFD, it wonld be reflected to E; and again, since GED = 
AEF, it would be reflected along the line ED to the point from 
which it proceeded. The same is true of every point in each side, 
and the ray may proceed around in either direction. 

Propertii 2 Since angle BDF=EDC, the complements ADF 

and ADE are equal; hence DA bisects the angle FDE. 

And since angle AFE = BFD, their complements GFE and 
CFD are equal ; and hence FC bisects the angle DFE. 

In like manner, since angle CED = AEF, their complements 
BEF and BED are equal ; hence BE bisects the angle FED. 

Hence the three perpendiculars let fall upon the three sides of a 
triangle bisect the angles of the triangle formed by joining the points 
where these perpendiculars intersect the sides.* 

Remark. — Property 1, above, suggests and solves the following 
interesting problem: — Determine a point within a given plane tri- 
angle from which a ray of light may proceed in the plane of the 
triangle, and, after being reflected from the several sides successively, 
making the angle of reflection equal to the angle of incidence, return 
to the same point again. Also, to find the locus of all such points. 

It was shown in Property 1 that the point required is any one in 
either of the sides of the triangle DEF, and hence these three sides 
are the locus of such point. 

* See Chauvenet'E Geometry, Appendii I., Proposition 36. 



Ho.i.db,Googlc 



228 



APPLH 



ITION OF THEORB 




Problem in Tuee-Planting. — There are four trees standing, 
forming an irregular quadrilateral. How may Ave other trees be 
planted so that the nine will form ten straight rows with three trees 
in each row? 



Let A, C, F, D represent the 
points where the four trees are; 
it is required to find five otber 
points BO that the nine shall form 
ten straight rows, with three 
points in each row. 



Solution. — It is evident from Theorem X. that if any line, as EB, 
be drawn through H, the intersection of the diagonals AF and CD, 
dividing the quadrilateral AGFD into two quadrilaterals, and the 
diagonals AE and BD, BF and GE, be drawn, intersecting in G 
and I respectively, (?, H, and / will be in a straight line, and bence 
the points B, E, G, H, J wil! he the places at which the other five 
trees must be planted. The rows are ABG, DEF, GUI. EliB. and 
oae row in eacb of the six diagonals, making ten straight rows, with 
three trees in each row. 

Note. — Ennh of the trees B, S, and E is in four different rows, each of the 
others in three. 

Calculation. — 1. In the given quadrilateral AGFD, find, Case 3, 
the diagonal CD, and the angles i^'DC and FGD. Also, the diagonal 
AF. and angles DAF and DFA. 

2. In triangle DHF, Case 1, find DH and HF; whence CJS"aiid 
SA become known. In like manner find EG and EI, and angles 
GEH and HEI; for, the point E being assumed in the construction, 
FE and ED are known. 

3. In the triangle EFH, Case 3, find angle FJIE = AHB. and 
EH. In triangle AHB, Case 1, find BE and AB ; whence BG is 
known. 

4. In triangles GEH&aA HEI, Case 3, find GH 3.nA HI. 

J) s T SoftoiiMm.— If .dCJ''i'isa rectangle, witb 

the length ,40 = twice the breadth AD, the 
line EHB will divide it into two equal 
squares, as in the annexed figure, and the 
trees would have a symmetrical position, 
"* ^ *^ The ten rows are the three parallel lines 

DEF, GET, and ABG, the one at right angles to these, and those 
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in the aix diagonals. OR and HI eaoh equals ^AB or BG, &w\ 
AG, BG, Bl CI, etc., eacb =V^aW^ 

Problem in Tree-Planting. (Proposed in The AgriGullurist.) — . 
Plant a grove of nineteen trees so that they shall constitute nine 
straight rows, with live trees in each row. 

ConsiruoHon. — On the circumference 
of the circle whose centre is lay the 
radius OA six times, beginning' and end- 
ing at A, giving the points A, B, 0, T), 
E, F (V. 4*). Draw the sis equal chords 
AO, BD, OE, DF, EA, and FB, form- 
ing two equal inscribed equilateral tri- 
angles A CE and BDF, and the regular 
hexagon GHIJKL. Draw also the 
three diameters AOB, BOE, and GOF, 
bisectiag the sides of the two inscribed 
equilateral triangles in the six points M, N, P, Q, R, and S. 

Now, if a tree be planted at each point that is lettered, the nine- 
teen trees will be planted as required. 

For there are evidently five in each of the sides of the two inscribed 
equilateral triangles, maliing six rows, with five trees in eaeh row, 
and there are five in each of the three diameters, making three rows 
more; hence there are nine rows, with five trees in each row, as 
required. 

«IV. 15. 



W/ 0/ .If \g ^ 
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DIFFERENTIAL AND INTEGRAL CALCULUS. 



AN ATTEMPT AT SIMPLE ILLUSTRATIONS OF SOME PEO- 
BLKMS AND PRINCIPLES IN THE DIFFERENTIAL AND 
INTEGRAL CALCULUS. 



Prelimisary Remarks. — To find Uie differfinlial of any power 
of a variable quantity, multiply by the index denoting Ike potver, 
diminish the index by unity, and multiply by the differential of the 
root. 

The differeotial of x is written d.x. or simply dx; of y, dy ; of z, 
dz; d being merely a symbol denoting differentia!. Hence in prob- 
lems involving the calculus d is not usually employed by mathema- 
ticians to denote a quantity. 

Examples. — I. The differential of x or x'-, by the rule, is 
I X ;«'— ' X dx=:x!'dx = \ X dxz^dx.* 

2. The differential of 3^ = 3 X a;' X dx = 3x"dx. [The letter d 
before any quantity implies its differential] 

3. rf.aa^ = 4 X aaf X dx = iax^dx. [A known or constant 
quantity has no differential; hence d.ax*=:a x d.x'=^a x ix'dx^:^ 
4ax^dx.'] 

4. d.daa^^b X Sax* X dx=\5ax*dx. 

5. d.(aiir' -+43^ + bx*) — 2axdx + l^x'dx + 20x^3;. 

6. d.(by^ + Zy + a — i) = 2bydy + 3dy. 

1. d.~-i = d.ax~'^ — 3 X ax-"—^ x dx,=^ — 5a.x-'dv: = — '—-,-■ 



« The division of powei 


■s of the saniG quantity or root ia effected by subtrot 


iting the 


index of the divisor from 




le indes 


of the qootient. That is, 


— =xS—3^tC,—^xS—s=af. But^ = lj hoi 


,ce^ = 


'^__=_,_ _,_ ^ 


. Hence & power maj be taken from the numerati 
., by clianging the sign of the index. 


ir to the 
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a dVa? + x' = d.{a^ + a:=)i = ^ X {*^ + a?)~l X ^xdx = 
xda; xdx 

9. d.~^- ^d.a{a^-^x-')-'l^—^ay. (a= + ^')-S-' X Ixdx 

^_|a(a= + x')-l X S^-i^— (^q:^ = -^(„,^^y- 

The term employed for this process is to differentiate, differen- 
tiating, or differentiation, according to the eoniiection in which the 
term is used. 

Now, the reverse process — that is, from the differential to obtain 
the quantity from wbich the differential is supposed to have been or 
may be derived — is to integrate the differential, called, also, 
integrating or integration. 

The sign or symbol used to indicate this process is/. As the 
sign \/ to denote root is derived from the sign or letter R, or \/. 
so/) as the sign for integration, is derived from a form of tlie letter 
S, or/ meaning the sum of all the increments, or, in fluxions, the 
sum of alt possible positions of the flowing quantity. 

To integrate a differential, reverse the process of differentiating; 
that is, increase the index denoting the power by unity, dinide by 
the index so increased, and also by the differential of the root. 

Examples. — 1. Taking the preceding examples, and reversing the 

process, we h3,\ejdx^=jafdx^ — ^x. 

Sx'' + 'dx 



„ r ., iax^+'di 
3. J iax'dx ^= ■ — J-; — 

i. jlbax'dx = - — - — '- 



5. f(2axdx + 12x'dx + 2Qx'dx) =j2axdx -\-fl2x^dx +f-2ilx'dx 
= ax'' + 4«' + 5x*. 

6. f(2bydy + Sdy) =§'ib<jdy + juy = by' + ii;/ + C. * 



leseea tbat ia Che < 



LLpd, being couneGted av 
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—Sdx 
{a'--\-x')-i + 'a;dx 



_ r Sada; r 

7. J r'^^J — Sa3:-*dx^— 

^ r scdx f , , , . .„ , {o}4-x')-l + ''xdx 



THE DIFFERENTIAL COEFFICIENT. 

Definition. — A quantity to diffureuiiate oi' to iategrate is called a 
funotion. 

Example. — If we liave a function of the form w ^= ba^ + 'ix'' + 
63;, we have du = Ibx'dx + 4iXdx + Mx ^ { 15ic' -J- 4a; 4- 6)(?a;. 

Hence — = \bx^ + 4iC + 6. Now, this last quantity {Ibx' + ix -\- %) 

is called the differential co-efficient of the function u, because it is 
what the diEferenlial, dx, is multiplied by in the value of du. And, 

as -T- is what thia differential co-efficient is equal to always, the 

symbol -r- ia adopted as denoting the differential co-efBcient. Hence 

the differential co-efficient of any function is the differential of the 
function divided by the differential of the variable. 

This quotient expresses, also, the ratio of the differential of the 
function to the differential of the variable. The limit of this ratio, 
which ia of much use in investigations by the calculus, is deteruiined 
by supposing the variable, as x in the preceding example, to become 

0. Then we have -j- (that is, the differential of the function u 

divided by the differential of the variable x) = 15a:^ -f- 4ar + 6, which, 

neeeseari!)' diaaiipaar in the differential, and oonsequently they cannot bo reatorad in 
the integration, beeauaa the differential would be uuaffeoWd no matter how many of 
these eoQEtantB were in the quantitj differeutialed connected by the eigna + and — , 
uur of what value they were. The whole i«m »/ Hmc cowswiiis lira, therefore, in 
integrations, represeutod by the letter 0, implying the gum of theae constant!, aa in 
example G. In fact, Q ia always to be uaderstuud aa appended to the integral of any 
function, whether expressed or not. In many problems in the ealenlue the value of 
C can be determined by the conditions of tho problem. 
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when x = 0, becomes 6, and this ia the limiling ratio of the. differ- 
ential of the function bar'-}- 2x' -\- 6a: divided by the differential of 
the variable x. But, when a; becomes 0,u = 6j;^ + 2x' -j- Sx becomes 

0, and du becomes 0, aod dx becomes 0, and — ^; - =; I5x^ -f- 4^ + 6 ; 

and much severe criticism has been bestowed ut>on a mode of in- 
vestigation in science, and especially in mat hematics, which employs 
such scemiQg^ly intangible noueDtities. A learned author has called 
them the " ghosts of departed quantities," a value remaining in their 
relation when the quantities themselves have vanished. 

We must remember, however, that it is not the quantities themselves, 
but their ratio, which is the object to be determined, and the ratio 
remains unaltered through whatever changes of proportional increase 
or dmiinution the iirma of the fotw may undergo To diu&tiate 
The ratio of 3 to 6 is | ^^ Now if each term of this latio be 
multiplied by a million the ratio i*? stili ^ And if each term of 
the ratio is multiplied bj a million f)i a million of tiiups )r a million 
mdliin of times the iito still lemains unalteied bein^ ^ no more 
no le^s 

Aijain ti msteaH oi mutti}.lyinq the tetms be each dnedi, i by a 
million the ratio rem una | And if ew,h terra of the latu be 
dnided bj a million for a iiiillion of times ir a milinn million of 
timea the ratio oontiuues t) be ^ no more no le&s And that which 
thus maintains its fixed value eternally thiough all conceivable 
changes of magnitude of its teim^ po'*Bible luge and small it is 
leisonablp to coQciude will retain thi smie i lue w lieu the teims 

each become 0, which is the value of — .* 



* — U the ei/mhul/or ml-fmiteafne in quantitiea, and it baa Eometimcs been used to 
perplex young algebraists, aa seeming to lead to incongruous results. To illaatrote : 
Put lE-^u, a being onj number whatever. Tden ic'^a'. Take tbe first equation 

Divide by a~-x, and we have l = n-ri"=2o. How, taking a^l, ij, 2, t\, 3, 3i, 

Again, put i=^o, as before, then x3 = a3; subCrooting, x3 — k^SoS — o, or a — 1=- 

value from 1 to infinity. In like maoner «— 3! = a4~aH. Divide by n — i, and 1 = 
a3 + a'a;+(M" + a'3 = 4Q!, vthere a may benny value from 1 to infinity. This prooese, 
if oonCicned till the powers of x and a ore iufinite, will give, in each caae, an infinite 

It mill be observed, however, that in all these oases, since j;='U, i — a = 0, x' — ^a= 
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Problem. — When y' reprpseiits 
tinually parallel to itself, and its value m aoy position is known, 
either definitely or ia terms of x, then the value of the surface or 
solid, generated by auch quantity in its movement, will h^jy'dx, x 
being the distance through which the liiie or surface tiioves. {Seo 
Simpson's Fluxions, or Young's Integral Calculus.) 

find the area of a parallelogram whose base and 

Put the height -4 (? = a, the base GD = b, 
x = AH, and y=EF, whioh is supposed to 
begiu to move at GD, and to move parallel to 
itself up the line GA to AB, thus generating 
the parallelogram ABGD. Now, EFm this 
'■lely, being equal to 6 =^ ^'. Hence the area 

ABGD =^jy'dx ^jbdx^^bx ^ (when x^^^a) ab, or the area is equal 

to the product of the base by the altitude. 




KoTE. — If ai be taken = 
Jthea 



Ju, wo get i the areiL uf ABCD ; il 




To find the area of a triangle when the base and 



Here the variable line EF, or y', is supposed to 
move from BC parallel to itself, terminated in 
every position by the \m&&AB, .d (7 of the triangle, 
and thus generatiug the triangle ABG. 

Put AD = a, BC = b, AG = x, BF=y; then 



bx 



Whei 



3 the area ABC = 



//<;. = /^ = ^ = (whc..=.) 



2a " 



j^^ab. Hence the 



-=0, XI — a3 = 0, etc, and what we obtain Is '"'^'a' 'i'^'ioh is not limited to 1, but 

is a lyiabol, tlie navober of voIusb of whieli, as shown above, is iiySiiily multipiied by 
injimt^, or wpiit^' a square. Hence — is uppropriataly termed the ojmioi o/ ijide^iiije- 
ness. The same principle is familiar in practical orithmetio. Beariug la miud that 
the product of two factors divided bj one faotor gives the other factor, taking the 
proiiuQt nxl = 0, and dividing bj the factor 0, we have 1=="^- Also, Xil = (l( 
hence 9 = -^. And X 9 miliions^Oi hence B millions^ -, and su on through aU 
Bumbers, however large or honeret smalt. 



Ho.i.db,Googlc 



CALCULUS. ^OO 

area of the triangle ^= half the product of the base by the altitude, 
or half the parallelogram of the same base aud altitude. 

Example 3. — To flad the area of a parabola. 

Here SJF is the generating line for the ^ 
whole parabola, beginning at CD, moYing 
parallel to itself, and tenniaating at A; and £ 1 

EQ is the generating line for the semi- / | \^ 

parabola CEAB. Put AB = a, BG^b, c s d 

AG = x, and EG = y; then, by the property of the parabola (see 

Prob. I., "Parabola," p. 253), we have a:x::b^:y\- whence )/' = 

— , or y^—^ X '•/x^y'; and the area of GEAB-=jy'dx^j—^ 

X \/x X ax = \—,-xidx-^" ;;- X -7- ^ t •— ;- =^ (when x --^ a) 

^'^j=^ba = the &re&ABC. Hence the area of the whole parabola 
CAD = IAB y. CZ> = | the rectangle under J B aud VD. 

Example i. — To find the area of a seniieircie whose radius is given. 

Here the variable line EF, or y, is supposed 
to move from AB, parallel to itself, limited by ^ — !—--. 

the extremity E of the constaut line CE^ ^/ J \ j. 

\AB, thus generating the semicircle ADB. /\~1 \ 



Now, while BJ^geMerates the semicircle ADB, J— 

EQ generates, in like manner, the quadrant 

ADC. To find the area of the quadrant, therefore, put AC or CE 

= r, and CG — x; then EG =Vr^ — x^ ^y = y'. And the area 

of the quadrant ^i>0'=r2/'dfl; = Jv'r' — x' x dx^j'ir' — x')yx 

^ (by developing Ix^ — x^)i into a series, and multiplying each term by 

, . r . r.x^dx c 1 '^''^^ /■ 1-3 x'^dx r 1.3.5 
d^)J^rf^_J^_ J_.___j___._._J^__ 

.^dx r 1.3.5.T ii^dx _ a? 1 x"- _ 

r' •'2.4.6.S.1I)' r' ' ^ "■ — ''^ 2.;^.^ ' %.\.hr^ 

1.3 a;' 1.3.5 X? t. 3.5,7 ^ _ ,+ _ 

2 . 4 . 6 . t ' r* 2 . 4 . 6 . 8 . 9 ' r' 2 . 4 . 6 ". 8 . 10 . 1 ! ' )■« " '=■ — 

1-.-3 . 5 



(when x^^r) r' 1- 



2,4.5 2.4. 6. T 2.4.i 
1.3.5. Y 



.4. 6.8. 10. 11 



.18539— the area of the quadrant 
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AEDC. Tbe area of the semicircle ADB^^r' x .78539, and of 
the whole eifcle = ir' x .T8539 ^ Zi= x .78589. The sum of the 
series witbia the brackets (.78539) is the area of a quadrant whose 
radius is 1, aiid hence it is the area of a circle whose diameter 
is 1. 

Note. — The above scries converges very slowly, requiring some twelve or 
fifteen terms to obtjiin the above result; hut, with the exception of the part 
of the deiiominator of each term wbicli arises from the exponent of le, each 
term can be obtained from the preceding one with comparatively little 



Example 5.— To find the solidity of a cylinder, having the diame- 
ter of the base and the altitude given. 

, Here the area of the circle EHF is y, or the gener- 

ating quantity, aud it is known definitely, being equal 
to the base AQB. 

PntAD^a, AB^h, A13 = w, area EHF=y^ 
area AGB = (putting p = .78539) pb^ = y'. Then 

the solidity of the cylinder :^ J y'rfa; ;r^ J /)6Wic ^ /)6'a; 

^= (when x = a) pb^a^:i\xG area of the base multi- 
plied by the altitude. 



«S^ 



Example fi. — To find the solidity of a cone, having the diameter 
of the base and the altitude given. 

Here the area of the circle EIF is y, the generatinif 
quantity. Put AD^^a, the diameter BC=^h, AG 

= x; then a : b::x : EF ~ -^, and area EIF = 
pEF^ = p—~^y'. Hence the solidity of the i:oiiii=: 

Jyy» = /S5^ = 4^'=(,vlen ^ = a)pi- x jo = tbe am, »f 

the base multiplied by one-third of the altitude, or one-third of the 
cylinder of the same base aud altitude. 
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Example 'I. — To find the solidity of the paraboloid when the h 
aad height are given. 

Here the area of the circle EIFL is the gen- 
erating quantity, or y, beginning at the base 
CHDO, and moving parallel to itself up to A, 
generating the paraboloid AGHDO. Put AB 
:=a, the diameter CD=:b, AO^x; then {by 
Prob. 1. of the "Parabola," p. 253)a:3;;;6^ 




EF'^- 



pEF^- 



Now, y ^ a 



i of circle EIF^ 



Hei 



e the solidity of the paraboloid =r)/'rfic = 



/!*e^=s^"pfc= 



pV 



- — = (when a: =:=a) plf x |i 

= the area of the base CUD multiplied by half the altitude AB = 
half the cylinder of the same base and altitude. 



Example 8. — To find the solidity of a hemisphere, and thenc-e of 
the sphere, having the radius given. 

Here the area of the circle EIFL is the 
generating quantity, or y, beginning at the 
base AHBO, and moving parallel to itself 
up to D, generating the hemisphere DAHBO. 
Put radius GA or GE = r, GG = x,p — i 
X .78639 = 3.1416; then E G' = r' — w\ 
and fti-ea EIF=pEG' = p(r' — x-') = y'. 

Hence the solidity of the hemisphere = jy'dx^ jp{ 
J pr'dx — j px^dx^pr'x — ^~^^ (whenfl;^^r)p( j^ — 

= (since D = 2r, and D' = 8r^)'^ =^x^^ .5336 

the solidity of the whole sphere ^D' x .5236. 

Scholium. — Since p.^i'^^rzr the solidity of the hemisphere, the 

solidity of the whole sphere will be p.— — ^p. 4»-' x -^4 times 

the area of a great circle of the sphere multiplied by one-third of the 
radius. (See Legeudre's Geometry, Book VIIL, Proposition XIV. 
and corollaries.) 




Hosted byGOOgIC 



ido CALCULUS. 

Example 9. — To find the solidity of a spheroid; that is, of the 
;olid described bj an ellipse revolved about either of its axes. 

^ Case 1. — Let the revolution of the 

ellipse be about the Iransverse axis 
AB, which gives the prolate spheroid; 
then the ordinate EF will describe a 
circle, which is the generating circle, 
=^ y', supposed to move from and 
parallel to COD to B. The axis about 
wiiieb the revolution is made is called 
the fixed axe. The oquatiou of the ellipse (see Prob. I. of "Ellipse," 
p. 253) is ay + 6V = a=&', where a=OB, b=OG, ic=OE = 
6F,y = EF^00. Putp = 3.U16, the area of a circle whose 
radius is 1, Sow, the area of the generating circle FBM^EF^ X 




= y^ X p = 



I> 






-^{a^ — x^)p ^ y' . Hence the solidity 






a) ab'p — ^^=|afi*p = the solidity of the semi-spheroid COBB. 

The whole spheroid ADBC^^ab'p. Now, putting the major axis 

AB^=A, and the rainoi' axis OD^B, we have a = —, and b=^ — ; 

substituting these values for a and & in the equation -|a6'p, it becomes 

i X ^ X ^' X 3.Ulfi = ^ X iJ' X ^^^ = ^ X B= X .5336 = the 

solidity of the whole prolate spheroid ADBC, where the ellipse is 
revolved about AB. 



Case 3. — When the revolution is about the conjugate axis CD, 
then the ordinate Gf describes the circle IGF, which is the gener- 
ating circle, moving from and parallel to the circle AOB to 0. Hence, 
as X is the moving line and y the space moved through, the solidity 

iQ this ease will be Jx'dy. 

The circle ii*'^ G F' x p^^x'p^^ -(b^ — y^)p ^ x' , und jx'dy = 
J jiC' ^i/>''y = J*P''y — j^^^-^ = aVy— 3^i- = (wi>en y 
= OC:^b)a?bp — — -^ = — 5"^=^ t*^^ solidity of the semi-spberoid 
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AGBO. The whole spheroid ADBG = %a'bp = j^ X — x -jr x 

3.1416 — ^' X -6 X '^-7 — = ^' X S X .5236. In either case the 

solidity of the whole spheroid equals the square of the revolvmg 
axe multiplied by the fixed axe, and the product multiplied by .523fi, 
which is one-sixth of the area of a circle whose radius is 1. 
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SOME ELEMENTARY PROBLEMS 



ANALYTICAL GEOMETRY. 



Intgoditctort Remarks. — In many mathematical investigations 
the operations are much simplified by designating a point, line, or 
surface by an equation, referring its position to two lines called axes, 
crossing each other at right angles. 

This method of representing points, lines, and surfaces by alge- 
braic equations was first introduced by De« Cartes in his Geometry, 
published in the year 1637; but the principle has been extended and 
amplified by Lagrange, Delambre, Laplace, and many others, and it 
has now become one of the most powerful instruments in mathe- 
matical research. 

It is proposed to give here an idea of the principle, accompanied 
by a few practical problems ae illustrations. 

Let XX', lY', in the adjacent 

figure, represent the lines crossing 

each other at right angles in the 

point 0, and let these lines be taken 

~^ as ax.ez, to which it is proposed to 

refer points and lines on the same 

plane. XX' is called the hori- 

y* zontal axis, TY' the verHeal axis, 

and their point of intersection, 0, the origin of the axes, or simply 

the origin. 

The perpendicular distance, either way, from the vertical axis, 
measured on the horizontal axis, or on a line parallel thereto, is 
called an abscissa; and such distance is generally represented by the 
letter s. 

The perpendicular distance, either way, from the horizontal axis, 
(340) 
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measured on the vertical axis, or on a line parallel thereto, is called 
an ordinate, and such distance is generally represented by the 
letter y. 

Thus, designating the four angles at the origin by 1, 2, 3, 4, as in 
the figure, and drawing AED, BFG parallel to the axis YY', then 
taking the point A, in angle 1, OE is the abscissa {x), and EA the 
ordinate {y). In like manner, of the point B, in angle 2, Oi''is the 
abscissa (af), and FB the ordinate (y). Of the point C, in angle 3, 
OB' is the abscissa {x), and FG the oi-dinate {y). Of the point D, 
in angle 4, OE is the abscissa {x), and ED the ordinate {y). 

The ohscissa and ordinate of any point are called the co-ordinates 
of that point. Thus, OE and EA are the co-ordinates of the point 
A, OF and FB are tbe co-ordinates of the point B, OF and ^C are 
the co-ordinates of the point C, and 0£ and £D are the co-ordinates 
of the point D. 

The line ^^' is called the axis of abscissas, or the axis of x; 
and the line YY' the axis of ordinoies, or the axis ofy. The aaies 
are sometimes called diameters. 

Of the two co-ordinates to a point, the abscissa a; always repre- 
sents the perpendicular distance of the point from the axis YY", or 
tbe axis of y; and the ordinate y represents the perpendicular 
distance of the point from XX', or the axis of x. But these abscissas 
may measure either way, right or left, from the vertical axis YY'; 
and the ordinates may measure either way, up or down, from the 
horizontal axis XX'. Hence, in order to designate which way they 
are to be laid off or mensured, mathematicians have adopted the 
notation of marking the abscissas which are to the right of the verti- 
cal axis YY' with the plus sign, +, and those to the left with the 
minus sign, — . 

Also, those ordinates which are above the horizontal axis XX' are 
marked plus, and those below, minus. Hence, for any point in angle 
1, X and y will both be plus. For a point in angle 2, x will be minus 
and y plus. For a point in angle 3, both x and y will be minus. In 
angle 4, x will be plus and y minus. For any point on OX or OX', 
y is 0. For any point on OTor OT, x is 0. At^the origin 0, x 
= and y ^= 0. Also, if y^O, the point must be on the axis of x, 
and if j: =^ 0, the point must be on the axis of y. 

Hence, if x and y are both given with their signs, the position of 
the point is determined, and such point is called the point x and y, 
or the point xy. Wherefore x = a, and y ^r:b, a and b r 
known lines or distances, is the equation of a point. 

I. 16 
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Example l.~- Dctermioe the point whose equation is x =: ^, 

The required point most be in angle 1, because both co-ordinate a 
are plus. On OS lay OE = 9; 
through E, parallel to YT, draw a 
line, and oq it lay EA, above the 
axis _yX', equal to 12, and A will be 
the point required, whose equation 
~^ h x = OE ^9, y = EA --=12. 



Example 2. — Determine the point 
whose equation is a; ^ — a, y = 12. 

The required point must be in 
nngle 2, because x is minus, and y plus. On OX' lay Oi*'=9; 
through F, parallel to YY', draw a line, and on it lay FB, aboue 
XX', — 13; then B will be the point whose equation is a;— 0F= 
—9, xaAy — FB^+l'i. 

Example 3. — Determine the point whose equation is ar== — 9, 
!/ =— 12. 

This point must be in angle 3, because both co-ordinates are minus. 
On OX' lay 0F=9; through F, parallel to YT, draw a line, on 
which lay FG, below XX', — 13 ; then G will be the point whose 
equation is a; = 0F= — 9, y = FG — —1% 

Example 4. — Determine the point whose equation is a: = 9, i/ ^= 
—12. 

This point must be in angle 4, because x is plus, and y viinus. 
On OX lay OE = d; through E, parallel to YY', draw a line, and 
on it, below XX', lay £2) = 12; then D will be the required point 
whose equation isa;=0E = 9, y = ED =—l2. 

Example 5, — ^Dctcrmine the point whose equation is ic = ±9, y 

This point must be on the axis of a;, since y^ 0. When jt^ +9, 
j/ = 0,itia£,- whena; = — 9, i/ = 0, it is .F. 

Example 6. — Determine the point whose equation is x^O, j/ =: 
±13. 

Since 3:^:0, thia point mast be on the axis of y. Lay 00, OH 
each = 13: then tbe equation of the point G is x ^ 0, y —- -}-l2 ; 
and of the point Bis x = Q,y — —13. 



Hosted byGOOgIC 



OF THG STRAIGHT UNG 



243 



Example 1. — Determiue the poiat wbose equatioa is a; :=; 0, y = 0. 

It is the origin 0. 

Scholium. — The distance of aay point {xy) from the origin is 
always = '•/x^ + «/', and, as the square of cither a plus or a minus 
quantity is plus, this distance will always be the same, whatever the 
aign of the co-ortJi nates, if they are of the nmyie ualue. If D 
refiresettt the distance, then D = Va;' ^ j/' = \'OJS^ + EA^^ 
Vor' + OB^ = VOF' +0C^ = VoU' + 0I>' =OA = OB ^ 
OC = OD. HeQce A, B, C, and D are in the eircunifereuce of a 
circle wiiose radius is OA, OB, etc. 



OF THE STRAIGHT LINE. 

Every algebraic equation with two unknowa quantities of the 
first degree represents a straight line on a plane, of which the 
unknown quantities are co-ordiaates. Kencey^ax, and y = aa:-\- 
6, are equations of a straight line, of which x and y are the co- 
ordinates; and if a and 6 are known, either integral or fractional, 
the line can bo determined by construcfcion.* 

Example 1. — Coaatruct the equation y = 3x. 

Analynis. — Here, when x=:0,y^^O, and vice ver 
the line must pass through 0, the origin of the 
Also, when x is plus, y is plus; and whet 

Construction. — In OX take any dis- 
tance OB. Through E, parallel to YY', 
draw a line, and on it, above XX', lay 
Ea = S OE. Through and G draw 
the line AOB, and it will he the tine 
required, having its equatioQ y=.3x; 
that is, such that the ordinate of any 
point in that line will be equal to three 
times the abscissa of dial point. For, 
take any point in the line AB, as B, 
and parallel to YY' draw the ordinate 

PF. Then, in similar triangles OEG, OFF, we have OE: EG:: 
OF:FF. But EG = 30E; hence FP=:^%OF; that \s,y = ^x. 



i XX', YT. 
inns, y is minus. 



-«/ 



* D^fimti. 



. of a U,i. 



a plane, whether the 



e be Etiaight 



calue of tki other unknown qi 
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or the ordinate of the point P=; three times its abscissa. If x^2, 
the equation gives y= 6; if a; = 5, y = 15, etc. 

la lilte maDnei", tftke any other point, as p, and draw the ordinate 
pf parallel to the axis YY'. Then, in similar triangles OEG and 
Ofp,weh!iveOE:EG::Of:fp. But 
,f EG = '6 times OS; hence j>/:=3 0/; 

that is, T/=;3«, or the ordinate of the 
point j) = 3 times its abscissa. If a;^ 
_1, )/ = — 3; if 3:^—4, y = —l% 
etc. 

Scholium 1. — Tt is manifest that for 
all i>oinls in the part OB of the lino A H, 
07 will be plus and y plus; and for all 
points in the part OA, x will be minus 
and y minus. 
Scholium 2. — By trigonometry, in triangle OEG 
EG f 




' OE 



= 3. T 



B OE: 
ike the 



EG : : vad. ; tang EOG — (when radiii 
log. of three, and increase its index by 10 for the radius, and wo 
have the logarithmic tangent ^ 10.411121, which gives the angle 
EOG or XOB — 71° 34', nearly. In the equation y — ax,a is the 
tangent of XOB to radius 1. 

Example 2. — CoDslruet tbe equation 2y = — Zx, or y^= — |ic. 

Analysis. — In this equation, wben a; ;= 0, j/ ^ 0, and oice versa; 
hence the required line must pass through the point O, the origin 

'■,y will 



of the axes XX' 


YY'. 


We 




, also, that 


rvhe 


a- 


is posiiii 


be viegaiive, and that when 


X 


is ■negati^se 


y y 


ill 


bfi poait 


that x:y::%:- 


3. 















CoTistmction. — In Ox talie the ab- 
scissa OE = 2, and parallel to the axis 
YY' draw the ordinate EG below the 
axis XX', because y is negative when 
x is positive, equal to 3. Through O 
and G draw the line AOB, which will 
be the line required, having)/:^ — |ar, 
or 2y = —Sx. 

For, lake any point in that line, as 

P, of which the co-o'i-di nates are OJi" 

^ and TF, we have, in similar triangles 

OEG, OEP, OF(w):FF{y)::0E{2):EQi—%). Hence ly ^- 

~-^x, or y^—lx, so that if x is known y is known. Also, if we- 
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take the point p, whose co-ordinates are Of and fp, we have, in 
similar triangles OJSG, Ofp, Of{x):fp{y)::OE{i):EG{—^). 

Hence 2y^= — Zx, or y = — -', as before. The same is trne fur 

each and every point ia the line AOB. 

Scholium I. — It is manifest that for all points in the part OA of 
the liue AB. x will be positive and y negative, and for all points in 
the part OB, x will be negative and 3/ ponitive. 

Scholium a— By trigonometry, in triangle OEG we have OE (3) : 
e^{_3)::rad. (l);ian(r..angle£'0(? or AOX=—l To obtain 
the value of this angle, from the logarithm of 3 subtract the loga- 
rithm of 2, and add 10, tbe logarithm of the tabular radius, to the 
indes of the remainder, and we obtain 10.116091, for the tabular 
tangent of HOG or AOX, which gives, from the table, 56° 19', 
nearly. The tangent being negative shows that the line OA fails 
below the axis of x. 

Note 1, — The co -efficient of x in the value of y ( — |) is properly the 
tangent of the angle which the required line makes with the axis of x, 
measuring from OX upwards. When this tangent ia negative, it gives the 
angle XOS, showing that OB falls to the left of OK. 

Mote 2. — The student will bear in mind that the point in which a line cuts 
the anie nf x hasj/ = 0, and where it cuts the aa^is of y, it has 3; = 0. At the 
origin ir = l) and j(^ 0. 

Example 3. — Condtruet the equation 4,t + 3j/ = 24, or y = % 



Analysis. — The line represented by the equation ix -\- Sy ^2i 
cannot pass through the origin 0, because, when x = 0, y = S. ami 
when y^0,x^6,ao that, if either y or x becomes 0, the other has 
a numerical value. 

Now, at tbe point where the hue cuts 
the axis of x, y must^^O; hence we 
have, from the equation, a;;=6 for the 
abscissa of that point = OE, the distance 
from the origin at which tbe required line ^ 
must cut the axis of x. Hence .E is a 
point in the required line. Also, at the 
point where the line cuts tbe axis of y, 

x=rO. and then, from the equation, y=^ ^ -^ 

8= OG, the ordinate of that point, or the distance from the origin 
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at wbicii the required lioe must cut the axis of y. Hence G is 

another point in the required line. 

Gonsirnciio/i— Lay 0-B = B, and Off = S, and through the 
^ J, points E and draw the tine AEGB, 

and it will be the one required. Por, 
take any point in this line, as P, of which 
the co-ordinates are OFa.aA FP. Through 
G draw OH parallel to XX'; then GH 
= OF, and they are both negative, because 
they are to the left of the axis of y. Now, 
in similar triangles PEG and OOF, wo 
have —GH or —OF: PH::OE (fi); 
OG {%). Whence 6Pi7=— 8 0-f, or 

Pff=_L^^__i|-^=-^. AnA PF=y^PH+OG = 

_^54. 8. Wherefore St/^—lj: + 24, or Sy + 4^ = '2^, the equa- 
tion of the line AB. 

In like manner, if we take any other point, as p, of which the 
co-ordinates are 0/ and /p, we have Ef:—fp::EOi^):OG{%); 

whence Ej = — ^ = —^-^- Now, a; = Of= OE + .E/= 6 ~-^- 

Hence 43; ^ 24 — %y, or 4« -f- 3// ^ 24, as before. 

Scholium 1. — It is manifest that, for any point in the part EA of 
the line AB. x will be positive and y negative, and for any point in 
the part GB of the line AB, a: will be negative and y positive, while 
for any point in the part EO, both will be positive. 

Scholium 2. — The angle OEG or AEX is found as in Scholium 
2 to last problem, its tangent being equal to the co-efficient of x in 

the value of y in the given equation, = — -; from the logarithm of 

4 subtract the logarithm of 3, add 10 to the index of the remainder, 
and we obtain 10.124939 for the tabular tangent of OEQ or AEX, 
which gives 53° 8', or 126° 52', for the angle, and the tangent being 
negative shows that the line FA falls below the axis of ar, or it is 
properly the angle XFB. 

Example i. — Construct the equation 3y -f- 5a^= 27, or )/=9 

~3' 

In this equation, when x^O, y = 9=: 0(7, and when y^O,x = 
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= 5.4. Hence make OS = 5.4, and 06'= !), and through 



S and O draw the lioe AB, and it will be 
the line required, whose equatioa is 3y + 
5x = 2'I. For, take a?!^ point, aa P, whose 
co-ordinates are OJ'and FF. (ind draw Gff 
parallel to XZ'; then GM= OF=x. And 
by similar triangles GHP and FOG, we 
have —G3 or _-0-f (-^) : PH : : OF 
27 



{-I) -.00 in 

that ie, 3t/=:— 5a: + 37, 
required line. 

In like manner, if we take the point p, whose co-ordinates are 
Of &aAfp, we have, in similar trianjfles Efp and EOG, Ef-.—f-p 

(_i/) : : OF (^) : OG (9). Hence 9 ^/= -^y, or Bf=r. _|y. 

27 3 
Now, a;=0-E + .E/= —- ^-y; whence 5a:= 37 — 3y, or 3;/ -f .'ia; 

^ 27, the same as before. 



i- X PB=~^X, T A 

Axid y = PF=PJI+ 0G = — ^1 + 9; 
3i/ + 53: = 37, tho given equation of the 



Example 5 Construct the equation Zy -\-bx = — 97, ( 



= 0, )/ = _9=0(?, 



Hence lay OF to the left of = 5.4, and 
00 below 0=9, and throngh G and E ^ 
draw the line AB, and its equation will be 
3?/ + 5fl7^— 27. For, take any point, as 
P, in J£, of which the co-ordinates are OF 
and FP. Then, in similar triangles GHP 
and i/OG', we have GB. or Of (j;) : —HP : : 

EG (—V,) '■ OG (—9). Hence +^- x iZi' 



-27 — 5a;,- that is, 3j/ -{- 5a; 
equired lino. 



-37, the giv 



-9---; <>xZy = 
equation of tho 
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I LI like manner, take any oilier point, as p, whose co-ordinates are 
0/and_/p. In similar triangles £_/p, ^0(7, we have — Ef:fp(y):: 

OE{—^\-OG(—-d). Hence + 9 i:/=: — -"1^,01 S/=—^. And 

a:i=Of=OI! + B/=—f ^^^.or 5a; = — 2t — 3i/, or 3tj + 6x 

=: — 27, as before. 

Scholium 1. — In these two examples the 
tri^ingles EOG are equal. Hence, if the 
two lines were constructed on the same 
axes, tlie angle OGE in one would bo equal 
_^ and alternate to OGE in the other, and the 
two lines would be parallel. Wherefore 
ax + by = 0, and ax + hy = —c, are 
equations of two parallel lines conatrncted 
on the same axes. 



Scholium 2.— In R.-campie 4.y = 9 y 

and in Example 5, y~— 9 — -"- Hence, by Scholium 2 in Examples 

2 and 3, the tangent of the aogle which the required Hue makes with 

the axis of x, in each case, is — -■ To find its amount, from the 

logarithm of 5 deduct the logarithm of 3, add 10 to the index of the 
remainder, and we have 10.321849 for the tabular tangent, which 
gives 59° 2' for the angle OEG or AEX below EX, or, more 
properly, 120° 5b' for the angle XEB. 

Example 6.— Co 



struct the 


equati 


nSy- 


ba: 


= 21, 


or 


Here 


when 


y=% 


x = 


2t 


= 


OE, an 


d whci 


x = 


y 


27 


= 9 



= 0G. 

Hence lay OE = bAto theleftof 0, and OG 
= 9 above 0, aod through E and G draw the 
line^£,wboseeqt!ation willbe3i/ — 5a:=27. 
For, takingthepoints P and p, and proceeding 
^ ^ as in Examp!e4, wehavei'ir=^OJ'=iar, 

Lud y^FP^OG-\- PH= S + T ■ Hence 3y =^ 27 + 5a:, or 3t; — 6* 
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3/p 

= 2*7, the given equation of the required line. Also, S/=; --- ■ = 
= Om + Ef= -~ + ~ Hence hx = —%1 + 3y, or 
By — bx^ 2T, as before. 

Example 1. — Construct tbo equation 3?/ — bx^ — 37, or (/ = 

-_. 

Iti this equation, when y = 0,x^ - =5.4 = OJ?, anrl wlicnx = 

0, 1/ = — 9=0(?. Hence lay 0-E = 5.4, and 0(? = 9, 6(;/<n(! tte 
origin 0, and through ff and E draw the ^, ^ 

line.-4B, and its equation will be 3i/ — 5^;^ 
— 21. For, taldng the points P and p, and 
proceeding as in Example 5, we have EF^ 

5 5 5 

+ -~, whence oj^^SI + Sy, or 3t/^ — 5.r = 
— 27, the given equation of the required liue. -^ ^ 

Also, we have irp = =^-^^=^=^- And y=fp^OG + Hp 

= „9 + ~ Hence 3y = —2T + 5,r, or 3y — 5^; = — 27. the same 
as before. 

Scholium 1. — In these two fig'ures, also, the triangles EOG ore 
equal. Hence, if the two lines AB had been constructed on the 
same oa^es, the angle OQE ia one would have been equal iitid 
allemale to OGE in the other, and the two lines would have been 
parallel. If, therefore, the co-efficient of x and y in two equations 
are the same, or in the same ratio, the two lines which tliey represent 
will be parallel. 

Scholium 2. — In the general equation, «j/±6a; = ±c; if x^O, 

i/^±— ^the distance from the origin at which the required line 
cuts the axis of y ; and if )/ = 0, ^ = ±-, the distance from the 

origin at which the required line cuts the axis of x, these distances 
being represented in the preceding figures by the lines OG and OE 
respectively. Hence, in the construction of a line from its equation 

of this form, we will always have OE : 0(7::±^:=fc-: -.a-.b; that 
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is, OE is to OG as the co-efficient of y is to the co-offlcieDt of a;, 
whatever c may be, the value of c only influencing the distances 
from the ofigin at whieli the required line cuts the axes, anrl not the 
angle it makes with them. 

Example 8 — Construct the equations 3?/ — 5/'; = — 21, or y=^ 

-(--^_„9; and _3)/ + 5a; = — 43, or y = -~ +U, on the same 

axes. The first equation is constructed in the last figure, and gives 
the line AEB in the figure hereto annexed, where OE^^bA and 
0(? = 9. 

In the second equation — % ■+ 5a: = 




OE'; 



= 0, ji = _- =—8.4 = 
5 

42 ,, 



OG'. Now, lay OE = bA, and Off = 9, 
and draw tbe line AGEB, whicb repre- 
sents the equation 3y — Sar^St. 

Also, lay 0-B' = 8.4 to the left of 0. 
and Ofi'=14, and through E' and G' 
^ draw tbe line A'B', and it will represent 

the equation — Hij -f- 5x = — 42, proved as iu Example 6. 

Now, the triangles OGE and OG'E' are equiangular; for, by 

construction of AB, 0£ : 0(? : : -^ : 9 : ; 37 : 45 : ; 3 : 5 ; that is, OE : 

OG: : co-efficient of y:co-ef6cient of x in the first given equation. 

Also, by construction of A'B', we have OE' : 00' : : — : I4::42: 

70;; 3:5; that is, 0£^': Off'; : 3 : 5 ; :the co-efficient of ;/:to the 
co-efficient of ic in tbe second given equation. Wherefore the angles 
OGE and OO'E' are equiangular, baving the angle OGE= OG'E', 
and these are alterncUe angles, and hence A'B' is parallel to AB. 

Scholium 1. — Although these equations may be constructed on 
the same axes, they are not coincident equations; that is, the values 
of X and y of the unknown quantities cannot be the same in both 
equations. In the equation 3(/ — bx^ — 27, if 2/=6, 3:^9. In 
the equation — Sy + Sa;^ — 42, if 2/^19, ar^Sj and if 3:^9, 
1/= 29, instead of 6 as in the preceding equation, showing that the 
unknown quantities in each equation have independent integral 
values. 

Scholium 2. — If we have two independent equations involving 
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two unknown quantities, and the two unknown quantities have each 
a common valtie in the two equations, the lines can be constructed, 
and the common values of the unlinown quantities c 
in the following examples : 



Example 9. — Given, tiio equations bx 
^31, to find the valaes of x and y hj construction. 

Analysis. — Since the co-efftcients of 
X and y in these two equations have 
not the same ratio, the lines which 
these equations rei>resent are not par- 
ailel, and therefore they must meet and 
cross each other at some point, and of c-^ 
this cwitmon point of the two lines 
there will be common co-ordinates 
which will be the values of a and y 
common to both equations, Now, in 

the first equation, if fl; = 0, i/ = — 9; if y = 



37, and —%■: + 5y 




the second equation, if i!;=;0, y = 



= 6.2; if i/ = 0, x = 



= —15,5. Therefore, lay 0^ = 5,4, and OG, below 0, = 9, and 
through C and S draw the line AB, and it will represent the 
equation 6ar — ^y= 21. 

Also, lay OS'. = 15.5, to the left of 0, and OG', = 6.2. above 0, 
and through E' and G' draw the line OD, intersecting' the former in 
the point P. Then CD will he the line represented by — 3a; + &y 
= 31. 

Now, the co-ordinates OF and FP of the common point P will 
be the values of a; and y respectively, common to the two equations. 
Measured from the same scale by which OJS, OG, etc. were measured, 
we find OF=l'i = x. and FP=\\ = y, which are the values 
found by resolving the equations algebraically. Thus we find 
algebra and geometry supporting each other, and leading alike to 
tr^iik. 



Example 10.— Given, 10a; — 4^ = 68, an 
find the values of x and y by constrnction. 



e + 5!/ = — 40, to 
a;=:IO, j/ = 8. 



Example 11— Given, 10a; — 4?/ = 68, and — 5a; + 2j) = _-36, to 
find the values of x and y by construction. 
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c aod y in the two equatioos 
2 
— ■ Hence the two lines art 



parallel 



(Example 1, Sdiolium 1), and there ( 
and y, as the lines, being parallel, can 



nbe I 



J common values 
common point. 




Eicample: 13.— Given, the equation a;' + y'^ Ifi'^j-', to construct 
the line represented by Klio equation. 

Analyiiis.-— Let XX', YY' be the axes, 
aud the origin, as in the pvecedinj^ ex- 
amples. Now, when y = 0, a;=Vl6' = 
+ 16 or — 16, which shows that the line 
which the equation represents cuts the axis 
of X at two points, distant 16 from the origin, 
oil opposite sides of it. On OX and OX', 
therefore, lay 16 to B and A, aad they will 
' be two points in the required line. Also, 

when «= 0, y^vTs'^+ie or — 16, showing that the line 
represented by the given equation cuts the axis of y iu two points, 
oae above and the other below the origin, and distant 16 from it. 
Therefore, on OY, 07' lay OC and OD each = 16, and C and D 
will be two other points in the required line. 

Again, since the distance of any point in a line from the origin 
(scholium to Example T "Of the Point") is the square root of the 
sum of the squares of the co-ordinates of that point; that is, to 
v'a;' -|- 1/°, and as this distance in the present example is constant^ 
being for every point, as (?, .F, G'or i^ = v'S^+^ = V356 or V"*-', 
it follows that every point iu the required line is the same distance 
from the origin, and ffiat distance 13^256=0.5, OA, 00, 0D = 
16. Hence, if a circle be described with OB or OG as radius, it 
will be the line represented by the equation x'' -}- y^=:ie'=r\ 

Scholium 1. — The line represented by the equation x' +y' = r' is 
a circle whose radius is r. 

Scholium. 2. — Since y = ±V'S56 — a^^ it is evident that for every 
value of X, as OE or OE', there will be two equal values of y, as 
:eG and EF, EG' and EF'. 

Also, since ar=:±v'256 — j/', for every value of y there will be 
two equal values of x. Hence each axis bisects all the double 
itrdinates drawn parallel to the other axis. 
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SECTION ON CUKVES: 
MANNER OF CONSTRUCTING SEVERAL OF THEM, 

SOME OF THEIR PROMINENT PKOPERTIBS. 



'FJ£E TARABOLA. 

Problem I. — To construL-t a parabola and find its equation. 

Draw DR and &L at right angles. Take any point F in QL. 
Bise«t FO in A. Parallel to DQS, through F, and any number of 
points in AL, as 1, 3, 3, 4, 5, etc., anyhow taken, draw lines, to 
which apply the distance Gl, dor 

from i^to a and a, on the par- 
allel through the poiiit 1 ; apply 
QF, from i^' to 6 and b, on the 
parallel through F; apply (?2, 
from F %o and e, on the par^ 
allei through 2; apply 03, from 
F io d and d, on the parallel 
through 3, and so on for each 
point to H; and apply OH, 
from F to B and C, on the '' 

parallel through M- then the curve pas'fin'^ through tho several 
points A,a,b,cd^ on ea h s de f 4 I he.a parabola. It 
must be observ d ha he d s an e f G any point on GL 

must be applied F h } a all I I gh that point. The 

curve may be con nu 1 n 1 k mann b I w if indefinitely. 

The line Zlff^ II d h <£ AL h& aa;is,''F the focus 

of the parabola, A the vertex; the line bFb, parallel to the directrix, 
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through the focus, is called the latu. 



rectum to the axis, or para- 
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ON CURVES. 



meter, and it is equal, as seen by the construction, to 2 GF^ iAF 
= iAG. 

A line from any point of the curve, perpendicular to the axis, is 
an ordinate to the curve at that point, and the distance from the 
vertex to the foot of the ordinate is the corresponding absoiHSa. 
Thus, for the point 6, bF is 
the ordinate, and AF the ab- 
seiasa. For the point 2, c2 is 
the ordinate, A2 the abscissa. 
For the point B, BE is the 
ordinate, and AHthe abscissa. 
Also BffC, Mh, are double 
ordinates of the points B and h. 
Demonstration. — Draw a 
line from the focus F to the 
^ extremity of any ordinate, as 

HE. Then, by the construction, FB = GS^ AH -\- AF, and 
FH=AH — AF. Now, BH' ^ FB'' — FH''= {AH+ AFy~~ 
{AH— AFf =iAFxAir=2FG-K AH= bFb y. AH = L y. 
AH (L representing the latus rectum), which is the property of the 
parabola. L^bFb^2 FG= 4 AF. Putting x ^ any abscissa, 
as AH, y ^= its ordinate BH, a -= latus rectum ^^ 4 ^li^', we bavei/'^^ 
ax, which is the equation of the parabola, being true for any and 
every point of the curve. 

Corollary. — The square of any ordinate being equal to i AF 
multiplied by its abscissa, and 4 AF being constant, the ahscissaa are 
to each other as the squares of the ordinates; that is, AH:Ai:: 
BH'-.eiy AH:AF::BH'tbF\- Ad : AB : : gQ' : dS^ etc. 
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THE PARABOLA. 25o 

Problem II. — Given, a parabola, to find Ha axis, focus, directrix, 
latus rectum, etc., by construction. 

Let BAG be a jjarabola. 
Draw any two parallel chords 
YL and ah, and bisect them 
in Fandc,- through the points 
c and Y draw the diavieler 
Eo VO. Perpendicular to EO 
draw the double ordinate JSI, 
which bisect in S. Through 
S, parallel to the diameter 
EVO, draw the axis GASL. 
Through E, the extremity of 
the diameter EO, parallel to 
the chord YL, draw the tan- 
geni E T, meeting the asia, pro- 
duced, in T. Then TS is the aubtangenl to the point E. Draw 
E£ perpendicular to ET; then EH is the normal and SS Ike 
subnormal to the point E. At E make the angle 2'£'i^= angle 
E TL ; then F is the focus of the pai'abola. Make AG — AW, and 
perpendicular to OtL di'aw DOR', and it will be the directrix. 

Since angle TEFwaa made equal to ETF, and TEB is a right 
angle, a semicircle described with centre F and radius FT will pass 
through the points E and R Hence FT, FE, and FR are all 
equal. Produce OE to any point, as Z; then angle ZE T— E TF 
(being alternate angles) ^= TEF; hence the tangent E T bisects the 
angle ZEF. 

By the construction of the parabola, GS^FE = FT. Take 
GA from the first, and its equal AFfroai the second, and we have 
AS = AT. Hence the subtangent to a point (ST) = twice the 
abscissa (AS). Also, since FG^^^AF, the tangent at F or Q. 
the extremity of the latus rectum, will meet the axis at G, its 
intersection with the directrix. To draw a tangent to any point, as 
E, make the subtangent Sr= twice the abscissa AS, and join TE, 
the tangent. 

Also, since GS (=FE) = FS, take FS from each, and wc have 
SB — FQ = FP — FQ; hence the subnormal (SR) — half the 
latus rectum (PFQ). 
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:56 ON CURVES. 

Problem III. — To construct the parabola from its equation 
/' =: ao). * 

^ Analynis.^het be tho origin of ihe 

axes XX', YY'. It is evident from the 
equation y'^ax that if y=:0, x^O; 
and if ic :^ 0, y^=0. Hence the line rep- 
resented by the equation passes through 
the origin 0. It is evident moteovei 
that X cannot !ie negative, or miQu'! foi 
if it were, aa: would be minus ^nd we 
would have y ^ V — aa:, which is im 
possible. Hence the curve must he iLholly 
on the right of the axis YT. 
^ Also, since y=^±\'ax, every value of 

a; will give two values of y, numerically equal, but of diffeveat signs: 
hence the axis of x bisects all lines drawn parallel to the axis of y 
and terminated at both ends by the curve; and it bisects, also, the 
area of any portion of the parabola cut off by a line parallel to the 
axis of y. 




Example 1. — In the equation y^ = ax, take a: ^5, and it becomes 
y'^Sar, or y3^±V5a;. By the table of square roots, annexed to 
this volume, if x = \, j/ = v'5 =±2,24; if x = %, ^ = ^10 — 
±3.16; if ic = 3, y = VT5 = ±3.8T; if a^ = i, y = ±i.47 ; \(x^ 
5, )/ = v'25 = ±5; if ^- = 6, j/ = ±5,48, etc. Now, lay 01 = 1, 
02 = 2, 03 = 8, 04 = 4, etc., and through the points I, 2, 3, 4, etc. 
draw lines parallel to the axis YY'; and, since all the values of y 
have both plus and minus signs, they inust be laid both ways from 
the axiaofx; lay la= 3.34, 26 = 3.16, 3c = 3.8T. 4i:i= 4.4t, etc., 
laying each up and down, and the curve passing through 0, a, h, c, 
d, etc., both ways from 0, will he the parabola required. 

Example 3. — In the equation of the parabola, take x = — 3, and 
it becomes y' :=. —Zx, or y :^ V — 3x. 

Here the values of x must be minus in order lo have 3^ plus and 
y'' plus. Hence the curve lies wholly to the Ifi/t of the axis 
YY'. 



;o Example 2, J 



.^.lytio! 
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THE ELLIPS 

If « = — 1, y = v'-i^±l T3. 

" 3! = — 3, y = ±i-iM. 
" x = —i, )/ = ±3.46. 

" a; = — 6, !/^±4.24. ■^' 

" 3;=_7, i/ = ±4.58. 

" 3; = _8, y=^±4.90. 

" 3; = —9, y=i±:5.2l). 

Oonslruclion. — Let be the 
origin of the axes XX', TT; then 
proceed exactly as iii Example J, laying' 
to Ike left of ¥¥', because all its value 
and hence the curve lies wholly to the left of YY'. 
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t, 3, etc. 
egative, 



—By taking x==.6, 1.5, 2.5, 3.5, e 
ijg quantities, intermediate points a 



pl.a 



e may be obtai. 



THE ELLIPSE. 

Pjioblem L — To coDStruct the ellipse, having the axes given, and 
determine its equation. 

Construction. — Draw the axes A li 
and CD, bisecting each other at right 
angles at the point 0, which will be 
the centre of the ellipse. Draw BF 
parallel a»d equal to 00 or OD, and 
joia OF- With the centre and 
radius OA or OB, half the greater 
axis AB, describe the semicircle AEB, 
E being the prolongation of CD. 
Divide the semicircle AEB into six 
equal parts by laying the radius from A to 4, and from B to 4, and 
from E, both ways, to 2 and 2 ; then bisect each of these equal parts, 
and each quadrant will be divided into six equal parts in the points 
I, 2, 3, etc., aud the whole semicircle into twelve. Through each 
of these points draw lines parallel to tE cutting the axis AB in 
the points 1, 2, 3, etc., and the line Oi^in the points & Jt, o, Q, and 
P, the point Q coinciding with 2 on the femicirJe Now, take the 
distance IS in the dividei'^ and hj it fiom each 5 tthith is on the 
axis, vp and down, to a ind a gnn., four points m the ellipse. 

n 
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Tn.ke the distance 2i?, in like manner, and lay it Troni each 4 on the 
asis, up and down, to 6 and 6, giving four more points in the curve. 
la like manner, take the distance 'ic (noting that c on OF is a point 
in the curve), and lay it from each 3 ou the axis, up and down, to c 
and c. Lay the distance 4Q from each 3 on the axis, xip and down, 
to d and d; and lay 5P from each 1 
on the axis, «p and down, to e and e; 
then the curve passing through these 
twenty-four points A, B, C, D, and 
each of the points a, b, o, d, e, talceu 
in regular succession from A through 
0, B, and D, will be an ellipse. It 
will be noticed that IS is just as far, 
measured on the semicircle, from OE 
as 6a is from B or A ; that ia, Eb ^ 
1 far fi'om OE as 46 ia from B or A, so that 
the arcs A'5 ^ iJl or Ai, E'i = B2 or A2, E% = B^ or Ai, etc. 
Also, since BA and £3 are equal, each being composed of four equal 
parts of the semicircle, we have the line 04 equal to tlie line 2(i4. 

Demonstration. — Taking any point in the curve, as d, in the 
quadrant BD, 'id, by construction, = 4Q. In similar triangles OBF 
and 04Q, we have 04 (or 'idA):iQ {ot %nd)::OB: BF. Hence 
{Mif:{%Mdy::OB':BF^<>r 0D\ But (IV. 23, cor.*) (3rf4)'^ 
^2 X 25; hence J2 x 2B:(2W)':: OB^: OD^; that ia, as the rec- 
tangle of the two abscissas of the point d {Ai x 35) ia to the square 
of tlie ordinate (2Srf), so is the square of the semi-axia major {OB) 
to the square of the semi-axia minor {OD), which is the property of 
the ellipse. 

If OB = a, OD = b, 02 = x, and 2Ed = y^the ordinate, then 
A2 = a + a:, and 2B = a — a:, the two abscissas, and the above 
proportion becomes {a -\- x) x {a — x) : y^ : : o? : b'' . or a' — x^-.y'':: 



= Al; I 



ey'^-(a' 



^=),. 



r,\- or ay + bV = 



aV, either of which is the equation of the ellipse. 



Problem II. — Having an ellipse given, it is required to find its 
ixes, foci, focal tangents, and to draw a tangent to any point in the 



Construotion. — In the given ellipae, draw any (wo'parallel chords, 
,s EG and HI; bisect these in J" and K, and through these points 
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THIS ELLIPSE. 259 

draw tbe line LJKM, which wiil be a diomeler to the ellipse. Bisect 
LMm 0, which will be the centre of the ellipse. With the centre 
and radius OL 
describe aa arc, cut- 
ting the ellipse in L 
and N; bisect the 
arc LN in P, and 
through P and 
draw JPOJ?, which 
will be the major 
axis or privcipal di- 
ameier of the ellipse. 

Through draw COD perpendicular to AB, and it wi!l be tbe 
minor axis. With as a centre and radius OA or OS describe 
ares, cutting the axis AB in the points F and I", which will be the 
two foci of the ellipse. Through the centre 0, parallel to either of 
the chords £(? and S/, draw WOX, and it will be tbe oovjugale 
diameter to LOM, and LM and WX are called 9,pair of conjugate 
diameters, of which each one bisects all chords in the ellipse drawn 
parallel to the other, such chords being called double ordinates to 
the diameter that hisects them, and the two parts into which the 
diameter is divided are the corresponding absGissas. The lines 
through the extremities of either diameter, parallel to its conjugate 
or double ordinate, are tangents to the ellipse at those points. Thus, 
MQ, drawn through M, parallel to tbe diameter WOX or the chord 
ffl, is a tangent to the ellipse at tbe point M. 

On AB, with as the centi-e, describe a semicircle. From the 
focus F. perpendicular to AB, draw the line FT'V, draw VY a 
tangent to the semicircle, and join PY; then 2" y will be a tangent 
to tbe ellipse at I', and it is called the focal tangent. 

To draw a tangent to tbe ellipse at any given paint, as Z, parallel 
to COD draw ibe double ordinate UBZ, and produce it to meet the 
semicircle at 8. At S draw a tangent Syto the semicircle, meeting 
ihe axis AB, produced, in T, and join 1Z, which will be the tangent 
to the ellipse at Z. Tbe tangents to the semicircle and ellipse, from 
points in the same ordinate, meet at the same point i 

Since, as shown in last problem, AEy. BB: MZ^ : 
AB-xBS^BS\wehRyeBS':BZ'::AC':OD\' 
OB; that is, the ordinate of the circle at any point of fhe axis is to 
(he ordinate of the ellipse at the same point, as JO to OD, or as 
the ninjor nxiw io the miner axis, in a con^^tant r 



•.AC: 0D\ and 
•rPS:BZ::AO: 



e these 
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ordinatea to the circle iiad ellipse will always bo proportionate to 
each other, aod we have SH -.ZR:: VF: T'F, etc. 

Problem III. — To iittd the area of an ellipse by the calcLtlus. 
(See problem in tbe article "Culculiis.") 

Put AO = a. OG = b, OB = x, RU=ij. Now, to find the area 
of the quadrant BOGUB of the ellipse, BU is the moving line, 
supposed to commeuce at 00, and moving parallel to itself throusii 
the distance OB, to generate the surface of the quadrant BOGB. 

Now, by Problem I., the equation of the ellipse is y' = -(a' — a.-'), 
or i/= Va" — ^. Hence the area of the quadrant B00On = 
fydx = f^Va^ — x' X dx^ -JVa^^^^ X dx. But, by Example 
4 of the problem in the article "Calculus," fVa^^x' % dx iB the 
area of a quadrant of a (nrcle whose radius is a. Hence -J \^a' — .ir 
y. dxr^— X tbe area of the quadrant of a circle whoso radius is a. 

That is, we have a: 6;; area of quadrant of circle: area quadrant of 
ellipse : ; area of circle : area of ellipse, the diameter of the circle 
being the major axis of the ellipse, ^ 2a. Then the area of the 
circle — ia^ x .78539, and a:b::W y. .18539 : area of ellipse = 
iabx .78539 = 2a x 26 X ,78539 = ^B x (7i> X .18539. That is, 
the area of an ellipse is equal to the product of the axes of the ellipse 
multiplied by the area of a circle whose diameter is uniiy, or it is 
equal to the area of a circle whose diameter is a mean proportional 
n the two axes, ^ V4(i&. 



Problem IV. — To construct the ellipse from its equation y' ^ 
-V'a' — a:', or ay 4 bW^a:'b\* 

Analysis. — It is evident from the equation a'y^ + 6V = a'b' that 
if y^O, x^ +a or — a, which shows that the curve represented 
by the equation cuts the axis of x iu two points, distant a from the 
origin, one to the right, the other to the left of 0." 

Also, if a; ^ 0, J/ = +b or — b, showing that the line cuts the axis 
of (/ in two points, distant & from the origin, one above and the other 
below. 

s* Sue remark tn Example II, AnaljUciil Ooometrj. 
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THE ELLrPSE, 

Construction. — Let XX', YY' he the axes, intersecting si 
origin 0; in 0-5"', !iiy OA^a; and in OX, % OB = a; a 
or and OF, lay OG and OD 
each equal to h, and j1, 6', 5, 
and D will be four points in 
the curve, and AB and CD 
the two axes. Since x aad ^ 
eater into the equation of the 
curve in the second power 
only, each of them may be 
either plus or minus, because 
the square in either case would 

be plus. Also, since y = zb-Va^ — x' ^ -(-— Va' — a;', or 

Va" — x^, it is evident that for every value of x (which may be 

taken any quantity, pJus or minus, numerically less than a) there 
will be two values of y, numerically equal, but of contrary signs. 

And since x =^ ±-\'b'' — y* = +-v'b" -^', or — t^^' — J/'i every 

value of y (which may be taken any quantity, plus or mi-nus, 
numet'ically less than b) will give two values of x, numerioallij 
equal, but of contrary signs. Heuee each axis bisects every line 
drawn parallel to the other axis and having its extremities in the 
curve whose equation is a^y'' ■^-Vx' ^d'b'. 

Now, taking any numerical values for a and 6, as (( = 5,6 = 3, 
with these values we have y =; zti'v'as — a;*. As x occurs in the 
equation only in the form of x', and as the square of -\-x and of 
— X is the same, +a:', x may have either sign. 

Taking x, therefore, successively ±1, ±3, ±3, etc., we liave 
(using the table of square roots). 

If a? = ±l, y^±|v'34 = ±3.94, 

" 3; = ±3, )/ = ±i^/2l:=±2.75. 

" x^±^,y^±l\/U = ±:±ii). 

" x = ±i,y = ±lx/ 9 =±1.80. 

" a; = ±5, y= 0. 
Now, on the axis AB, from 0, lay the values taken for x, 1, 2, 3, 
and 4, both ways, to the poiots I, 2, 3, and 4, and thnnigh these 
several points, parallel to CD, draw lines. Then lay the value of 
y, when x =^±1, from 1 on each side of 0, up and doion, to a and 
a, which will j^ive four points in the ellipse. In like manuei lay the 
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values of y, when j;^±2, ±3, ±4, from the points 2, 3, and 4 
respectively, on each side of 0, up aud down, to 6 and b, c and f, d 
and d; then, through these several points A, G, B, D, and a, b, o, 
d, begiDuing at A, and taking the points in regular succession, draw 
the curve, vvhieh will be the ellipse required. 

Note. — By taking smaller values for at, aa J, J, %, 1, IJ, IJ, IJ, 2, 2^, etc., 
the number of points may lie increased at pleasure, and tlie points in the curve 
being tlien nearer together, thej can be connected with greater uorn^spond- 
ence with the curve. This remark apjdies to all curves aonstmcied by points 
from iheir equaiiom. 



THE HYPERBOLA. 

Phoblem I — To coQstruct a hyperbola, having the axes given, 
ind dLleimme its equatiou when referred to its asymptotes. Given, 
the lii >, iB md ( D. 

Gonslruclion. — Draw AB 
equal to the Jirst axis, which 
bisect ill 0, and through B, 
perpendicular to AB, draw a 
line, and on it lay BG auA BD, 
each equal to half the second 
a^'a. Draw 00 and OB, aud 
produce them indefinitely, as to 
B and Q. Through if draw Ba 
parallel to OQ, and Ba' par- 
allel to OB; then Oa, aO, aB, 
Oa', a'D, and a'B will all be 
equal. Lay either of these equal distances oa the line OGB, from 
G to b, G, d, etc., and on ODQ, from D to h', c', d', etc. Through 
the points G, b, c, d, etc., parallel to OQ, draw lines, and through 
the points B, b', c', d', etc., parallel to OR, draw lines. Then through 
the points A and a draw a line, to meet the parallel through C, \n 
E. Through A and G draw a line to meet the parallel, through 6, 
in F; and, ia like maouer, from A. through each point b, o, d, etc., 
and a', D, b', c', d', etc. draw a line to meet the parallel at the next 
point, in G, H, K, etc. and in E', E', G', H', K', etc. ; aud the curve 
passing through these points, B, E, F, G, H, etc., B'", E', F', G', H', 
etc., will be a hyperbola, of which AB and CD are the aa;es, the 
centre, and OB and OQ the asymptotes. 
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Devwnstrotion. — Through A, parallel to OJ), draw a line to meet 
00, produced, in P. Then OP=Oa = ^ 00, aud AP =OP = aB 
= 0a'. Also, Oa'^lOO'^i(0B^ + SO^). Now, taking any 
point, as F, in the curve, and comparing the similar triangles FOb 
and ACF. we ha.vebF: AF ■.:bO: OF. But, since OF = Oa = bO. 
we have 60= 6'P. Keace b F : Oa'::Oa bO wherefore fiJ" x 60 
= Oa'x Oa=Oa'=:i(OB' + BC'},uhich is the equahnn of the 
hyperbola referred to its asymptotes. The 5ime ctn in like mtnner, 
be proved of any other point, as (?, H, etc G II etc We hence, 
always have Od? = Oa %aB=00 %. CE=Oby. bF=Oc x cG 
= Od-K dH, etc. = OD X DE' =0b' y.bF, ett. Ci. L. D. 

Corollary.—Smce Oax aB = OGy. 0E=0by. hF= Go X cG, 
and Ob is greater than 00, bF must be less than 0-E. For a like 
reason, since the factors on OG, as Oc, Od, etc, become continually 
greater, tbe other factors, cG, dH, eK, etc, must continually become 
less and less, so that the curve approaches nearer and nearer to 
the asymptote. Yet we see, by the mode of eonstraction, the curve 
can never meet the asymptote, because the line drawn from -4 to a 
point in the asymptote mvst cross the asyinplole, and be continued 
to meet the parallel through the newt point, before it can form a 
point in the curve.* 

Scholium 1. — If the asymptotes OF and OQ be regarded as the 
axes of co-ordinates, and their intersection the origin, and ar 
represent the abscissa of any point in the curve, and y its corre- 
sponding ordinate, then of the point H, x = Od, y = dH; of the 
point G, x=Oc, y = oG; of tbe point £^, x=00,y= OE, etc. 

Now, putting 0-B = o, and iJC = 6, we have OO'^a'-f 6', Oa^ 
or aB' = J0(7' = J(a' + &'), and xy = Ody.dH=Oay.aB = 
Oa^ = \{a^ + h''). Hence xy = \(a^ + b') is the equation of the 
hyperbola referred to its asymptotes as axee of co-ordinates. 

Scholium 2.— In triangle OBO, Case 2, find angle BOO. Twice 
angle ^0C= OOD = angIe ^OQ^angle made by the axes of 
co-ordinates OB and OQ. When the axes of the hyperbola are 
equal, we lave OB — BG, the angles OOB and BOB are each half 
a right angle, and SOQ a rigbt angle. In this case the hyperbola 

* It frequently perpleies the young stndent when ha is told that one line can 
approach nsarer and nearer to (mother, forever, without the posaibilitj of oTer arriving 
at it,- but tba principle uiuy tie illvstralfd bj the fo-miiiar example of reducing J to a 
deoinittl=. 33333, etc., every additional figure bringing the vaUie of the decimal 
nearer to i; but it the line of figures were continued around the earth, it conid never 
become equal to J, although it is setting nearer to that value by every figure that ie 
added. 
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In like manner, cO = i Oa, dH—. \ Oa, eK= ^ Oa. 



aM ON CURVES. 

is called equilateral, and the axes and all thu co-ordinatea are 
rectangular. 

Scholium a.— OC = \^OB' + BC'\ Oa^^OC^-aB, OC ^ 
2 Oa, Ob = d Oa, Oc = i Oa, Od = £, Oa, Oe^Q Oa, ete., all of 
which are benee known. Now, since Oa?=OG % CE, we have 

CS = -^ = ^ = I Oa. Also, Oby.hF= Oa'; hence bF = 

Oa^^ 
30a" 

At the millionth point, the ordinate would be one-millionth of Oa ; 
at the billionth point, one-biUionth of Oa; and so on, the ordinate 
always having a value represented by figures, so that the curve can 
never meet the asymptote, mathematically r 



Pboblem 2. — Having given the equation of the hyperbola 
referred to its ufaymptotes, to pass to or determine its equation when 
referred to its axes or principal diameters. 

Given, Od x dff = aB' = Oa^ = (i OC^) = HOB'' + BC"). to 
prove that AY y. YB : YH' : : OB' -.BO^:: AB' : CD\ 

Let the hyperbola he 
constructed as in Problem 
I.; then AB is the first 
axis, CD the second, and 
the centre of the hyper- 
bola. Make OS and OS' 
each equal to OG; then S 
and S' will be the foci. 
Through any points in the 
hyperbola, as H and F, 
draw THYH't and LFIF' 
parallel to CD, and con- 
sequently perpendicular to 
ilip axis AX, t and I beinfr the intersections of OQ, with TY and 
LI produced. Then HYIP, FIF' are double ordinates to the points 
fl^and F respectively, HY and FI the ordinates, AY a^A BY the 
abscissas of the point H, and .^7 and BI the abscissas of the point 
F. By equal triangles TdH, td'H'. and A TY, AtY, we have TH= 
iff . and TY=tY; hence HY ^ H' Y. By aimilai; triangles THd, 
CBa, and ZHt. CBa, we have TH: dH: : GB : Ba, and Hi : ZH 
(Od) ::GB:Ga (Ba). By multiplying the corresponding terms of 
those proportions, we obtain TH y. Hl-.Ody. dH: : GB^ : Ba' or Oa\ 




Hosted byGOOgIC 



THE HYPEHBOLA. 265 

But Od%dH=^ Oa^; hence 0£' = TH x ffl ^ ( TY— YH) y. 
{TY+ YH) = Ty— YH\ 

Also, Tlieoremll., 0£==0r' — ^Fx YB. Again, Ijy similar 
triangles OB C, YT, we have OY' : TY' : :iOB\ BC'2 ■■■ OY^ — 
AY-X. YB: TY^~YS\ By division, OY'-.AYy. YB:: TY': 
YH'; or by invereion, AY X YB : YS': -.[OY' : TY'2: ■ OB' : 
BG'::AB':GD\ Q. E. D. 

Scholium 1— Since Oay. aB=OG -A GE=Oh v.bF=Oo y. 
cO==Odx dH, etc., the parallelograms OdHZ, and all those uiidcv 
Oc, cG; Ob, bF; OG, OH, etc., are equal to onts another, and eaeh 
equal to the parallelogram OaBa', which ie a property of the 
asymptotes of the hyperbola. 

Scholium 2.— It was shown that TH X m=BG'. In the same 
way it may be shown that LF -yi. Fl = BC', and so of any other 
point in the hyperbola. Hence these rectangles are all equal, and 
we bave TH: LF: : Ft : lit. ■•■ But Ht is greater than Fl; hence TH 
is leas tban LF, and consequently the fact that the curve continually 
approaches the asymptote is shown by another method. 

Scholium. 3. — Puttiug OB = a, BC^=b, and taking ani/ point in 
the hyperbola, as H, whose ordiuate is YH, and abscissas jlTand 
YB, and putting the ovdinato YH=y, and Y=^ x, then the 
abscissa AY =^ x + a, &nd YB^x~~a,&ni AY x YB = (x-i-a) 
X (x — ay^^w' — aV then the equation of the hyperbola, AY x 
YB : YW : i OB' : B0\ becomes x^ — a'-.y' :: a^:V, whence if = 

—(a;' — a'), or a'y' — 6-a;' ^ — aV, which is the analytical or 

algebraic equation of the hyperbola referred to its axes. 

Pao»LEM III. — To construct the hyperbola from its equation 
referred to its axes, which, by last problem, is ahf — bV=^ — aV, 

ory= = -,(y;= — o=)* 

Analysis. — It is evident from tho equation tbat if j/^=0, 3;= +» 
or — a, showing that the line represented by the equation intersects 
the axis of a: at two points, distant a from the origin,, one to the right, 
the other to the left. 

Also, since when a; = 0, y = V — 6', an imaginary quantity, the 
line cannot intersect the axis of y. 

Since x and y enter into the equation in the second "power only, 
each of them may be either plus or minus, because the square in 

5^ Sco remark to Esampla 11, Analjtioal (ieometrj. 
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either case would be plus. It is evideot from the eqnatioD ?/*=: 

—(a;' — ^a^) that x may be taken any quantity not numerically less 

than a, plus or minus; and that for every value of x there will he 
two values of y, numerically equal, but of contrary signs. Also, 
for every value of y there will be two values of x, numerically 
equal, but of contrary signs. Henee each axis bisects every line 
drawn parallel to the other axis, having its extremities in the curve 
of the hyperbola, or the opposite hyperbolas. 

Id the expression y^iJ-(x' — o'), a: cannot be less than o, other- 
wise we would have the square root of a minus quantity, which is 



Example 1. — Construction. — Taking a ^ ±5, ?> = rtS, the 
equation becomes 25i/' — 9j:' = — 225, or y = ±-\'x'' — 25. 




Draw the axes XX', YY', intersecting in O, and take OA, OB, 
each =5, on opposite sides of 0; then A and B will be the points 
in which the curve represented by the equation 25i;' — 9j/'== — 225 
cuts the axis of x. Lay also 00= +3, and OD^—S. Now, as 
a: cannot be less than 5, take x:=d::S, a; = ±7, a; = ±8, ar^=±9, 
etc., and lay these values of x both ways, from 0, on the axis XX', 
to 6, 7, 8, 9, etc., and through these points, respectively, draw lines 

parallel to YT. I{x^e,y= ±^V^11 =-±1.99, which lay on the 
parallels through 6, up and down, to a, a and a', a', and these will 
be points in the curve. 



Hosted byGOOgIC 



THE HYPERBOLA. 267 

If 37 = 1, ^/ = ±-v'34 = ±2.94, which lay on the parallels 

through 7, up aad down, to b, b and b', h', and these will be other 
points in the curve. 

If,r = 8, y = ±|v'39 = ±3.Tl; if x^% j/^d=4.49; if x=^ 

10,?/^ ±5.20, etc., which lay on the corresponding parallels through 
8, 9, etc. to c, e, d, d, etc., and to c', c', d', d', etc., and then each of 
the curves passing through the points A, a, b, c, d, etc. both ways 
from A, and through B, a', b', c', d', etc. both ways from B, will be 
a hyperbola, and the two together are called opposite hyperbolas. 

O is the centre, AB the first axis, GD the second axis, and A 
and if are called the vertices of the hyperbolas. 

As equal ordinates, or v-aluea of y, correspond to equal abscissas, 
or values of x, the opposite hyperbolas are similar figures. 

Join BG. and lay the distance BG, from 0, on the axis of x, both 
ways, to F and F'; then these points are the foci of the hyperbola. 
Parallel to CD draw any double ordinate HGE, ITG'JE'; then, of 
the point H, GM is the ordinate, and BQ and AG the two corre- 
sponding abscissas; and of the point H', Q'K' is the ordinate, and 
AQ', BO' the two corresponding abscissas. 

Scholium. — Join AD, and it will be parallel to BG, because the 
alternate angles OBC aud OAD are equal. 
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md coustruct the hyperbola, 



Example 2. — Determine the 
[vhose equation is y' — 3a;' = —5. 

Multiply the given equation by -j -^-.,* and it becoraet 

i'f — ^x'=r-.- X _5— — — - Tiiena'=-, 6' = _5, and a? x t>- 
i'x'' :^.—a'b'', whicb 



= — -, and the equation is of the form a^. 
i the equation of a hyperbola. We havt 




for the semi-axes, a = 

6 = V'5=±2.24. We 
have 2/' — %x^ ■= — 5; 
hence y = :±A' ha;^ — 5. 
]S'ow, the least value 
that Sx^ can have is 5. 



Thei) a 



15 



If ^ = 1|, y = ±2.05; if x=% y 
tii.71. It is evident that x cannot be u 



±1.99, which lay on 
the axis of x from O 
to A and B, and these 
will be the vertices of 
the opposite hyperbo- 
ias. On the axis of y 
lay also OG and OD 
each ^\/5 =±2.24, 
:d:3.fi5; if ar==2i, y = 



rically less the 



■V^ 



^15 = 1.29. 

Lay 01, 02, 03, etc., = the values of x, on XX', to the right of 

0, and also to the left of 0, to 1, 2, 3, etc., and through the points 

1, 2, 3, parallel to CD, draw lines on which parallels lay the corre- 
sponding values of y to a 6 c etc and to a', b', c', etc., and these 
give points in the requ red cuive any number of which may be 
obtained by assuming difteient values for x. Eaoh of the curves 



* It will be seen that the i 
the pruduct of the oo-officior 



ult pi er 



- is the abeoluta quantity — 5 divided by 
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passing tbrough the points A, a, b, c, etc, both ways from A, and 
through B, a', b', c', etc., both ways from B, will be a hyperbola, of 
which the equation is y' — ^x'^ — 5. The two together are called 
opposite hyperbolas. 

Join AD and BG, and they will be parallel. Lay BC on the 
axis of X, from 0, both ways, to J*' and Ji'', which points will be the 
foci, AB is the first axis, and CD the second. If the double 
ordinates HGE and ITG'E' be drawn, HG is the ordinate and AG 
and BG the abscissas of the point H; and H'O' the ordinate and 
AG' and BG' the abscissas of the point W. 



Example 3. — Determine the axes, and construct the hyperbola, 
whose equation is 2j/' — 4ic' = 4. Multiply the given equation by 



2 X — ' 
2, a'b^^ 



md we get — y' + 2ir;' = — 2, where a 



—2, and the given equation is reduced to the form a 
iV = — «°6', which is the equation 
of a hyperbola. The first axi9 = 
SV*-— 1, which shows that the curve 
cannot meet the axis of x. K y = 
0. a;^V*m; if a;=^0, y = ±^2 
= ±1.41. Lay OA, OB each equal 
to 1; then .^B = the ^rsi axis. Lay 
OC and OD each equal to ^/2^ 
1.41; then CD = the second axis. 

Now, )/' ^= %x' -|- 2 ; hence y = 
d-V2x' + 2. The least value of y 
is when a: = a; then y = rhy'S = 



L41:^0G c 



OD; a;' = ^ 






) ^ 


/ 


'v 


i 7- 


\ 


•-J 


>^ 


i^' 




\ 


' "\' 




\ 


^„ 


^'/ 


. \ , 


.y 


• ~^, 


«'■ 'J' 





^li^^ 



i(y = 2 



=^±1,00; if v=^2 



a; = ±1.4i;; 



if .(/ = a 

Lay the values of y from O, up and down, to 1, 2, 8, 4, etc., and 
throufch these points draw lines parallel to the axis XX', and on these 
parallels, from the points 1, 2, 3, 4, etc., lay the corresponding values 
of a; to a, a; b. b; c, c; <?, d, etc., and to a.', a'; b', h',' c', c'; d',d'. 
etc. ; then each of the curves passing through the jioints C, a, b, c. 
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d, etc., both ways from G, and through D, a', b', c', d', etc., both 
ways from D, will be a hyperbola, whose equation is 2y' — 4j;' = 4. 

JoiQ AC and DB, and they will be parallel. Lay AC on the axis 
of y, both ways from 0, to F and i*", which points will be the foci. 
C and D are the vertices of the opposite hyperbolas. 

If parallel to XX' the double ordinates HGH and ITG'E' be 
drawn, EQ will be the ordinate and GG and DG the abscissas of 
the point H; and II' G' the ordinate and CG' and I)G' the abscissas 
of the point H'. 



THE CONCHOID OF NICOMEDES* 
To construct the conchoid by points. 




Constrvclion. — Draw PAV, and EF at right angles to it at A. 
InP-iFtake avy yioint P beJow E A F, and V above EAF. Draw 
any number of lines, as Pb, Pb, etc., on each side of FV, and make 
extensions beyond EF from P, as ab, ab, etc., each equal to AV, 
and the curve passing through the point V, and the several points 
b on each side of V, will be the superior conchoid. 

Now, on the same lines drawn from F, lay the same distance 
equal to AV below EAF, as AV, ab', ab', etc., on each side of 
AF, and the curve passing through the point V, and the several 
points b' on each side of V, will be the inferior conchoid. 

The point P is called the pole; the line EAF, the directrix; V, 
the vertex of the svperior conchoid ; a nd V, of the inferior. 

Property 1. — The directrix EAF is an asymptote to both eurvea. 
For, let fall the perpendiculars b6, b'G' on the directrix, and bH, 
b'E' on PA V. Then the triangles boG, PoA, taking Pab the line 
irom the remote extremity of which the perpendiculars liG and bH 
are let fall, are similar, and we have Pa -.PA:: ab {A V) : bG. Hence 



n the 






subj.c 



e Prof. Leelle's Benmilry 
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Pa X bO = PA X ^F, a constant quantity. Wherefore Pa x bO 
must also be constant; and, coasequently, bidco the factor Pa 
increases as the point of the curve ^eta further from PA V, on either 
side, so tbe other factor bG must decrease, and the curve approach 
nearer aod nearer to SF without the possibilUy of eoer meeting it. 

In like manner, using the similar triangles b'aO', and the same 
triangle PaA, it may be shown that EAF is an asymptote to the 
inferior conchoid. 

Property 2. — The equation of tbe superior conchoid BVB' is 
1^ 4- 26 j,-s + (6= ^ a' + !/') x' — 2a.'6a7 = a^b^. 

The equation of the inferior conchoid GV'C is a:'_36a;' + 
{b' — a' + y'')x^ + ^a'bx ^^ a'b', where x represents AH or bO, and 
y represents bH or AG in the superior conchoid, or their correspond- 
ents in the inferior. 

Scholium.-~When AV is greater than AP, V will fall below P, 
and the curve passing through G, P, V, C, and the several points 
b', as thus formed, is called the nodaled conchoid, and the part 
P, J", b', b', etc., is called a node. The student would find it 
interesting to construct the figure under this condition. 



THE CISSOID OP DIOCLES* 
To construct the cissoid. 



Gonstruction. — Draw XY perpendicular to AB, tbe diameter of 
the given circle AVPBp, and from A to the line XY draw any 
number of lines AC, AD, AJS, AO', etc., Ac, Ad, Ae, etc., on each 
side of AB, cutting the circumference of the cir«le in the points 
B, P. Q, etc., y, z, p, etc. Then lav the chord AR on GA from C 
to L; the chord AP on DA from i? toO,' the chord AT oa G'A 
from G' to K, and so proceed to lay the intercepted chard of every 
line on that line from its interpeetion with XY towards A, and the 
curve passing ihrongh A; and tliese several points L, O, Q, .ff, etc. 
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Diodes. 



ON CURVES. 

ily from A, both ways, will be the cissoid of 




The circle A VBp is called the generating circle; AB t!ie axis of 
the two branches, which meet in a cusp at A, and pass through the 
middle points Q and p of the two semicircles, drawing continually 
nearer and nearer to the directrix XY as it extends further from 
AB ; and the directrix XY is hence their common a&ymptole. 

Draw PiTaud OQ parallel to XY; put ^ii = a, ^G'^a:, ffO = 
y; then the equation of the curve is ^ = (a — w)if. 



THK QUADHATEIX OF DINOSTRATITH. 



ConslruHion. — "Lei AVB lie a semicircle o 
0. At C, perpendicular to AB, draw a Tine, 
the diameter AB, and draw NAIL parallel 






11 7J to the 
. BV; Unit 



CFwil! be the 



r which the centre is 
on which lay GM= 
to AB. Divide the 
quadrant i? V, and the 
radius CV, into any 
hut the same number 
of equal parts say 9, 
in the points 1. 2, 'A, 
etc., numbering from 
B on the qnadrant 
and C on the radius, 
and continne the 
equal divisions, at 
pleasure, hpnond V 
on the semicircle, and 
above V, on GM. 
Then from G to any 
imp part of the radius C V. 
tl)e quadrant BV ifi of ih^ 
CF:quiul. 7;r::disimi'ii'r 
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CM: semicircle S VA. Also, GI-.BI:: rad. CV- quad. ^F, and Gli : 
BU : : CM: B VA. Joia C with each of the points 1, 2, 3, etc. on 
the semicircle, and parallel to AB, through the point 1 on the radius, 
draw a line to meet the line CI in E. Through the poiut 2 on the 
radius draw a line parallel to AB to meet the line C3 in F. So, 
through each point on OM, successively, parallel to AB, draw a line 
to meet the line drawn from C to the point of the same nwinber on 
the semicircle, in the points 0, H, I, J, V, K, S, 0, etc., and the 
curve passing through these several points E, F, G, H, etc., taken 
in order, is called the quadralrix. 

The circle AVB completed is called the generating circle; the 
line NML is called the directrix, which is also, as will be readily 
seen from the mode of construction, the asymptote to the qaadratrix. 
For, suppose there be taken on MG a distance Mp a thousandth or 
a ten-thousandth part of the distance (71, and on the semicircle Ap 
a like part of 51, join Gp, and produce it to meet a line parallel to 
MLN, through p, on MC, which will give a point in the curve, and 
this point will become more and more remote from J-fas the parts 
Mp and Ap are made smaller, and the limit is the extension of the 
two parallels CA and MN, which will never meet. Therefore LMN, 
produced, is the asymptote of the curve. 

Putting the radius CB = a, GD, the base of the quadratrix, = b, 
the arc Bii ^ z, and GT^y, the equation of the quadratrix is 
ay — be. 

NoTB 1.— This curve obtained much, notoriety from the fact that if it were 
possible to form it scourately by a simple geometrical operation, it would 
enable mathematicians to determine the rectiflcation and quadrature of the 
circle. It was from this property tbiit the curve was called the Qundratrix. 
It would also afford a means of dividing a given angle, or given arc, into any 
number of equal parts or in tiny given ratio.* 

Note 2. — One principal difSculty in constructing the quadratrix is in iinding 
the point D in CB ao as to determine the base CD of the quadratrix. The 
most practical method I have iieen able to devise is to continue the semicircle 
below S, and also the line FCbelow AB. Then take BJ a half, a fourth, or 
as smiill a part na may be employed of Bl, and lay it from B to J' beloui B. 
On VC, produced to X, lay CJ, a U/ce pari of CI, from C to J'. Join C ftud 
the points J and J' on the arc, and through the points i and J' on VX, parallel 
to CB, draw the lines from J to rf and from J' to d', meeting the lines from 
C(o J and J' in d! and d', which will be points in the curve, and in the curve 
continued iefoio CB, and hence the curve must pa.=s through the'point D, and 
thus give CD, the base of the quadratnj, as accurately as can he obtained by 
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THE LOGARITHMIC CURVE. 




Qe SQ, on 
which erect 
a perpcuiJicii- 
lar AH of any 
length. Iii RQ 
lay off from 
A, both, xvays, 
continued at 
pleasure, the 
abscissas AB, AG, AD, etc., Aa, Ab, Ac, etc., increasing in an 
arithmetical progression, having the interTening spaces AB, BC, 
CD, Aa, ab, be, etc. all equal; and then, parallel to AH, through 
the points B, G, D, etc., a, b, c, d, etc., draw lines BI, GJ, DK, 
etc., ai, bj, ck, etc., whose lengths shall he in geometrical pro- 
gression, increasing from AH towards Q by a common multiplier 
or ratio, and decreasing from A towards 5 by a common divisor of 
the i^ame value. In the present figure AJI was taken = 12, the 
common difference =5, and the ratio I^, Then the curve passiji^ 
through the upper extremities of all these lines N, M, L, K, etc. will 
be the logarithmic curve. 

Bl=12x]^= 15, ai =AR^li = 

OJ = lby.l^= iS.75, 6i=9.6-r-I^- 

DX= 18.75 X li = 23.4375, ck = 

EL= 29.2969, dl = 

FM= 36.621, em = 

GN== 47.176, fn = 

By laying these respective distances on the lines indicated, ilie 
points I, J, K, L, etc. in the curve are obtained, and the curve can 
readily be drawn through the upper extremities of oil these lines, 
beginning at M, aud taking M, L, K, J, I, H, i, j, k, ete. iri 



=I2-f-li=^ 



4.9153, 
3,9331 fi, 
3.Ur.7. 



Scholium 1. — It is evident that the curve approaches nearer and 
nearer to BP without the possibility of ever arriving at it; for, how- 
ever many times we may divide the value of .^/f by-]^, or, which is 
thesiime thins;, multiply it hy ^, h must slill gii^e fome calue to lay on 
a perpendicular aboi-e MQ; hence the curve, though approaching 
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nearer and nearer, can never arrive at BQ, and BQ is the asymptote 
to the curve. 

Scholium 2, — Since the ordinatea AH, BI, GJ, etc. are in 
geometrical progression, tlie square of any one is equal to the 
product of the two adjacent ones, or of any two lines equally distant 
from it. Thus, AW = BIx ai=CJ% bj = DK x cfc ^ .EL x 
dl, etc. 

Scholium 3.— Putting »- = ratio (in this ease 1^), and AH=a, 
■we have BI^ a . r; CJ= a . rV DK=^ a . r\- ML = a.r*, etc. ; and 

Bt=:-; b} = -; ck^—; dl-^=—, etc. If now we commence the 

curve at W, where A'E' will be just equal to r* and then lay off 
the arithmetical ratios, or common differences, A'P, Fk, kg, gf,fe, 
etc., and erect perpendiculars at these successive points, we have 
A'IF = t; Pp'=^A'II' X r = r\-hi^ = Pp' y. r = r'; go = r*; fn 
=^r^; em = r^, etc. Putting x to represent any nuinber of these 
arithmetical differences from A' towards Q, calling A' one, P two, 
h three, etc., and putting y to represent tbe corresponding ordinate, 
we have y^f, which is the equation of the logarithmic carve ; and 
from the form of its equation, the logarithmic curve is sometimes 
called the exponential curve. 

Now, if we lay A'S^ A'P, then the ordinate Ss^= ^- = 

r"^^ 1; and beginning at .S, the ordinates will be 1, r, r', r', r*, r^, 
etc. = l, IJ, ai)', OiT' (H)'' OiT- etc.; that is. Ss = l, A'H' = 
\\, Pp' = {\^y, hq' = {\i)\ ?o = (li)',/n = (li)», etx;. 

a To find the dislftncB AA' at nhioh the ordinate A'H' of the curve will be equal 
to the ratio r, having AH and the arithmetical and gcometricBl ratios given, let x = 
the number of arithmetical differences in AA', then, by the hypothesis, wo havo A'H' 
^— = r. Hence o — r*''*'^ Whence, taking the logarithm of coch side of tho 



sample, u = 12, a 
■ = 11.136 — 1 = 
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THE SPIBAL OF ARCHIMEDES, OR EQUABLE SPIRAL. 

To eonstruet the equable spiral. 

Construction. — Let the 
distance tliat the spiral gets 
from the centre G in one 
complete revolution be de- 
noted by r; then with radius 
GA ^ any multiple of r hy 
a whule nuviber, describe the 
4/cirde AFBD, and draw the 
diameters AOB and DGF&t 
right angles. Divide eat;h 
quadrant into three equal 
parts, at the poiuts E, G, H, 
I, K, L, P, Q. Through these 
points draw diameters, and 
produce them both ways from the centre. On GE, from C, lay ^'5 
of »■ to 1 i on GG lay f^ of »- to 2 ; on GF lay ^^^ of r to 3, etc., in 
order, aroand to 12 od CA, which will he -]^r,==r, and the curve 
passing through the several points 1, 2, 3, etc. will be one revolution 
of the spiral of Archimedes. 

Example.— h^t r=l% and C.4 = 2r = 24. From C, on GE, 
lay 1; on OG, 2; on GF, 3, etc., wben 12 will come on GA. Then, 
as before remarked, the curve passing through the points 1, 3, 3, etc. 
will be one revolution of the spi al F om the points 1, 2, 3, 4, 5, 
etc. lay on each of the radii a distance equal to r, around to A ; then 
(7^ = 2r=24. Through these j nts =ucee sively, beginning at 
12, pass a curve through 13, 14, 15 etc inl it will give the second 
revolution of the spiral. 

In like manner, from these several points, beginning at 13, lay on 
the .several radii, produced if necessary, distances each equal to T,-io 
25, 26, 21, etc., and through these several points pass a curve, 
liejfinniiig at A, and it will give the third revolution of the equable 
spiral. 

In the same way these anccessive revolutions may be continned 
at pleasure; the whole, whatever the number of revolutions, being 
called the spiral of Archimedes. 

With the centre G, and radius Gl2^r, describe any arc ISF, 
which put = z. Put IT ^^ the whole eireuniference of that circle, and 
the corresponding onlin-rUe Gi =y; then it is evident th;it Gl : CY 
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or f::arc 12r:the whole circumference. That is, y ir: izm, 
whcDce y^ — = the equation of the spiral 



THE LBMNISCATE. 



To construct the lemniscate from the equation a'y 


Analysis.—Whta a; = 0, 


w = 0. 


Hence the curve passes through 


the origin 0. If i/ = 0, w 


have ^ 


x'^^a" or a;:=±«, which shows ^ 


f^ 


that the curve cuts the ax 


BOf iC / 




T 


IV 


in two points at the distance of a j-'-J^ 


I? 


J. 


■# 


from the origin, one to the 


right, 1 

We V 


[ 


1 


.?1 


the other to the left of 


J_ 


Wy 


Lave T/ = ±-Va=_-j;l 


7 


TaitiQgffl = II), 




If a; = =fcl, 


y = ^gV99 = ±0.995 




' a: = ±2, 


y = f^y/^(i = ±:iM. 




' ^ = ±3, 


y = ^V91=±3.SG. 




' x = ±:i. 


y= ±3.666. 




' aT = ±5, 


y= ±4.33. 




■ ic = =t6, 


y= ±4.8. 




' x = ±1. 


y= ±4.999. 




' 3r = ±8, 


y= ±4.8. 




' a; = ±9. 


y= ±3.93. 




' ic = ±10 


y = 






. 



Gonstruotion. — Draw the axes XX', YY' at right angles, inter- 
secting each other at 0, the origin. Lay OE, OF, each =a^lO, 
and E and .Fwill be the points iu which the curve cuts the aj:is of 
X besides the origin. 

On OX, OX' lay the successive values of a; from 0, both ways, to 
the points 1, 2, 3, 4, 5, etc., through which points, parallel to Fl^i 
draw lioes, and on these parallel lines from where they intersect the 
axis XX', lay the corresponding values of y, respectively, both ways, 
up and down, and the curve passing through F, 0, and E, and the re- 
mote extremities of these parallel lines in the order of their successioo, 
will be the lemniscate, as in the figure. Commencing at O, the curve 
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